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Abstract

The deterministic area coverage problems for UAV swarms based on multi-Eulerian
rotor-router walks are investigated. The rotor-router model provides a quasi-random
analogue of random walks with strong structural properties. The loop reversibility
theorem is used; that is, under mild connectivity assumptions on the underlying dis-
cretized environment, a swarm of UAVs executing coordinated multi-Eulerian rotor-
router walks achieves complete area coverage, in the sense that each directed edge is
traversed exactly once by a single UAV. The results establish provable coverage guar-
antees that are robust to asynchronous execution. Furthermore, the loop reversibility
theorem is generalized to the case of repeated coverage, where the area should be
covered a prescribed number M of times, without requiring global synchronization
among UAVs at the end of each traversal cycle. A multi-user and multi-agent plat-
form has been developed to support mission planning and coordinated supervision of
self-organizing UAV swarms.

Keywords: UAV swarm, Rotor-router model, Eulerian walk, Area surveillance, Self-
organizing system.
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1. Introduction

Unmanned Aerial Vehicle (UAV) swarms have emerged as an effective technological solution
for large-scale area surveillance, environmental monitoring, and distributed sensing tasks. In
contrast to single-UAV systems, swarm-based approaches offer greater robustness, scalability,
and flexibility, enabling coordinated coverage of complex and dynamic environments without
reliance on centralized control. These advantages have motivated extensive research on
decentralized coordination, collective motion, and coverage strategies for UAV swarms.
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A broad range of swarm intelligence and bio-inspired methods [1] have been proposed
for UAV coordination, including particle swarm optimization, ant colony optimization, and
related heuristic approaches.

A communication and control model in collaborative UAV swarms is presented in [2].
The authors identify key requirements for autonomous coordination and communication to
enable efficient and reliable cooperative task execution.

In [3], the authors introduce a collision-free formation tracking framework for multi-
ple quadrotors under switching directed communication topologies, where UAVs coordinate
using only local neighborhood information and a Hooke’s-law-inspired collision avoidance
mechanism, supported by Lyapunov stability analysis.

The paper [4] introduces a trajectory optimization framework for multiple UAVs per-
forming collaborative assembly tasks, combining centralized planning with distributed co-
ordination to improve efficiency and feasibility of cooperative motion. The path planning
process is solved by using a novel central force optimization genetic algorithm.

In [5], the authors present a comprehensive survey of UAV path planning techniques,
classifying existing approaches into classical, soft-computing, and hybrid methods, and an-
alyzing their applicability, advantages, and limitations in complex environments.

The paper [6] provides a comprehensive review of swarm intelligence algorithms for multi-
UAV collaboration, addressing collision avoidance, task assignment, path planning, and
formation reconfiguration. The survey analyzes representative algorithms, discusses their
advantages and limitations, and highlights current research trends and open challenges in
UAV swarm systems.

Area coverage and persistent surveillance by UAV swarms are fundamental problems in
autonomous systems. While randomized strategies are widely used, deterministic algorithms
for dynamic environments with provable guarantees remain comparatively underexplored.

This paper addresses this gap by leveraging rotor-router dynamics (multi-Eulerian walks)
[7] to guarantee full coverage. In this setting, UAVs follow simple local rules (rotating outgo-
ing edges and moving accordingly) yet collectively produce globally coordinated exploration
patterns. Such an approach naturally supports decentralized execution, collision avoidance,
and automatic workload distribution, making it well-suited for swarm-based surveillance
applications.

A detailed survey of the theoretical results and fundamental properties of the rotor-router
model and the related Abelian sandpile (chip-firing) model is presented in [8]. The loop-
reversibility theorem, probabilistic properties, and related results are presented in [9, 10, 11].

The generalized loop-reversibility theorem for the simultaneous motion of multiple par-
ticles (chips), proved in [12], establishes deterministic guarantees for the complete traversal
of the underlying graph. This theorem formed the theoretical basis for the creation of a
multi-user and multi-agent platform for self-organizing UAV swarm mission planning and
supervision [13, 12, 14, 15]. This platform employs graph-based representations of the oper-
ational area, enabling multiple operators to collaboratively construct mission graphs, gener-
ate Eulerian traversal structures, and supervise execution. By compiling surveillance tasks
into deterministic traversal plans rather than continuous trajectories, such systems ensure
consistency between planning, simulation, and real-time execution, even in the presence of
asynchronous UAV behavior or dynamic swarm reconfiguration.

In this paper, we develop a deterministic framework for area coverage by UAV swarms
based on multi-Eulerian rotor-router walks. Leveraging loop reversibility properties of the
rotor-router model, we establish provable guarantees of complete coverage under mild con-



V. Poghosyan 9

nectivity assumptions on the discretized environment. Furthermore, the loop reversibility
theorem is generalized to the case of repeated coverage, where the area is required to be tra-
versed a prescribed number M of times, without the need for global synchronization between
UAVs at the end of each traversal cycle. The proposed approach supports asynchronous ex-
ecution and provides a mathematically rigorous alternative to heuristic and probabilistic
coverage strategies for swarm-based surveillance.

2. Model and Preliminaries

Consider a directed graph (digraph) G = (V, E) with a set of vertices V = V(G) and a set
of directed edges F = E(G). A spanning subgraph G’ of G is a digraph with the set of
vertices V(G') = V(G) and a set of edges E(G') C E(G). A path of length n from vertex
a €V tob eV is asequence of distinct vertices vy, v, ..., v,11 such that v; and v;; are
connected by an edge e; € F, 1 = 1,2,...,n, v1 = a, v,.1 = b. The path becomes a cycle
if a = b. Edges that connect a vertex to itself are called self-loops (cycles of length 1). A
cycle of length 2 consists of two adjacent vertices vy, vo, which are connected by a pair of
oppositely directed edges from v; to vy and back. We call such cycles dimers by analogy
with lattice dimers (dominoes) covering two neighboring vertices. A cycle formed by more
than two edges is called a contour.

An Eulerian circuit on a finite digraph is a walk that starts and ends on the same vertex
and visits each directed edge exactly once. If such a walk exists, the digraph is called
Eulerian. A digraph is strongly connected if, for any two distinct vertices v and w, there are
paths from v to w and from w to v. A strongly connected digraph G = (V, E) is Eulerian if
and only if, for each vertex v € V', the in-degree and out-degree of v are equal.

The rotor-router model is defined as follows. Consider an arbitrary connected digraph
G = (V,E). Denote the number of outgoing edges (out-degree) from the vertex v € V' by
d,. The total number of edges of G is |E| = > ,cy dyp. Each vertex v € V' is associated with
a rotor, which is directed along one of the outgoing edges from v. The rotor directions at
the vertex v are specified by an integer variable «,,, which takes values from 0 < o, < d, — 1
for d, > 1.

The set p = {a,| v €V, 0 <, < d, — 1} defines the rotor configuration. The state of
the system at any time is defined by a rotor configuration together with the position of a
chip at a vertex of G. At each time step, the chip arriving at a vertex v first changes the
rotor direction from a, to (a, + 1), and then moves one step along the new rotor direction
from v to the corresponding neighboring vertex. The rotor directions «, are taken modulo
d,, that is, a, = d, = .

The rotor configuration p can be considered as a spanning subgraph of G (p C G) with
the set of vertices V(p) = V(G) and the set of directed edges E(p) C E(G) coinciding
with rotors. The state of the system at any moment is given by the pair (p,v) of the rotor
configuration p and the position of the chip v € V. A vertex v € V is called a sink if its
out-degree d, = 0. In the absence of sinks, i.e., when each vertex has at least one outgoing
edge, the motion of the chip does not stop.

Now let us formulate the loop reversibility theorem for a multi-particle walk [12].

Consider a bidirected contour C' = (vy,vs,...,v,) in a digraph G = (V, E), that is, a
contour in which the vertices v; and v;,; are connected by two edges, one in each direction,
1 < i < n, where the n-periodicity is assumed, i.e., v+, = v;. Let ef and e; be directed edges
connecting v; to v;41 and v; to v;_1, respectively. Here, the n-periodicity is also assumed,
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ie., e;,, = e and e, = e;. The superscripts at ¢; and e; are introduced to denote the
negative and positive directions at v; with respect to the contour C', respectively. Given the
rotor-router model defined on G, we say that the bidirected contour C' obeys the domino
ordering if for each vertex v;, 1 < i < n, there exists a rotor direction a;i such that the rotor
. is oriented along the edge e; and o + 1 is oriented along the edge e;. The directions

Vg
ay ...,y are called negative with respect to C', whereas the directions o +1,...,a5 +1

v1?
are called positive, respectively.

Theorem 1. (See [12]). Given an arbitrary finite Eulerian digraph G, let C = (vq,...,v,)
be a bidirected contour obeying domino ordering. Let k < n rotor-router particles start their
motion at contour vertices vy, . ..,v,, so that there is no more than one particle at one vertex.
Denote these vertices as vs,, . .., vs,. Assume that the rotors v;, (i = 1,2,..,n) at the contour
C initially have positive directions. During the multi-particle walk, if a particle arrives at
one of the vertices vg,,(j = 1,2,..,k) with a negatively directed rotor at that vertex, that
particle stops its motion. Then, after some number of steps, regardless of the order in which
the particles move, the walk produces a configuration with negative directions o , .., .
Moreover, all vertices vg,, ..,vs, will be occupied by one particle each. Assuming the initial
rotor-router configuration is recurrent, namely, there are no other cycles except C, each rotor

internal to C'" will perform a full rotation at the end of the walk.

We now generalize this theorem to the case in which the area is required to be covered a
prescribed number M of times, without the need for global synchronization between UAVs
at the end of each traversal cycle. To establish this property, we construct M copies of
the graph G that coincide at their vertex sets. Applying the above theorem to the resulting
graph implies that all of its edges are traversed. Consequently, this construction is equivalent
to a rotor-router walk on the original graph G, in which the contour C'is reversed M times,
and each edge is traversed exactly M times.

3. Application for UAV Swarm Coverage

The above result has a direct interpretation in the context of UAV swarm-based area cov-
erage. In the multi-Eulerian rotor-router framework, repeated coverage with multiplicity
M may lead to the accumulation of multiple UAVs at certain vertices of the discretized
environment graph. For a vertex v; with a degree d;, the maximal number of UAVs that
may simultaneously accumulate at v; is bounded by M X d;, which grows linearly with the
required coverage multiplicity M. While such accumulation is unavoidable in deterministic
multi-agent traversal, it can be handled in a controlled manner.

To address this issue, we propose maintaining three-dimensional LIFO (last-in-first-out)
stacks of UAVs at each vertex. These stacks provide a collision-free mechanism for temporar-
ily storing multiple UAVs at the same spatial location while preserving the logical structure
of the rotor-router dynamics. Furthermore, to avoid collisions during traversal along edges,
we introduce an edge-priority rule for UAVs moving in intersecting or opposite directions,
ensuring conflict-free motion without global coordination.

Since all UAVs are identical and the rotor-router walk possesses the Abelian property,
neither the temporary accumulation of UAVs at vertices nor any permutation of UAV iden-
tities affects the final traversal state. Consequently, the proposed stacking and priority
mechanisms preserve the deterministic coverage guarantees established by the theory, while
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enabling practical realization of repeated area coverage by UAV swarms in three-dimensional
space.

4. Multi-User and Multi-Agent Platform: Overview and Operating Regimes

To support the practical deployment of the proposed deterministic coverage algorithms, a
multi-user and multi-agent platform for mission planning, execution, and supervision of self-
organizing UAV swarms is developed. The platform provides a unified environment in which
multiple operators can collaboratively define surveillance tasks, construct discrete mission
representations, and monitor swarm execution in real time, while the UAVs themselves
operate as autonomous agents executing deterministic traversal rules.

The platform is based on a graph-centric representation of the operational area, where the
environment is discretized into a digraph G' = (V| E). Vertices represent mission-relevant
locations or states, and edges encode admissible traversal paths. This representation is
shared consistently across all connected users and UAV agents, ensuring that planning,
simulation, and execution rely on the same underlying model. Deterministic compilation of
multi-Eulerian traversal tasks allows mission specifications to be translated into reproducible
swarm behaviors without dependence on probabilistic decision-making.

From the operator’s perspective, the platform enables collaborative mission authoring,
where multiple users can simultaneously participate in defining, modifying, and supervising
the mission graph. From the UAV perspective, each agent executes local rotor-router rules
using only local information, while the collective swarm behavior realizes global coverage
objectives derived during mission planning.

The platform supports several operating regimes that correspond to different stages of
the mission lifecycle:

1. Mission Preparation Regime. In this regime, users collaboratively construct and
edit the mission graph, assign roles or constraints to vertices and edges, and specify coverage
requirements, including repeated coverage with a prescribed multiplicity M. Additionally,
all directed edges are ordered using a fixed priority to organize the above-discussed collision-
free mechanism. Deterministic compilation procedures are applied to transform the mission
graph into traversal structures compatible with rotor-router execution.

2. Simulation and Validation Regime. Before deployment, the compiled traversal
plans are executed in a simulation environment. This regime allows users to validate coverage
completeness, detect potential conflicts, and assess UAV accumulation behavior at vertices
(stack sizes).

3. Execution and Supervision Regime. During mission execution, UAVs operate as
autonomous agents following rotor-router dynamics. The platform provides supervision and
visualization of swarm progress, enabling users to observe traversal states, vertex occupan-
cies, and mission completion without intervention in local UAV decision-making.

4. Adaptive Reconfiguration Regime. The platform accommodates dynamic
changes such as UAV entry or exit, provided that the underlying graph connectivity condi-
tions are preserved. Due to the Abelian property of the rotor-router model, such reconfigu-
rations do not affect the final coverage outcome, allowing mission continuity without global
synchronization.

A key advantage of the platform is the separation between multi-user coordination at
the planning and supervision level and multi-agent autonomy at the execution level. Users
interact with high-level mission abstractions, while UAVs execute simple, local, deterministic
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rules. This separation ensures that concurrent user interactions, UAV permutations, or
asynchronous execution do not alter the final coverage guarantees, making the platform
well-suited for scalable and reproducible UAV swarm surveillance missions.

A demonstration video illustrating the proposed platform is provided in [16].

5.  Conclusion

This paper presented a deterministic framework for area coverage by UAV swarms based
on multi-Eulerian rotor-router walks. Using loop reversibility properties, we established
provable guarantees for complete and repeated coverage that are robust to asynchronous
execution and independent of probabilistic assumptions. The theoretical results were further
interpreted in the context of UAV swarm deployment, where UAV accumulation at vertices
was shown to scale linearly with the coverage multiplicity and handled using collision-free
stacking and priority mechanisms.

In addition, the proposed model naturally supports integration with a multi-user and
multi-agent platform for UAV swarm mission planning and supervision, enabling deter-
ministic task compilation, coordinated execution, and consistent supervision across multiple
operators. The presented approach provides a rigorous alternative to heuristic swarm coordi-
nation methods and forms a foundation for scalable and reproducible UAV-based surveillance
systems.
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Swpudph nhnkpuhiugws swslnidp UEU tpunth Ynnuhg
puquuduutihjuyht Ejjkpjut rotor-router nigpuwdp
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22 2UU bPudnplunhljuyh b wfunndwnwugdwi ywpnpjbdubph htunhwnnin,
Bplwl, Zuyuunwl
e-mail: povahagn@gmail.com

Udthnthnid
Niunidbwuppyt) B mwpwsdph pinbpdhtugdus swsyuwu juughputpp UEU

bpudibph  hwdwp  hhdidws  puquudwulhught Bjkpjul  rotor-router
nhgbpnudutph Ypu:
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Rotor-router unpkip hwunhuwinid b wwunwhwlwt phgbpnmidutph pdwqgh-
wuinwhwlwl whwngp odnjws hunwl junniguspuyht hwnlnipniuibpny:

Yhpwndk] b Ynnniph opoljhnipjut phnpkup, punn nph nhuljpbunwg]us
dhowJuynph Juwwlguoénipjutt npnowlh wuwydwbtbpnud, hwdwljupgdus
puquudwuthujht Ejjipjut rotor-router nhgtpnidubp hpwlwbwguny UEU
bpulp wywhnynid b nwpwusph wipnpowlwb swdymd wyl hdwuwnnyd, np
mipwpwisnip ninnnpnus Ynnny hpuwjwuwgynid E ghown vkl wugnid dhuy Uk
UfeU-h §nnuhg:

Uunwugdwé wpyniuptbipp uwhdwinid bt wuyugnighh swsljdwt tpuspuhpubp,
npnup Juynit b wuhtjupntt juwnwpdwt tjundudp:

Untuwuniph opotihnipjut phnpbup punhwtipugyt) E puquuh swsyuw niwyph
hwdwp, kpp ywhwbeynid b nwpwspp swdll] bwpwybu npduws M wbqud
wnwlg jnipuwpuiynip phghpdwt ghljh wjwpwnhtt UEU-utph dhol qnpuy
uhtppntwgdwt wthpwudbonnipyui:

Uowiljyti] £ pwquwogquuuwntp b puquuugbiinn hwppwl], nptt wmyuwhnymd k
huptwljuquuljtpyyny UEU tpudubph wnwpbnipniutbph wyjwbwynponudp b
hwdwljupqws Jkpwhuljnidp:

Putiwh puwptp® UU punudp, rotor-router Unnky, Ejjtpjut puy), mupwsph huljnud,
huptwjuquulkpyynny hwdwlwnpg:

JerepMuHUpPOBaHHOE NOKPbITHE 00acTH poem BIIJIA
C HCMOJIb30BAHUEM MHOT0YACTHYHBIX MJIEPOBBIX
rotor-router oJsy:xaaHuu

Baaru C. [Morocsu

WucTutyT ipo6iiem nHpopmaTiku u aBromatusaun HAH PA, Epesan, Apmenus
e-mail: povahagn@gmail.com

AnHoTanusa

HccnenoBanbl 3aqaun AETEPMUHUPOBAHHOTO MOKPHITHSL 007JaCTH POSIMH OECTIHIIOTHBIX
nerarenpHbIx anmnapatoB (BIIJIA), ocHoBaHHBIE Ha MHOrOYacCTUYHBIX 3MHIIEpOBBIX [OtOr-
router OmysxJ1aHusIX.

Mopenp rotor-router mpexncraBiseT CcO0OM KBa3HCIyYalHBIM aHAJIOT CITy4alHBIX
Onmy>xaaHuil, 061adar0IINNA BEIPaXXEHHBIMU CTPYKTYPHBIMH CBOHCTBaMHU.

Hcnonb3oBana TeopemMa 00paTUMOCTH KOHTYPOB, COTJIACHO KOTOPOI MTPH ONpeAeIeHHBIX
YCIIOBUSIX  CBSI3HOCTU JUCKPETU3UPOBaHHOW cpeasl poil  BIUJIA, BemonHstommia
COTJIACOBAaHHBIE MHOTOYACTHYHBIE JiJIEpOBBI rOtOr-router Omyxmanusi, oOecreynBaeT
[IOJIHOE IMOKPBITUE 00JACTH B TOM CMBICIIE, YTO JJIs KaXJI0I0 OPUEHTHPOBAHHOIO pedpa
OCYIIECTBJISIETCS POBHO OJMH MPOX0]1 TOJIbKO oqHuM BITJIA.



V. Poghosyan

[TonydyeHHble pe3ynbTaThl YCTAHABIMBAIOT JIOKa3yeMble TapaHTHM  HOKPHITHS,
YCTOHYMBBIE K ACHHXPOHHOMY BBINONIHEHUI0. KpoMme Toro, Teopema 00paTuMoCcTi KOHTYPOB
00o01aeTcss Ha ciaydyall MHOTOKPAaTHOTO MOKPBITHS, KOrja TpeOyeTcsl MOKpPhITh 001acTh
3anaHHoe uncio M pa3 6e3 HeoOxoaumMocTy robanbHoi cuHxpoHu3anuu Mexay BITJIA B
KOHIIE KQXXI0TO UKJIA OIYKIaHHUS.

Pa3zpaboTrana MHOTOmoIb30BaTENIbCKAsi 1 MHOTOAreHTHAs IIaTGopma, oOecrednBaromas
IUTAHUPOBAaHHE MUCCUH M KOOPAMHUPOBAHHBIN HAA30p 32 CAMOOPTaHU3YIOUIMMHUCS POSIMU
BIUIA.

KuaroueBble ciioBa: poii BITJIA, moaens rotor-router, siinepoBo OnyxaaHue, HaOIIOICHHE
TEPPUTOPUHU, CAMOOPTaHU3YIOLIAsICS CUCTEMA.
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Abstract

We consider the lossy source coding problem for one-way sources with correlated
outputs and side information available at both the encoder and decoder. In this sce-
nario, one component of the source must be transmitted to the receiver within a pre-
scribed distortion level, while the other component must remain as confidential as possi-
ble from the receiver or a potential wiretapper. To characterize this trade-off, we intro-
duce and analyze the rate-reliability-distortion-equivocation (RRDE) function, as well
as the corresponding equivocation-reliability-distortion and rate-reliability-distortion
functions. The results provide a unified information-theoretic framework that captures
the interplay between compression efficiency, reconstruction fidelity, reliability, and se-
crecy.

Keywords: Rate-reliability-distortion-equivocation function, Lossy source coding,
Data compression, Source coding with side information, Rate-distortion theory.
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1. Introduction

Lossy source coding (also known as lossy compression) is a fundamental concept in infor-
mation theory that deals with representing a source (e.g., an image, audio signal, or text)
using fewer bits than the original, allowing some distortion or loss of information that is
acceptable according to a given fidelity criterion [1].

A central concept in the theory of lossy source coding is the rate-distortion (RD) func-
tion, which characterizes the minimum coding rate required to satisfy a prescribed average
distortion constraint. The RD function captures the fundamental trade-off between compres-
sion efficiency and reconstruction fidelity: as the allowable distortion increases, the required
rate decreases, whereas stricter fidelity requirements necessitate higher transmission rates.
These theoretical foundations originate in Shannon's seminal work [1], and were later devel-
oped extensively through the classical contributions of Slepian and Wolf [2], Wyner [3], and
Wyner-Ziv [4]. Classical image and audio compression standards such as JPEG and MP3
exemplify the practical importance of the rate-distortion trade-off.

16
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The presence of side information, namely additional data correlated with the source and
available at the encoder, the decoder, or both, substantially enriches the source coding prob-
lem. By exploiting the statistical dependencies between the source and the side information,
one can achieve more efficient compression or improved reconstruction quality. Source cod-
ing models with side information have found widespread applications in modern systems,
including distributed sensor networks, multimedia communications, cooperative and relay-
based wireless networks, privacy-preserving data compression and storage, as well as machine
learning applications such as federated learning and distributed inference.

S

Y

Source ) Encoder £ | *=7®Y) | Decoder g

>

Fig. 1. One-way communication with correlated sources and common side information

Beyond the classical rate-distortion criterion, reliability plays an important role in source
coding. Reliability quantifies the rate at which the decoding error probability decays as the
block length increases. This leads to the notion of the rate-reliability-distortion (RRD)
function, which describes the coding rate as a function of both the distortion level and a
prescribed error exponent, or reliability parameter. This function has been investigated for
various source models [5, 6].

In many practical scenarios, security is also a critical requirement. Security constraints
arise when part of the source information must be protected from unintended receivers.
This setting was first formalized by Yamamoto [7], who introduced the rate-distortion-
equivocation (RDE) framework, where secrecy is measured via equivocation. In such models,
one component of the source is reconstructed subject to distortion constraints, while another
component is kept as uncertain as possible at the receiver. Subsequent research has extended
this approach to cascade and branching communication systems, as well as to alternative
security criteria based on distortion [8, 9, 10].

In our previous works, we studied the RRD and RDE functions. In particular, [11] ana-
lyzed the rate-reliability-distortion trade-off for correlated sources, while [12] introduced and
investigated a secure source coding model in which secrecy is quantified using equivocation.

Building on these foundations and our previous work, this paper develops a unified frame-
work that simultaneously accounts for rate, distortion, reliability, and secrecy. Specifically,
we introduce the rate-reliability-distortion-equivocation (RRDE) function for a source cod-
ing model with a secret component and side information available at both the encoder and
decoder. We characterize the set of achievable performance tuples and derive the corre-
sponding equivocation-reliability-distortion and rate-reliability-distortion functions as spe-
cial cases. This framework is particularly relevant for modern applications requiring secure
and reliable data transmission, including distributed IoT networks, multimedia streaming
with confidentiality constraints, secure communication protocols, and utility-privacy trade-
off problems in data analysis [13]. By jointly accounting for side information, reliability,
and secrecy, this work bridges classical source coding theory and contemporary challenges
in secure communications.
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The remainder of the paper is organized as follows. Section 2 introduces the main nota-
tions and definitions. The main results are presented in Section 3. The proofs are provided
in the next section. Section 5 concludes the paper with a summary and discussion of possible
extensions.

2. Notations and Definitions

The Discrete Memoryless Source (DMS) is defined as a sequence {(X;,Y;,S;)}2, of discrete
independent identically distributed random variables (i. i. d.) X, Y, and S, taking values
in finite sets X', ), and S, which are the source messages alphabets, respectively. Let

P*={P*(z,y,s),r€ X,y € Y,s €S}

be the generating probability distribution of the source outputs (X,Y;S). The source is
memoryless, which means that for N-length vector pairs x = (xy,7,...,2y) € XNy =

(y17y2a 7?/]\7) € yN and s = (817327 "'7SN) € SN
N
P(x,y,s H (x,y,s

The finite set X, different in general from X, is the reproduction alphabet at the receiver.
We will use the following distributions:

P ={P(z,y,s) = Py(s)Pi(x,yls),x € X,y € Y,s € S}
and the conditional distribution
Q={Q(z|x,y,s),r € X,y € Y, & € X,s€ S}.
A code (fy, gn) is defined by a pair of mappings: a coding
v XY x YV x SN = {1,2,...,L(N)},

and decoding R
gy :{1,2,...,L(N)} x SN = X,

where L(N) is the code volume. Code rate is

R(fN, gN) = ]1[ log L(N)

Throughout this paper, all log-s and exp-s are of base 2.
We consider the distortion measure

d: X x X —[0;00)

between source and reconstruction messages. The distortion measure for N -length sequences
is the average of the components’ distortions
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The task of this system is to ensure restoration of one of the components of source
messages, i.e. X, at the receiver within a given distortion level Ay and with a small error
probability in the case when the state sequence is available to both the encoder and the
decoder. At the same time, the other source output Y should be kept as secret as possible
from the receiver or wiretapper. This protection level is measured by the equivocation

rate, defined as

1
R, = NH(Y|L(N)’ S)v

where H(Y|L(N),S) is the conditional entropy [14]. In other words, the equivocation rate
indicates the receiver’s uncertainty about y given [ and s.

For the formulation of the result, we remind the following definitions [14].

The entropy of RV S is

HPO ZPO lOgPO )

seS

The conditional entropy of RV XY relative to the random variable S is

Hp(X,Y|S)=— Y P(x,y,s)log Pi(z,y|s).

zeX,ye), seS

The conditional mutual information of RV X, Y and X relative to the random variable
S is
Q(Z|z,y, s)

= Z P(x,y,S)Q(i’|$,y, S) logW’

TEX,yEY, FEX,5ES

where

PQ(ils)= Y. Pi(z,yls)Q(#]z,y,s).

reX yey

The following property will be used below:
Ipo(X,Y;X|S) = Hp(X,Y|S) — Hpo(X,Y|X, S).
The Kullback-Leibler divergence between the distributions P and P* is defined as fol-

lows:
P(x,y,s)

D(P||P") = > P(z,y,s)log Py

zeX yeY,seS

We define the error probability of the code (fn,gn) as

e(fn.gn, P*,Ag) = 1 — min P"™(A(s)),

seSN

where A(s) is the set of satisfactorily transmitted vectors for a given s, which are recon-
structed within the distortion constraint A, > 0:

.A(S) = {(X7 Y) : gN(fN(Xu Yy, S), S) = )A(’ d(X, i) < Ad}
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Definition 1. The triple (R, A4, A,) is called E-achievable for given P*, E > 0,A, >
0,A, > 0, if for every € > 0,6 > 0, there exists a code (fy, gy) such that

1
NlogL(N) < R+e
the error probability is exponentially small

e(fn,gn, P*,Ag) < exp{—N(F —¢)}

and the equivocation rate

R.> A, —c.

We denote by R*(F) the set of all E-achievable triples. We will consider the distortion-
equivocation F-achievable region:

Ra,a(E) ={(Aq, Ac) : (R, Mg, Ac) € R*(E) for some R > 0}.
Then the RRDE function is defined as

R*(E, A4, A,) = min R.
(R,Ag,Ac)ER*(E)

At last, the equivocation-reliability-distortion function (ERD) is:
I'(E,Ay) = max A..

(AsA)ERY A, (B)

3. Formulation of Results
Consider the following set of distributions P on X x ) X § :
a(E,P*)={P: D(P||P*) < E}.

Let Q(P, A4, A.) be the set of all conditional PDs Qp(Z|z,y,s) = Qp, corresponding to
the PD P, for which the following conditions hold:

Ed(X,X) = Y P(z,y,5)Qp(i|z,y, s)d(z, &) < Ay, (1)

T,Y,8,T

Hpo,(Y]X,S) > A,.

Then
Q<P7 Ad) = U Q<P7 Ada Ae)-

HP,QP (Y‘Xvs)SAESHP,QP (Y'19)

The main result of this paper is presented in the following theorem.
Theorem 1. For given source distribution P*, every E > 0,

(Ra Ada Ae) : Ad > OvAe > 07

\ <R, < i Hpo,(Y,|X,S),
Ri(E)=] VS Fes min o max  Hrer(V1X,5)

R> ' I X.Y:X|S
> max o mnin o Ipo, (XY XS)
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This result characterizes the fundamental trade-off between rate, distortion, reliability,
and secrecy in the presence of side information. The proof is given in the Appendix, based
on the method of types [15].

Corollary 2. The ERD function equals

P80 = ) 0,280, Trar I S)

Corollary 3.
R(E, Ay, Ae) : Ay >0,
Apa.(E) =
0 <A, <I™(E,Ag)
Corollary 4. The RRDE function equals

(E.Ay A,) = i I X.Y:X|9).
R (B, Aa, Ac) Peg%%),(P*)QpeQr(r}’lgd,Ae) Qe (X, Y; X|5)

Corollary 5. The limits of the RRDE and ERD functions when E tends to 0, coincide with
the RDR and ED functions stated in [7]:

lim R*(E, Aq, Ac) = B (Ag, Ac) = P Ips g (X, Y5 X|S).
lim [*(E, Ay) = I*(A,) = Hpeo..(Y]X,9).
lim T"(E, Ag) = I'"(Aa) o0 | Hpgp( X, 5)

Corollary 6. In the absence of a secret component, the achievable region coincides with [12]

(R, Ag, Ap) - Ay >0,A, >0,

. <R < Hpo. (Y]X),
RA(E) = O Re S i) o, B, e (V1)

R> max min Ip,QP(X,Y;X)

T Pea(E,P*) QpeQ(P,Ag,A)

Corollary 7. In the absence of side information at the decoder the result reduces to [11]

R(E,A, P) = pluax o min Ipgp(X; X|9).

For the proof of Theorem 1, we will use the following modification of the Covering Lemma
[16], [5].

Lemma 1. Let fore >0
J(P,Q) = exp{N(Ipq(X,Y; X|S) +€)}.

Then, for every type Py state sequence s € 7}];7(3), conditional types Py and @), there exists
a collection of vectors

{%) € Tho(Xs).j = 1,... J(P.Q)},
such that the set

{TPo(X,Y1%;,8),5 = 1,..., J(P,Q)},
covers T (X,Ys) for N large enough, that is

T (X,Y]s) U o(X.Y|%;,s).
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4. Proof of Theorem 1

The proof of Theorem 1 consists of two parts: achievability (direct part) and converse (inverse
part).

4.1 Achievability

First we shall prove that any triple (R, A4, A.) satisfying the conditions of Theorem 1 is
E-achievable or that
(R) Ada Ae) : Ad Z 07 Ae Z 07

. <R < mi Hpo, (Y|X,S),
RiE)2] 0 fes min o max  Heer(VIX,S)

R > Ipo.(X,Y:X|S
Perc\cI%%XP*)QPEQ(PgdA) rar(X, Y31 X[S)

Step 1: Type Partitioning
Let us represent the set of all source messages of length N as follows:

Nx PN x 8N = U (XY, 8= J U T (X,Y,9),
PePN(XxY xS) PoePN(S) PLePN (X XY,Py)
where PV (X xY x S) is the set of possible types P of triples (x,y,s) € XN x YNx SN PN(S)
is the set of possible types Py of vectors s € S, PV (X x Y, P,) is the set of conditional types
Py of pairs (x,y) € XN x YN for given P.
Using the properties of types and the definition of the set «(FE, P*) for each § > 0, the
probability of observing sequences with types outside a(E + ¢, P*) satisfies:

Py mens) - S @)
Pga(E+6,P*) Pga(E+5,P)
ReINZIN] _ i
< (N+1) exp{ NP@?EHES,P*) D(PHP*)} (2)
< exp{—NE — N+ |X||V||S|log(N + 1)}

IN

exp{—N(E+§/2)},

for sufficiently large N.

Step 2: Code Construction

For each Ay > 0, fix type P € a(E + 0, P*) and some Qp € Q(P, Ay, A.). Let for each
s € TH(9)

O(Pu QP7j7 ) 7;3‘QP()(7Y|)ACJ7 U PQP X7Y|)A(j’7s)7 j: 17J(P7 QP)
J'<J

Define a code (fn,gn) for each s € 7}](\)[ (S) and vector pairs of conditional type P; with
encoding as:

j, when (x,y) € C(P,Qp,j,s), P € a(E+ 9, P*),

fN(X7y|S) =
jo, when (x,y) € TA(X,Y]|s), P & a(E + 6, P*),
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and decoding
gn(Jls) = %;, gn (Jols) = Ro,
where the number j, and the reconstruction vector X, are fixed. Obviously, with such a
code, an error occurs only when the number jj is sent.
Step 3: Distortion Constraint
According to the definition of the code and the inequality (1), for P € a(E + 9, P*) and
Qp € Q(P, Ay, Ac) we have:

d<X7§(j) = Z P(:U,y,S)Qp(i“|x,y,s)d($,§:)

T,Y,T,8
= EP,QPd<X)X) S Ada j = 17J(P’ QP)7

which ensures that the distortion constraint is satisfied.

Step 4: Rate Analysis

According to Lemma 1, the number of vectors X, each s for type P and corresponding
conditional type Qp € Q(P, Ay, A,) is:

Lpge(N) = exp {N(Ipg,(X,Y; X|S) + )} .
Then, taking into account that the number of types has a polynomial estimate [15]

LIN) = min L N
( ) B PEO‘(;:*(S,P*)QPEQ(P,Ad,AE) PvQP( )

< (N + 1)IFIVISE max mi

N(I X.V: X .
PEa(E-HS,P*)QPEQ(P,%dAe)eXp{ ( P’QP( Y3 X[5) + 6)}

Hence, the corresponding limit for the transmission rate is:

1 1
108 Lrg, (N) = € = X[ V]IS] log(N + 1)

< i Ipo. (X, Y: X|9). 3
_Pear(%é-l&-}g,P*)QPGQr(nPl&d,Ae) P7QP( T ‘ ) ( )

Taking into account the arbitrariness of € and 0 and the continuity of the information
expression (3), we get:

R*(E,Ag,A.) <  max min ~ Ipo,(X,Y; X]S). (4)

" Pea(E,P*) QpeQ(P,A4,Ae)

Step 5: Equivocation Analysis
Using type properties and entropy bounds, for this code the equivocation rate can be
evaluated as follows:

1
SHYIL(V), 8) (5)
L(N)
> SRSy X Herap (YI06.3) € C(P,Qr ) P {(5.3) € C(P.Qp. )
L(N)

=LAy ]

J

Il
—
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- > Pyl(x,y) € C(P,Qp,j;s)} log P{yl(x,y) € C(P,Qp,j,s)}

y:x,yeC(P,Qp,j,s)
XP*{(X7 Y> € O<P) QP7j7 S)}
For any y such that x,y € C(P,Qp, j,s) for some x

P{(x,y) € C(P,Qp,j,s)ly} P*{y}
P*{(X? y) € C(p7 QPaj7S>}

P*{Y|(X7Y) S C(Pa QPaja S)} =

> P{x,yly,s}P*{y} N > P{x|y,s}P*{y}
. (X,y)eC(P,QP,],S) < XETP’QP(X‘yQ(jvs) (6)
> P{x,y|s} - > P{x,y|s}
(X,y)eC(P,QP,j,S) (X,y)EC(P,QP,],S)

As the probability of the pair (x,y) is constant within the same type, from (6) we obtain
that )
| pQP(X\y,X s)|

Piyl(xy) € C(P,Qp,j;8)} <

exp[N(Hpq, (XY, X, 9)]
(N )T exp[N (Hp g, (X, Y] X, )]
Then, from (5), (7) and (2) we obtain that

xp[~N(Hpa,(Y|X.8) o). (7)

~H(Y|L(N),S)
1 L(N) N
> Py(s)= > |N > P{yl(x,y) € C(P,Qp,j,s)}(Hpq,(Y|X,S) —¢€)
s N T | yvieyecrris)
XP*{(X7Y) € O(Pa QP7j7 S)}
L(N) R
= ZPO )P{(x,y) € |J C(P,Qp,j.8)}(Hpo,(Y|X,S) —¢)

j=1

> (1— exp{~N(E +5/2)})(Hpo, (Y|X,5) - o).
For N large enough, we obtain that
R.> Hpo, (Y[X,S)—e> A, —c (8)

According to (2), (4) and (8), we state that the triple (R, A4, A.) is E-achievable.

4.2 Converse

Now we show that any FE-achievable triple satisfies:

(R7 Ada Ae) . Ad Z 07 Ae Z 07

0<R,< H Y|X.S
P g, 0%, Hrar (VIX, ),

R (E)

N

R > i Ipo.(X.Y: X|S
_PeraI%JaE},(P*)QPEQI(nPl,gd,AE) rep(X,Y; X5)
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Step 1: Setup

Let € > 0 be fixed. Consider a code (fy, gn) for each blocklength N with (R, Ay, A.) E-
achievable triple. We must show that for some Qp € Q(P, Ay, A.) the following inequalities
hold for N large enough:

1 .

v g L(N) +e= Pegz%fp*)[P,Qp(X’Y;X\S)’ (9)
1 .
il e < ; )
N EYILN), S) —e< PGLI(I}EI}P*)HP,QP(Y’Xas) (10)

Step 2: Size of Typical Sets
Let A'(s) be the complement of the set A(s). The following statement is true:

A) T (X Ys)| = [T (X, Y]s)| = [A () VT (X, Ys)] .

For P € a(E — ¢, P¥)

PV LA NTY (X, Y]s)}

PN (x,ys)
< exp {N(Hp(X,Y[9) + D(P||P"))} exp {=N(E — )}
< exp{N(Hp(X,Y|S) —€)}.

AENTH X Ys)| =

Hence,
\A(s) T (X, Y|s)‘ > (N + 1) WiSlexp (NHp(X,Y|S)} — exp {N(Hp(X,Y|S) — €)}
— oxp {N(Hp(X,Y|S) — €)} ( ( Neipl{)ﬁi;& - 1) (11)

> exp {N(Hp(X,Y]S) - o)}

For each s € T (S) and x,y € A(s) N T2 (X,Y[s) corresponds a unique vector X such
that )
i:gN(fN(va’s)as) and X € 7;3],VQ<X|X7Y7S)'

Step 3: Conditional Type Decomposition
Let us divide the set of all vectors ‘.A(s) NTA (X, Y]s)’ into subsets by conditional types
Qp. The class having maximum cardinality for given P, we denote by

N
(MEONTE YR,
According to the number of conditional types @), for sufficiently large N, we have:

ASNTH X, Ys)| < (V+ DM (A O 7 (X Ys)),

< exp{Ne/2} (AN TE (X YD), - (12)
Let
D(s) = {%: gn(fv(x,¥]s),s) = %, for some (x,y) € A(s) (T2 (X, Y[s) TR, (X, Y[%,s)} .



26 Rate-Reliability-Distortion-Equivocation Tradeoffs for Source with Secret Component and Side Information

From the definition of the code |D(s)| < L(NV), then

(ASNTIEYR)|, < X [T Yiks)

X€D(s)
< L(N)exp{NHpg,(X,Y|X,S)}. (13)

Step 4: Lower Bound on Rate
From (11-13) follows

L(N) > exp{N(Ipq,(X,Y; X|S) — €)}

for each P € a(E — ¢, Px) and some Qp for which Epg,d(X, X) < Ay, because x,y € A(s).
Step 5: Equivocation Upper Bound
From the achievability it follows that

A, —e< ;]H(YM(N), S) < Hpg,(Y|X,S).

Thus, Qp € Q(P, Ay A.) and inequalities (9) and (10) are valid. The Achievable triples
must satisfy the same constraints as in Theorem 1, completing the proof of Converse part.
Theorem 1 is proved.

5.  Conclusion

In this paper, we developed a unified information-theoretic framework for lossy source coding
with side information, incorporating reliability and secrecy constraints. We introduced the
notion of F-achievable triples and derived a complete characterization of the rate-reliability-
distortion-equivocation (RRDE) region.

The obtained results explicitly quantify the interplay between compression efficiency,
reconstruction fidelity, decoding reliability, and confidentiality. In particular, we derived
closed-form expressions for the RRDE and ERD functions and demonstrated that they nat-
urally generalize classical rate-distortion and rate-distortion-equivocation results.

The proposed framework is well-suited for modern applications involving secure and re-
liable data transmission, such as distributed sensing systems, privacy-preserving data com-
pression, and communication networks with confidentiality constraints.

Future work may include extensions to multi-user scenarios, continuous alphabets, and
alternative secrecy measures such as strong secrecy or semantic security.
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Annmoramnus

B nanHoit pabote paccmaTpuBaercs 3a7ada KOJUPOBAHUS HCTOYHHUKA C TIOTEPSMU IS
OJTHOCTOPOHHUX MCTOYHUKOB C KOPPEIMPOBAHHBIMU BBIXOJAMH TIPU HAJTHYHH MTOOOYHOU
nH(pOpMaIINY KaK Ha KOJAepe, TaK U Ha JeKojaepe. B TaHHOM clieHapu# OJUH KOMITOHEHT
WCTOYHHMKA JOJDKEH OBITh IepelaH IOJIydaTelllo ¢ COOJIIOJICHHEM 33aJaHHOTO YPOBHS
HCKQKEHUS, B TO BpeMs KaK JAPYroil KOMIIOHEHT JOJKEH OCTaBaThCS MAaKCHMAIbHO
KOHOQHUICHIIMATBFHBIM U TIOJIy4YaTeNlsi WU MOTCHIMAIBHOTO mepexBaTunka. s
KOJIM4YECTBEHHOH XAPAKTCPUCTHKU HAHHOTO KOMIIPOMHCCA BBOIUTCA W AHAJIU3UPYCTCA
byHKIUSA CKOPOCTh-HaIe)KHOCTh-UCKAKEHUE-HEOIPEIEIICHHOCTb, a TaKXKe
COOTBETCTBYIOIINE (YHKIIMU HEOMPEIEICHHOCTh-HAIE)KHOCTh-UCKAKEHHE U CKOPOCTh-
HA/IOKHOCTh-UCKaXeHHEe. [loydeHHBIe pe3ynbTaThl TPEACTABISIIOT CO00H  eTUHYIO
MH()OPMAIIMOHHO-TEOPETHYECKYI0 ~ 0a3y,  ONMHCHIBAIONIYI0  B3aUMOCBS3b  MEXKIY
3¢ (HEKTHBHOCTHIO CXKATHSI, TOYHOCTHIO BOCCTAHOBJICHUS, HAJIGKHOCTBIO H CEKPETHOCTHIO.
KiroueBblie ¢JI0Ba: GYHKIHS CKOPOCTh-HAISKHOCTh-UCKAKEHUE-HEONPEICICHHOCTD,
KOOAUPOBAHUEC UCTOUYHHKA C TIOTCPIAMU, CKATHEC JaHHBIX, KOJUPOBAHUC HCTOUYHHKA C
MoO00YHOM MH(pOPMAITHEH, TEOPHUS CKOPOCTh-UCKAKEHUE.

29



Mathematical Problems of Computer Science 65, 30-48, 2026.
doi:10.51408/1963-0144

UDC 004.932:004.62:512.64

On the Theory and Application of Singular Value

Decomposition in Image Processing and Data Analysis

Gayane G. Ghazaryan' and Artashes L. Ghazaryan?

nstitute of Physics, Yerevan State University, Yerevan, Armenia
2 Technical University of Munich, Munich, Germany
e-mail: gayane.ghazaryan@ysu.am, artashes.ghazaryan17@gmail.com

Abstract

Singular Value Decomposition (SVD) is a fundamental factorization method cen-
tral to image processing, dimensionality reduction, and numerical linear algebra. Its
practical strength lies in truncating small singular values, thereby reducing storage
while preserving the essential structure. The key challenge is choosing the truncation
rank, which determines the trade-off between accuracy, efficiency, and stability.

We introduce an adaptive rank selection method that combines cumulative-energy
thresholds with automated elbow detection, yielding a principled alternative to ad
hoc rules. The framework is validated on image compression, denoising, and principal
component analysis (PCA), with benchmarks against eigenvalue decomposition (EVD)
and QR factorization. The results show that the adaptive rule improves fidelity and
reproducibility, especially for noisy or ill-conditioned data.

All code, figures, and tables are released as open source, ensuring that the experi-
ments can be reproduced in a clean environment. This unifies theory, automation, and
reproducibility, reaffirming that SVD is both mathematically optimal and practically
versatile for contemporary data analysis.

Keywords: Singular Value Decomposition, Adaptive rank selection, Cumulative en-
ergy, Elbow detection, Image denoising, Image compression, Principal component anal-
ysis.

Article info: Received 7 November 2025; sent for review 9 December 2025; accepted
25 May 2026.

1. Introduction

Singular Value Decomposition (SVD) is a cornerstone of numerical linear algebra and a
central tool in data science, machine learning, and image processing [1-3]. Its optimality for
low-rank approximation, established by the Eckart—Young—Mirsky theorem [1, 4], explains
its broad use in image compression [5,6], noise reduction [7-10], and dimensionality reduction
via principal component analysis (PCA) [11-13].

30
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Despite its elegance, a persistent practical difficulty is the choice of truncation rank k.
This parameter determines the balance between fidelity, compression ratio, and computa-
tional cost [14, 15]. Existing strategies rely either on cumulative-energy thresholds, which
require task-specific tuning, or elbow rules, which tend to underestimate the rank when sin-
gular values decay gradually [16]. Consequently, applications often rely on ad hoc heuristics,
which reduce reproducibility.

In this work, we propose an adaptive rank selection strategy that integrates cumula-
tive energy and elbow detection within a unified SVD pipeline. Concretely, we adopt a
conservative hybrid rule

k= max(kﬂ kelbow)a

which guards against under-selection while preserving interpretability. Defaults such as
7 =& 0.995 are reliable for clean images.
On standard images (e.g., astronaut, cameraman), the hybrid rule avoids elbow under-

selection and maintains a higher structural similarity at comparable ranks (see Section 4,
Fig. 2).

Positioning vs. alternatives. Classical fixed-rank tuning lacks reproducibility. Energy
thresholds are interpretable but require task-dependent choices of 7. Elbow rules adapt
automatically but tend to under-select when the singular values decay slowly. Denoising-
specific criteria such as optimal hard thresholding [15] assume particular noise models and are
not directly comparable across tasks, such as compression or PCA. In contrast, our hybrid
rule is task-agnostic, reproducible, and guards against under-selection, without requiring
prior calibration.

Contributions. The main contribution of this work is methodological and reproducibility-
oriented.

e Unified framework. A reproducible SVD workflow for image compression, denoising,
and PCA with standardized inputs and metrics (PSNR, SSIM, energy retention, and
runtime).

e Adaptive rank selection. A principled hybrid of cumulative energy and elbow
criteria, robust to slow spectral decay.

e Systematic benchmarking. Comparisons against EVD and QR factorization under
identical conditions, clarifying the trade-offs in accuracy and runtime.

e Open-source reproducibility. All Python scripts can regenerate every figure and
table from a clean environment using fixed random seeds, explicit data sources, and
version-pinned dependencies.

Scope and limitations. We focus on standard truncated SVD for moderate-scale images
and matrices; randomized or streaming variants are beyond the scope of this study.

2.  Mathematical Foundations of Singular Value Decomposition

2.1 Definition and Existence

For any matrix A € R™*" with rank r < min(m,n), the singular value decomposition
(SVD) is
A=UxV',
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where U € R™™ and V € R™" are orthogonal, and ¥ € R™*" is diagonal (rectangular)
with entries o1 > 09 > -+ > 0, > 0 on the main diagonal and zeros elsewhere. The SVD
exists for every real (and complex) matrix, regardless of its shape or rank [1,17]. The singular
values are unique; the singular vectors are unique up to orthogonal transformations within
degenerate singular subspaces (e.g., sign flips or rotations when some o; coincide) [18].!

2.2 Relation to Eigendecomposition

SVD is tied to the eigendecomposition of symmetric positive semidefinite matrices AT A and

AAT [1,18):
e Columns of V are eigenvectors of AT A with eigenvalues \; = 0?;

e Columns of U are eigenvectors of AAT with the same nonzero eigenvalues;

e Hence 0; = \/\;(ATA).

Consequently, {u;} and {v;} form orthonormal bases for the column and row spaces of A,
respectively, and describe the directions of maximal variance/energy in the data representa-
tions.

2.3 Optimal Low-rank Approximation

Let Ay = Zle ouv; be the rank-k truncation. The Eckart—Young-Mirsky theorem [4,19]
states that Aj is the best rank-k approximation to A in all unitarily invariant norms, in
particular

T

1/2
lA=Allp = min_[[A=Blr = ( > U?) ;o A=Al = {

k(B)<k )
i=k+1

Ok+15 k< r,
0, k>r.

These identities justify the use of truncated SVD for compression, denoising, and dimension-
ality reduction.

2.4 Compact and Truncated Forms

Two reduced forms are especially useful [1, 20]:

e Compact (thin) SVD: A = U, V., with U, € R™" 3, € R™" (nonzero singular
values), V. € R™". This is an exact factorization with minimal storage requirement.

e Truncated SVD: A, = U, XV, for k < r, where U, € R™* %, € RFF V) € Rk,
This trades accuracy for efficiency by retaining the dominant components.

Two useful projection identities are
A, = UUA = AWV,

showing that truncation amounts to an orthogonal projection onto the leading left/right
singular subspaces.

For complex matrices, orthogonal /unitary and transpose/conjugate-transpose are replaced accordingly.
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2.5 Energy, Variance, and Explained Proportion

SVD provides an orthogonally invariant notion of the total energy as follows:

T
I1AE =) a7
i=1

For a rank-£ truncation Ay, the retained fraction is

k
S 1 41 S
I |

This coincides with the explained variance in PCA for mean-centered data [11]. The quantity

7, underlies the cumulative-energy thresholds used later for adaptive rank selection and
provides a task-agnostic basis for comparing datasets.

coy T

These properties establish SVD as both theoretically optimal and practically versatile. In
the next section, we build on them to address the central challenge of choosing the truncation
rank k, and propose an adaptive rule that avoids ad hoc heuristics.

3. Adaptive Rank Selection

Choosing the truncation rank £ is the central practical challenge in applying SVD, as it
sets the trade-off between the reconstruction fidelity, storage, and runtime. We propose a
unified adaptive rank selection strategy that replaces ad hoc heuristics with principled
and reproducible rules. The method combines two complementary criteria: a cumulative-
energy threshold, which is standard in PCA practice [11], and automated elbow detection
via the Kneedle algorithm [16]. Together, they yield stable choices for both sharply and
slowly decaying singular spectra.

3.1 Cumulative-energy Criterion

As introduced in Subsection 2.5, the cumulative-energy ratio 7, measures the fraction of
total energy retained by the first k& singular values. The threshold rule selects the smallest
k, such that n,, > 7, with 7 € (0,1). High thresholds (e.g., 7 &~ 0.995) preserve fine details
in compression, whereas lower values may be acceptable when noise dominates the tail. The
sensitivity to 7 is summarized in Appendix B.

3.2 Elbow Detection on the Cumulative Curve

To improve robustness, we pair the threshold rule with elbow detection. We apply Kneedle
[16] to the cumulative spectrum, using the normalized points (k: /T, 77k) after light smoothing
(Savitzky—Golay) to reduce jitter. Kneedle returns an elbow index k. corresponding to the
onset of diminishing returns in cumulative energy. Thus, we obtain two candidates: k, from
the threshold rule and k. from the elbow detection. We round the continuous elbow location
to the nearest integer k € {1,...,7}.
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Fig. 1. Cumulative energy 7 with threshold k; and elbow k.. The conservative policy
k* = max(k,, k.) prevents under-selection.

3.3 Unified Policy and Scope

Fig. 1 illustrates the complementarity between the two rules. Our default, conservative

choice is

k= max(k:T, k:e),

which preserves fidelity when the elbow under-selects slowly decaying spectra (Section 2).
For practitioners who prefer stronger noise suppression at the cost of detail, we expose an
aggressive option k' = min(k,, k.). Because the procedure depends only on the singular
spectrum {o;}, it applies equally to exact and randomized SVD [12].

PCA interpretation. For a mean-centered data matrix X € R"™*" with covariance C' =
ﬁX TX, let s; = 0;(X) denote the singular values of X. Then the eigenvalues of C' satisfy
A\ = s2/(m — 1). The cumulative variance explained by the first k& components is

k k
Tid T
Zi:l Ai Zi:l S;

Therefore, the same policy directly selects the number of principal components.

Algorithm.
1. Compute singular values {o;}/_; of A and ng for k=1,...,7.
2. Set k; < min{k : n, > 7}.

3. Smooth 7, (optional), normalize k +— k/r, and compute k. via Kneedle (increas-
ing/concave) on (k/r,m); round to an integer.

4. Set default k* < max(k,, k.). (Optional aggressive mode: k' < min(k,, k.).)

Output: Truncation rank k € {k*, k'}.
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Implementation notes. (i) If r = 0, return & = 0; otherwise clip & to [1,r]. (ii) If Kneedle
returns no elbow (flat or very steep curves), fall back to k,. (iii) Use a short Savitzky—
Golay window for smoothing and the “increasing/concave” Kneedle setting, then enforce
the monotonicity of 7. (iv) Default thresholds: 7 ~ 0.995 for compression; 7 € [0.95,0.99]
for denoising. (v) To avoid brittle ties, always choose the smallest k that satisfies each of
the rules.

Key insight. By consolidating cumulative-energy thresholds with elbow detection on the
cumulative spectrum, the adaptive rule provides a mathematically grounded and repro-
ducible guideline for rank selection. It removes manual tuning, adapts across tasks, and
avoids the elbows under-selection failure mode, improving the fidelity in compression and
stability in denoising. On spectra with extremely slow decay, the conservative policy may
select a larger k*, trading compression for fidelity; in such cases practitioners may opt for
the aggressive mode or impose a budget-constrained cap on k.

4. Applications and Experimental Setup

We evaluate SVD on three canonical low-rank tasks: image compression, image denoising,
and principal component analysis (PCA). Each task highlights a different facet of low-rank
modeling: storage reduction, noise suppression, and dimensionality reduction. Unless stated
otherwise, we use the adaptive selection from Section 3 with the default, conservative policy
k* = max(k,, k.); an optional aggressive mode k' = min(k,, k) is exposed for heavy-noise
denoising.

Protocol. All experiments share one codebase, fixed random seeds, and scripts that regen-
erate figures and tables from a clean environment. The libraries and exact command lines
are listed in Appendix B. The metrics are consistent across tasks: PSNR (dB), SSIM, cumu-
lative energy 7, runtime, and a storage proxy (mk+mnk+£k) corresponding to the parameters
of Uy, Xk, Vi. SSIM uses an 11x11 Gaussian window (default in skimage.metrics.ssim)
with a data range [0, 1].

Experimental design principles. Preprocessing, metrics, and defaults are matched across
methods (SVD vs. baselines) so differences arise from rank selection or factorization, not
setup. When stochasticity is present (e.g., randomized SVD), the seeds are fixed for compa-
rability. We report both numerical fidelity (PSNR, 7;) and perceptual quality (SSIM).

4.1 TImage Compression

Given an image matrix A, retaining the top k singular values yields

k

-

A = E 0; uiv;
=1

preserving the dominant structure while reducing the storage from mn to mk+nk+k param-
eters. We evaluate on the astronaut image (converted to grayscale, 512x512), comparing
fixed manual ranks to adaptive choices.

As a representative case, we contrast a fixed k = 50 with an adaptive rank £* from the
7=0.995 cumulative energy rule (guarded by the elbow via max). Fig. 2 shows the cumulative
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energy curve with both choices marked and reconstructions annotated with PSNR/SSIM. In
this setting, the elbow typically lies below k., so k* = max(k,, k.) = k,, delivering higher
fidelity than small fixed ranks with a modest storage increase. For completeness, we also
report a guard against under-selection, k = max(k,, k.), across the images and thresholds.
The summary statistics are presented in Appendix Table 2.

SVD Compression: Manual vs. Adaptive Rank Selection

Manual k = 50 Adaptive k* =59
PSNR: 27.35 dB PSNR: 28.54 dB
SSIM: 0.747, ny=0.993 SSIM: 0.787, ng = 0.995

Energy Retention

Cumulative Energy ng
o
o
w
)

o

©

S
L

= = Manual k =50
= = Adaptive k* =59

0.75 T T T T T T
0 100 200 300 400 500

Rank k
Fig. 2. Grayscale astronaut image: manual k = 50 vs. adaptive k* = 59. Adaptive rank improves

fidelity (PSNR +1.2 dB, SSIM +0.04).

4.2 Image Denoising

For denoising, small singular values often capture high-frequency noise; thus, truncation acts
as a low-pass spectral filter. We corrupt astronaut with additive Gaussian noise (¢ = 0.10)
and apply adaptive selection to balance noise removal and detail preservation. Fig. 3 shows
the singular-value spectrum of the noisy astronaut image with threshold (k,) and elbow (k)
annotations used for adaptive rank selection.

Benchmark comparisons with fixed ranks are presented in Table 1. The adaptive rule
achieves PSNR on par with or exceeding the best fixed choices, without per-image
tuning, and avoids elbow under-selection on slowly decaying spectra. An example of a full
reconstruction is shown in Appendix Fig. 6.

Table 1: Comparison of manual fixed ranks and adaptive rank selection (k* = 58) for denoising
the noisy astronaut image (o0 = 0.10). Reported are PSNR (dB), SSIM, and retained energy nj.
Adaptive rank achieves quality on par with the best fixed choices while avoiding manual tuning.

Method Rank £ PSNR (dB) SSIM Energy 7
Manual (fixed-k) 40 23.75 0.507  0.967
Manual (fixed-k) 80 23.70 0.467 0.978

Adaptive o8 24.12 0.497 0.973
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Fig. 4. PCA on the Iris dataset. With 7 = 0.95, the adaptive rule selects k = 2, retaining 97.8%

variance.

4.3 Principal Component Analysis (PCA)

PCA is equivalent to applying SVD to a mean-centered data matrix [11]. For X € R™*"
with X = USVT and covariance C' = -1 X T X the eigenvalues satisfy \; = o7/(m — 1);
the cumulative variance explained equals 7 (Section 3).
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We illustrate this on the iris dataset. Using 7 = 0.95, the adaptive rule selects k = 2,
capturing ~ 97.8% of the variance. Projecting Z = XV, yields a two-dimensional embedding
that preserves the class structure (Setosa is clearly separated; Versicolor/Virginica partially
overlap), as shown in Fig. 4.

The variance-retention curve (Appendix Fig. 7) confirms the stability of the adaptive
choice across seeds and preprocessing variants.

Summary. Across all tasks, adaptive rank selection provides a reproducible alternative
to manual tuning: (i) In compression, it matches or exceeds fixed-k fidelity at modest
storage. (ii) In denoising, it balances detail and noise suppression while avoiding elbow
under-selection; (iii) In PCA, component selection is automated to meet variance targets
without per-dataset tuning.

5. Comparative Analysis of Matrix Decomposition Methods

To contextualize SVD, we benchmark against eigenvalue decomposition (EVD) and QR
factorization on the 512x512 grayscale astronaut image. We study both the fixed-rank and
adaptive-rank settings, evaluating the reconstruction fidelity (PSNR and SSIM) and runtime.

5.1 Benchmark Setup

All methods use NumPy/SciPy and identical hardware; BLAS/LAPACK backends are held
fixed (Appendix B). Fixed-rank runs use k € {10, 30, 50, 100}; adaptive selection follows Sec-
tion 3 with the default policy k* = max(k,, k.) and 7 = 0.995 for high-fidelity compression.
The elbow-only choices k. are reported in the appendix. Metrics are averaged over repeated
runs (error bars show +1 std). The runtime is measured on noisy inputs (o = 0.10, images
normalized to [0, 1]); PSNR/SSIM are always computed against a clean reference.

Reproducibility metadata. All figures and tables were generated using a unified Python-
based experimental pipeline with fixed random seeds and standardized preprocessing. Al-
though absolute runtimes may vary depending on hardware and numerical backends, the
relative trends remained stable across different environments.

Rank-£ formulations.

e SVD: A, = UpX.V,, the optimal rank-k approximation in Frobenius and spectral
norms [4].

e EVD (Gram-based): Form A" A = VAV with \; = o2. Taking V} = [v1,...,v]
and X = diag(oy, ..., 0y) yields

Ay = AV = UV, U = AVES! (05> 0).

This is algebraically equivalent to the truncated SVD, although explicitly forming A" A
may amplify conditioning errors.

e QR (projection form): With column-pivoted thin QR, AIl = QR. Let Q. be the
first k columns of ). Then

Ay ~ QsQLA = QpRy 117,
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i.e., an orthogonal projection onto span(Qy) (since Q] A = Ry .II"). This is generally
non-optimal for a fixed k.

5.2  Benchmark Summary

Fig. 5 plots PSNR versus rank. SVD attains the highest fidelity at each k, consistent with
optimality, and EVD reconstructions match SVD to numerical precision (when computed
via AV, V,"). See Fig. 8 for the same curve with the adaptive k* indicated. QR is faster
but yields lower fidelity at the same k. The exact timings depend on the backend and cache
effects; see Appendix Table 5.

Complete numerical results: Table 3 (fixed-k), Table 4 (adaptive with 7 = 0.995), and
Table 5 (runtime).

PSNR (dB) versus rank k

PSNR (dB)
N N N N w w
N EN o © o N

N
o
1

18 A

16

10 30 50 100
Rank k

Fig. 5. PSNR vs. rank k for SVD, Gram-based EVD, and pivoted QR. SVD/EVD attain the
highest fidelity; QR is faster but less accurate.

5.3 Key observations

e SVD optimality. At every tested k, SVD achieved the highest PSNR/SSIM values.
For example, at k = 50, SVD reached 27.35dB / 0.747 vs. QRs 23.91dB / 0.624; at
k =100, 32.89dB / 0.895 vs. 28.84dB / 0.777 (Table B2).

e EVD equivalence. Reconstructions based on AT A (via AV, V,") matched SVD within
rounding error, as expected; directly forming AT A can, however, increase sensitivity
to conditioning.
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e Adaptive rank (7 = 0.995). The rule selected k£* = 59 in our run, improving fidelity
over kK = 50 by ~1.2dB PSNR (28.54 vs. 27.35) and ~0.04 SSIM (0.787 vs. 0.747).
The QR at k* remained lower in quality (24.72dB / 0.648).

e Speed—quality trade-off. QR was ~ 2x faster than SVD at moderate k (e.g.,
k € {10,50,100}), at the cost of noticeable accuracy loss.

5.4 Conclusion

These benchmark experiments confirm the trade-offs. SVD (and Gram-based EVD) achieves
the best fidelity at a given rank. QR offers faster runtime at reduced accuracy, and adaptive
selection with 7 = 0.995 provides a practical balance. These observations motivate the
unified framework summarized in the overall conclusion section.

6. Conclusion and Future Work

We presented a unified and reproducible framework for applying SVD to image compression,
denoising, and PCA, with systematic comparisons to EVD and QR. Our central contribution
is an adaptive rank selection strategy that combines cumulative energy thresholds with
elbow detection on the cumulative spectrum, eliminating manual tuning while preserving
interpretability.

Key findings. (i) SVD consistently achieves the highest reconstruction fidelity, in line
with Eckart—Young [4]; (ii) Gram-based EVD reconstructions are numerically indistinguish-
able from SVD. (iii) QR offers speed advantages at reduced fidelity; (iv) Adaptive selection
improves quality over fixed settings while standardizing the decisions across tasks.

Our contribution is to consolidate commonly used heuristics into a principled, data-
driven, and fully reproducible framework for adaptive rank selection. For clean images, a
99.5% cumulative-energy threshold emerges as a reliable default that balances perceptual
fidelity and compression efficiency.

The proposed framework is primarily methodological and does not introduce a new matrix
decomposition or new theoretical optimality guarantees. In addition, the elbow-detection
component remains partially empirical and may depend on the spectral characteristics of the
data. Nevertheless, the approach provides a unified and reproducible strategy for adaptive
rank selection across multiple SVD-based applications.

The entire framework, including the code and figure-generation scripts, is openly
available.?

Implementation updates. All scripts were refactored into a unified modular structure
with standardized outputs and harmonized argument parsing. These updates ensure that
every figure and table can be reproduced from a clean environment with a single command
execution.

Future work. Extensions include color images and video, streaming and distributed set-
tings, and hybrids that pair SVD with learned priors. An especially promising direction is
the integration of randomized and streaming SVD algorithms [12], enabling scalable low-rank
approximation on large datasets while preserving theoretical guarantees. Beyond imaging,

2All code and reproducibility materials are publicly accessible at https://github.com/gayaneghazaryan-
dot/svd-image-analysis and archived on Zenodo with DOI: https://doi.org/10.5281 /zenodo.20418974 .
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applications in NLP, recommender systems, and bioinformatics are the natural next steps.
More broadly, SVD remains foundational for modern machine learning embeddings and rep-
resentation learning, suggesting further opportunities for cross-disciplinary impact.

Appendix

A. Compression Quality Metrics
For completeness, we summarize the metrics used in the main text as follows.

e Compression ratio (CR). For an m X n image stored as a dense array, a rank-k
SVD uses mk + nk + k parameters (for Uy, Xy, Vi) versus mn for the original.®> We

therefore use the proxy
mn

CR aram — 1. 1. . 1.°
P mk + nk + k

e Peak signal-to-noise ratio (PSNR).

2
PSNR = 1010g10(MAX ) ,

MSE

where MAX = 1 for our normalized images, and MSE is the mean squared error vs.
the clean reference.

e Structural similarity (SSIM). A perceptual score in [0, 1] combining luminance,
contrast, and structure; higher values indicate better fidelity.

e Energy retention.
k
- > i1 07 _ A&l %
Yol AR

2

coinciding with the cumulative variance explained in PCA for mean-centered data.

These metrics are used consistently in Subsections 4.1 and 4.2.

B. Detailed Benchmarking and Supplementary Figures

B1. Image Compression (Extended Results)

The extended results illustrate how rank selection influences reconstruction quality and stor-
age; see Table 2.

These results support the main-text default: 7 = 0.995 balances compression and per-
ceptual fidelity, whereas max(k;, k.) guards against elbow under-selection.

B.2 Image Denoising (Extended Results)

To complement the main-text results, we illustrate adaptive rank selection on a noisy
astronaut image. Fig. 6 shows the cumulative energy curve with the selected k*, along
with the noisy input and the corresponding adaptive reconstruction.

3Byte-level ratios depend on datatypes and entropy coding; we report a parameter-count proxy.
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Table 2: Comparison of manual and adaptive rank selection on the 512 x 512 grayscale
astronaut. Manual fixed-k uses k = 50. Adaptive results are grouped by threshold (7 = 0.95
and 7 = 0.995), with elbow-only and elbow+guard rules shown separately.

Method Rank ¥ PSNR (dB) SSIM Energy 7
Manual

Fixed-k (50) 50 27.35 0.747 0.993
Adaptive (7 = 0.95)

Energy threshold 9 18.58 0.459 0.951
Adaptive (7 = 0.995)

Energy threshold 59 28.54 0.787 0.995
Elbow only 35 25.13 0.671 0.989
Elbow + guard (max(k;, ke)) 59 28.54 0.787 0.995

Noisy Image Denoised (k=58)
dB, SSIM: 0.355 PSNR: 24.12 dB, SSIM: 0.497

Singular Value Spectrum

0.95

Cumulative Energy Ratio
I
o
8

o
o
&

o
°
3

—— Cumulative Energy
—— kr=58

0 100 200 300 400 500
Rank (k)

Fig. 6. Noisy astronaut with adaptive rank k*. Left: cumulative energy curve; middle: noisy
input; right: reconstruction with PSNR/SSIM.

B.3 Adaptive Rank Selection in PCA

Adaptive Rank Selection (PCA via SVD)

1.00 A

0.99

0.98 A

0.97 A

0.96 -

0.95 A1

0.94 1

Cumulative Variance Explained

0.93 A

1.0 1.5 2.0 2.5 3.0 3.5 4.0
Number of Components (k)

Fig. 7. Cumulative variance explained for the iris dataset. With 7 = 0.95, the adaptive rule
selects k = 2, consistent with Section 4.3.
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PSNR vs. Rank k for SVD/EVD and QR (Fixed and Adaptive)

—8— SVD/EVD (fixed k)
32 4 QR (fixed k)
B SVD/EVD (adaptive)
30 - QR (adaptive)
28 A
@ 26
z
o
Z 241
o
22 A
20 A
18 A
16

20 40 60 80 100
Rank k

Fig. 8. PSNR vs. rank k for fixed and adaptive policies. Adaptive k* = 59 improves fidelity by
~ 1.2 dB over fixed k = 50.

B.4 Benchmarking Tables and Figures

Table 3: Fixed-rank reconstructions on the 512 x 512 grayscale astronaut (clean). SVD and
Gram-based EVD coincide; QR achieves lower fidelity.

Method k=10 k =30 k =50 k=100
PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM
SVD 19.03 0473 2427 0.643 2735 0.747 32.89 0.895
EVD 19.03 0473 2427 0.643 27.35 0.747 32.89 0.895
QR 16.60 0.396 20.95 0.525 2391 0.624 28.84 0.777

Table 4: Adaptive selection with 7 = 0.995 on the grayscale astronaut. Ak is relative to
fixed k = 50.

Method Adaptive & PSNR (dB) SSIM Ak vs. 50

SVD 59 28.54 0.787 +9
EVD 59 28.54 0.787 +9
QR 59 24.72 0.648 +9
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Table 5: Runtime comparison for rank-k approximations on noisy astronaut (o = 0.10).
Values are averages; absolute times depend on hardware/backends, but relative trends are
consistent. EVD is excluded from this table as its runtime is dominated by forming A" A and
is not directly comparable; its reconstruction quality matches SVD to numerical precision
(Tables 3,4).

k=10 k =50 k=100

Method Time (ms)
PSNR SSIM PSNR SSIM PSNR SSIM

SVD 19.03 0473 27.35 0.747 3289 0.895 102-105

QR 16.60 0.396 2391 0.624 2884 0.777 49-52

QR (k=50)
PSNR: 20.35 dB, SSIM: 0.350

SVD (k=50)
Original Noisy PSNR: 24.08 dB, SSIM: 0.505

Fig. 9. Visual comparison at £ = 50. SVD preserves sharper edges; QR exhibits blur and
structural loss.

C. Supplementary Materials

To ensure reproducibility, the supplementary materials accompany this submission. They
include:

e Python scripts implementing SVD-based compression, denoising, and PCA;

e Example images and configuration files for complete end-to-end replication of the ex-
periments.

Data and Code Availability

All Python scripts, figures, and tables used in this study are publicly available at:
https://github.com/gayaneghazaryan-dot/svd-image-analysis.

Each experimentcovering image compression, denoising, benchmarking, and PCAcan be
reproduced in full by running one of the four Python scripts provided in the code/ direc-
tory. All figures and tables are generated automatically from these scripts, ensuring full
reproducibility without the need for Jupyter notebooks or external data files.
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AnHOTanua

Cunrynsaproe paznoxenue (Singular Value Decomposition, SVD) sBisercs ogHuM us
byHZAaMeHTaJTbHBIX METOZOB MAaTPHUYHOH (aKTOpU3AUUH, IIUPOKO IPUMEHIEMBIX B
06paboTke M300paKEHUH, CHIDKEHUU PasMEPHOCTH W BBIYHUCIUTETBHOW JIHMHEWHOMN
anre6pe. [IpakTuyeckas 3ppeKTUBHOCTh METOAA CBS3aHA C BO3MOXXHOCTBIO OTCEUeHUS
MaJIBIX CHHTYJIAPHBIX 3HAUeHUH, YTO II03BOJI€T YMEHBIIATh O0BEM XPAaHUMBIX JAHHBIX
IIPU COXpaHeHUU Hambojee cyuecTBeHHOH mHpopmanunu. OmHON U3 KIIOYEBBIX 33434
npu ucnonb3oBaHuu SVD sABideTcs BHIOOpP paHra ycedeHHUd, OIpeAesIAiolero
KOMIIPOMUCC MEX/y TOYHOCTBIO aIlIIPOKCUMAIIUY, BEIYUCIUTENIBHON 5P PEeKTUBHOCTHIO
U YCTOMYHMBOCTBIO PE3YJIbTATOB.

B paGore mnpemsaraercs MeTOZ aJaNTUBHOTO BbIOOpa paHTra, OOBeIUHAIOUIUN
DHEpreTUYeCKMil KpUTEPHH, OCHOBAaHHBIM HAa HAKOIUJIEHHOM [JOJIW OHEpPruu, u
aBTOMAaTH4YeCKOoe OOHapy>KeHHWe TOYKU IleperuOa CIIeKTpa CHUHTYJIAPDHBIX 3HAYeHUH
(elbow). Takoit momxop mpexcTaBiseT cob0ii 0OOCHOBAaHHYIO aJIbTEPHATHBY IIMPOKO
HICIIOJIb3yeMBIM DBPUCTUYECKUM IIPaBUJIAM BEIOOPA paHra.
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IIpentoxXeHHBIN MeTOZ, UCCIENOBAaH Ha 33aZjadaX CKaTHA M300paKeHUMH, IOJaBIeHUA
IIyMa ¥ aHaIu3a ry1aBHeIX KomnoHeHT (PCA), a Takke commocTaBjeH C pasioXeHHeM II0
cooctBenHbiM 3HaueHHAM (EVD) u QR-dakxropusainueii. PesyinpraTsl YHCIEHHBIX
SKCIIEPUMEHTOB IIOKa3bIBAIOT, YTO AJAITHBHOE IIPABIJIO BBIOOpA paHra obecIiedrBaeT
BBICOKOE Ka4eCTBO BOCCTAHOBJIEHNUS U IOBBIIAET BOCIIPOMU3BOJMOCTD BBIYMCIUTETBHBIX
HCCIIeIOBAaHUM, 0COOEHHO B YCIIOBUAX LIYMHBIX U IIJIOXO OOYCIOBIEHHBIX JaHHBIX.
Wcxomusiit KoZ, PUCYHKM M TaOIUIBI OIyOJIHMKOBAaHBL B OTKPBITOM /JOCTYIIE, UTO
obecre4yrBaeT BO3MOXKHOCTH IIOJTHOTO BOCIIDOM3BEIEHUA BCeX IIPeJICTaBI€HHBIX
skcmepuMeHTOB. [Ipezyaraemsrii mogxon o6GBeZUHAET TeOpeTUYECKHe Ppe3yJIbTaThl,
aBTOMATH3AIVIO BBIYMCIUTEIBHBIX IPOLEAYpP ¥ IPUHIUNB BOCIPOMU3BOZMMBIX
UCCIefIOBaHUM, IIOATBEPXKAAsA, 4YTO CHHTYJIAPHOE Pa3jOKeHHe OCTaéTca Kak
MaTeMaTH4eCKX OOOCHOBAaHHBIM, TaK M IPAaKTUYECKH YHHUBEPCAJIbHBIM HHCTPYMEHTOM
COBPEMEHHOTO aHa/IN3a JaHHBIX.

KirroueBnble cj10Ba: cuHTYIApHOE pa3IoKeHNe, afallTHBHEII BEIOOP paHTa, HAKOILIEHHAT
sHeprus, MeToZ, IOKT (elbow), momaBreHue mrymMa n300paXkeHUMH, CXKaTHe U300pOKEHUH,

dHaJIN3 I'V/IaBHBIX KOMIIOHEHT.
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Abstract

Researchers such as Kurzweil and Goertzel predict that Al, due to the progress in
LLM is entering a period of exponential growth toward Artificial General Intelligence
(AGI). They believe that if such AGI is capable of rewriting its own code, it could
evolve into a superhuman Al, possessing the cognitive and computational power of all
human civilization

We interpret this requirement for AGI as an unavoidable ability of generalized cog-
nizers to generate expectably reasonable versions of development of themselves, along
with trustworthy means of measuring these versions and selecting the most promising
of them wrt the utilities of cognizers.

Generalizing our prior assertion that knowledge-based chess strategies can be
strongly scaled by local tournaments, we argue an analogous statement for suitable
measuring of the progress of generalized cognizers in the frame of an adequate theory
of cognizing and address to the ways to strengthen it.
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1. Introduction

1.1. Significant progress in machine cognizing, thus in its kernel ability to learn, is challeng-
ing to empower and accelerate the learning of generalized cognizers.

1.1.1. Futurologists such as Kurzweil [1] and Goertzel[2] interpret these aims as an invention
of Artificial General Intelligence (AGI).

Gertzel is certain that Al research is entering a period of exponential growth, arguing
it by referring to Kurzweils prognostications, due the progress of LLM and the ongoing
combination of paradigms of Al into a single framework of AGI.

He believes that if such AGI could rewrite its own code, it could evolve into a superhuman
Al possessing the cognitive and computational power of all human civilization.
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1.2. We interpret the requirement to AGI to rewrite its own code as an unavoidable ability of
mighty generalized cognizers to generate expectably reasonable versions of their development,
along with trustworthy means of measuring these versions and selection of the most promising
of them wrt the utilities of cognizers.

1.3. In fact, such an interpretation reduces the problem of mighty cognizers to the elabo-
ration of effective evolutionary algorithms exempted from their main prohibiting difficulties
in providing suitable fitness and selection constituents [3].

1.3.1. These difficulties were relieved for a particular class of problems approximated by
chess-like reproducible games (rg). It was argued that the corresponding knowledge-based
rg strategies can be, in fact, strongly scaled by local tournaments wrt ideal tournaments of
all possible strategies of those problems [4, 5, 6, 7].

1.3.2. The corresponding theorems have been proven [4] stating that in classes A of al-
gorithms enabling to enumerate all possible appearances of algorithms by enumerating
the states of regulators determining any of their appearances, it is possible to arrange the
sequences of local tournaments between those algorithms similar to those by Elo [8] in chess
allowing to converge the sequences of chess players to the best of them wrt absolute tourna-
ment among all of them.

In other words, it was proven that knowledge-based rg cognizers can progress by local
tournaments to the best ones in corresponding classes scaled wrt total tournaments between
all class members.

Generalizing the above assertion can allow us to claim that an analogous statement on
suitable measuring also be argued for the progress of generalized cognizers in the frame of
an adequate theory of cognizing.

1.3.3. Such a theory we, analogously to the theory of algorithms, ground on generalized con-
structive models cogs of acknowledged Piagets descriptive models pcogs of human cognizing
hcogs and specifying mentals, as constructive models of mental structures, state that:

e constructive generalized models cogs of human cognizers hcogs can be arguably grounded
on Piagets descriptive models pcogs of hcogs;

e there are premises that generalized cogs including the ability of learning mentals con-
structively and adequately model stabilized and developmental aspects of Piagets de-
scriptive models peogs including learning of mental structures (mss) [9, 10].

1.4. In what follows, we argue that, analogous to chess, suitable measuring of progress of
cognizing is also valid for the progress of generalized cognizers.

Consequently, we remind the argument in [9] that combinatorial games can serve as
acceptable models of means of cognizing the Universe U; therefore humans cognizing pcog
of U can be approximated by cognizing combinatorial games, particularly, by rg reproducible
subsets of such games and corresponding rgcogs models of cogs and:

e cognizing of combinatorial games, particularly chess, can properly approximate human
cognizing, thus approzimating the theory of cognizing.

Then, listing some advances in cognizing of chess, we remind the theorems on locally
progressing knowledge-based chess cognizers to the best in target classes and argue a tra-
jectory of their proving to avoid the sophisticated one in [4], concluding with the targets for
research.
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2. Arguing Cognizing as Combinatorial Games

2.1. The entire Universe and new target problems appear to humans combinatorically
because they need to be analyzed not in the frame of absolutely reliable conceptual frame-
works, but with involvement of the entire ad hoc knowledge and means of its enrichment.
2.1.1. Such problems, if lucky, can be completely resolved. For example, in our practice
[32], such a complete solution was found for Schroders combinatorial problem on specifying
the systems of sets with a min number of subsets, where the proof followed from the proofs
of the chain of 36 lemmas (reminding also the proof of Nadareshvilys chess etude required
the analysis of chess tree in the about 39 depths [11]).

Unfortunately, combinatorial problem, generally, appear as intractable, why are resolved
only fragmentarily for sub-problems, which, as a rule, are too local and do not illuminate the
solution of the original problem. Nevertheless, some combinatorial classes are extractable,
which satisfy additional requirements, allowing the development of theories and tractable
algorithms common to these classes .

2.2. Then, the problems and dynamicity of the entire Universe U, ideally, appear to humans
by realities affected by a variety of bundles b of known and possibly unknown doers, as a
rule, complemented with doers hcogs of cognizing these realities.

These effects in time realities humans represent by classifiers of so far gained mss. Namely,

do- and systemic classifiers of mss altogether comprise communalized, thus, estranged-able
from particular members x@QC', attributes, while the activated attributes, situations, op-
erable, and communicably represent the peculiarities and relationships of the observable
Universe U reflected, particularly, in sentences and phrases of languages.
2.3. Ideally, situations of U appear to humans h as activated at times ¢ classifiers and
relationships, particularly, cause-effect ones, so far gained by h afore t. Consequently, the
possibilities of humans to reason on the Universe U and prognosticate decisions at time ¢
are bounded by these ad hoc cognized classifiers and relationships, or ad hoc cognizable
universe (ahcU).

Seemingly, this ahcU idealization addresses issues rooted in Platos plate and Vernadskys
noosphere comprehensions of the cognized and cognizable, Blavatskys cosmic mind [12],
as well as Herbrands model of possible propositional inferences [13] and Wolframs ruliard
“...the abstract object corresponding to the entangled limit of all possible computational
processes: the result of following all possible computational rules in all possible ways [14].
2.3.1. However, in the real human universe U, interactions and cognizing of U are appar-
ently processed locally. People, professionals, experts are goal-oriented and work with local
sets of relevant attributes, thus, with situations and corresponding local problems, and try
to resolve them by so far gained mss. Otherwise, if these attempts fail, people associate
them with further cognizing of the problems to enrich mss and become more successful.
2.4. Thus, given situations p, certain utilities, bundles b of doers/actors and their possible
doings in corresponding problems P, thus, changes/transformations of p at times ¢ caused
by b, the experts, in agree with mss gained before ¢, can prognosticate possible trajecto-
ries/branches of changes of p in time ¢ by local trees Ty of situations allowing them to
examine T} for the most perspective trajectories of decisions in p and do correspondingly to
solve the problems P.

2.4.1. Moreover, when experts in situations p of T aim to prognosticate strategies of actions
for particular doers d and utilities, they for each action a of d consider all expected responses
of the rest b\ d doers of b in p with corresponding possible changes of p allowing to transform
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the trees T of situations into games on 7§, which comprise all possible strategies of d in
interactions of d with b\ d, thus, to search for the best strategies for d to solve P.

2.4.2. Such games allow experts to preliminarily process the expected versions of strategies
of solutions in the framework of the models of problems, i.e., the framework of gained
experience on peculiarities of situations of the problems, compare the strategies, choose the
most promising of them and apply, instead of riskier immediate elaboration of strategies
induced by widespread reasoning common for any situation. And because IDs of mss are
communalized, experts can communicate them, i.e., explain and understand mss of each
other, thus, collaborate for more effective solutions.

2.4.2.1. For example, in oligopoly competitions producers, say A, B, C', D ones, influence
the market situations by bundles of 4P — price, product, promotion and proliferation, actions.
Such competitions can be modeled by trees of situations, which focus on the benefits and
strategies, for example, for A, can be transformed into game trees, where for each action of
A in p, all possible responses of B, C', D will be branched along with corresponding changes
of p [10].

While game trees only approximate oligopoly competitions, in chess, where white and
black doers possess predetermined actions of available pieces on the chess board and lists of
doings of each piece in each situation, game tree models represent chess game adequately.
2.5. Resuming, we state:

St. 1. Ideally, humans hcogs cognizing of the Universe U can be modeled by cognizing global
combinatorial games gG on global Ty trees of situations, which, in turn, are comprised of
real hcogs; cognizing of local sub-games lg; (i =1,2,...,n) of gG on the corresponding local
sub-trees ITs, of situations of g1 altogether covering the global gTs ones.

2.5.1. Addressing the theory of cognizing statement St.1., lets assume:

Cl. 1.1. The theory of cognizing local combinatorial sub-games lg; (i = 1,2,...,n) of the
global gG ones by adequate constructive models of hcogs; can, in principle, be adequate to
constructive models for the entire theory of cognizing.

2.6. Then, addressing the outputs o4 of gU cognizing, i.e., gU gained mss, lets state that,
generally, only the composition of outputs o0;., of 0;., cognizing of individual local sub-games
lgi, i.e., lg; gained mss, can represent o, since, generally, o;,, vary by varying lg;.

Particularly, oy4s can be enriched by mss common for all lg;. This reasoning is similar, for
example, to revealing that the mosaic is glass-made by analysis of its variably colored, but
commonly glass—made units.

In contrast with o;,, the means of cognizing my; and my., of gU and lg;, correspondingly,
can be accepted as equal.

Indeed, interpreting cognizers hcogs as the means of cognizing, then recalling Piagets
argument that in solving problems, hcogs throughout the entire life are governed by universal
laws, then follows the equality of hcogs wrt cognizing of global and local games, which allows
to assume:

Cl. 1.2. Adequate constructive models of hcogs; for cognizing local combinatorial sub-games
lg; (1 =1,2,...,n), in principle, can approximate adequate constructive models of hcogs for
cognizing the entire Universe U.

2.7. Then, accepting that local games lg;, while varying in their domains, thus, in outputs
o1g;, assumingly, have equal cognizers, it is worth to assuming:

Cl. 1.3. The accuracy of approximation of hcogs by cognizers hcogs; of classes of diversified
local games lg; having equal cognizers rises with rising the power of these classes and possibly
dense coverage of gG by them.
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2.7.1. Following this implication, lets introduce a class of reproducible local games, argue
its consistency with the requirements of corollaries Cl.1.1-3, followed by positives for the
theory of cognizing inferred from this consistency.
2.8. Analogously to games with perfect information, the rg class of reproducible games is
identified in [4, 15] by the following requirements:

e there are (a) interacting actors (doers, players, competitors, etc.) performing (b)
identified types of actions at (c) specified moments of time and (d) specified types of
situations,

e there are identified benefits for each of the actors,

e the situations perceived by actors of the games and those after their acting have to be
specifiable by if-then rules, allowing for regular experimentation with them .

2.8.1. It appears that rg class among chess-like games a suitable for approximating massive
application problems in competition, defense, and dialogue, including intrusion protection,
marketing, craft defense, tutoring, testing of programs, and, as a rule, there were no diffi-
culties in their proper, or quasi-adequate rg representation [4].

Studies of knowledge-based solutions for such, explicitly or not, identified combinatorial
games rooted in the Theory of Games and Shannons works in chess [16], are presented,
particularly, in [4, 17, 18, 19, 20, 21, 22].

Even more, rg class can be properly extended, allowing, for example, the appearance
of situations that are not only strongly deterministic, but also have some proximity and
likelihood.

2.8.2. Hence, we assume:

Ass.1. Games of rg class and their extensions quasi-adequately approzimate the coverage of
local lg sub-games of the global gG games.

2.8.3. Then, following St.1. and Ass.1., it is reasonable to expect that properties common
in rg cognizing, at least, approximate hcogs cognizing of the Universe U, allowing corollary
Cl. 1.2. to proceed to the following assumption:

Ass. 2. The theory of hcogs cognizing of games of rg class based on common properties
of the means and outputs of rqg cognizing can approximate adequate models hcogsy of hcogs
cognizing of U.

2.9. Consequently, it is worth the addressing the impacts on generalized cognizing by cog-
nizing of reproducible games.

Thus, succeeding Ass. 2., it is reasonable to reveal common properties of means and out-
puts of rg cognizing, followed by conveying rg common of them to the models approximating
cognizing the Universe.

3. Impacting to the Means of Generalized Cognizing by Cognizing Local
Games

3.1.To achieve these goals, let’s preliminarily acknowledge that generally and from rg
experimens|[4] —[31] follows that

St. 2. Rg games differ semantically in the attributes of situations of the trees and the
cause-effect rules of transitions between them, Therefore, they generally, require cognizing
approaches appropriate to particular games,
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while to state
St.3. Rg games can be syntactically modeled using game trees and have similar strategy
search algorithms induced by the structures of these trees.
3.2. Thus, it follows that, at least, strategy-search-based properties of cognizing are rg
common and studying such rg cognizing can be arranged for each rg representative, rg-
kernel, followed by dissemination of the results to the entire rg class, then, moreover, to
approximate adequate models of hcogs cognizing of U (hcogsy).
3.3. Then, rooting in Zermelo’s studies [18] and those, particularly, in [4]-[8], [10, 11],
[16, 17], [19]-[31], chess historically is acknowledged as convenient model, i.e., rg-kernel, for
revealing common properties of means and outputs of rg cognizing.

Resuming, it follows that
Ass. 3. Strategy—search—based properties of cognizing are rg common and studying rg cog-
nizing can be arranged for the chess rg-kernel, followed by dissemination of the results to the
entire rq class.
3.4. Correspondingly, let’s list some chess properties common in rg cognizing.
St. 4. Chess games can be approximated by finite game trees.
St. 5. Chess trees comprise all possible strategies of chess.
St. 6. Situations of chess trees are strongly divided into three classes: winning, losing, or
drawing.
St. 7. Comprehensive outputs of cognizing chess, or comprehensive knowledge of chess (cck)
encompass classifiers of values of each chess situation and corresponding cause-effect chains,
strategies, for attaining these values, thus, allowing to play in absolutely effective ways wrt
all other strategies.
3.5. Consequently, along with commonality of St. 2-7 let’s comprise properties so far gained
in cognizing of chess, properly rg extend them, followed by focusing on ongoing and intended
chess studies arguably relevant to the theory of hcogsy.
St. 8. Ideally, there are perfect chess solvers with strategies possessing comprehensive
knowledge of chess, cck.
3.5.1. Consequently,
St.9. These perfect chess solvers become the winners of ideal absolute tournaments between
all chess solvers, ordered wrt points each solver gained in games with all others.
3.5.2. Extending St. 8. allows us to assume
Ass. 4. The ordering of chess solvers by points gained in absolute tournaments is in
accordance with the decreasing of the quality and quantity of the fractions of cck they possess,
thus
Ass. 5. The degrees of success of rg solvers are directly proportional to the degrees of quality
and quantity of the fractions of comprehensive chess knowledge they possess, and therefore,
directly proportional to the progress in cognizing of cck by cognizers cogs of rg solvers.
3.5.3. Ass. 4-5 are supported by analysis of a wide-ranging repository of chess vocabulary
units [10] allowing us to state:
St.10. Classifiers of the values of chess situations, plans and strategies of chess experts
can be interpreted as classifiers of constituents of comprehensive chess knowledge cck and
their qualification degrees correspond to the quality and quantity of the fraction of cck they
possess.
3.5.3.1. Another argument supporting Ass. 4-5 follows from Elo’s analysis of game results
of chess players, allowing him to introduce a measure, Elo’s rating, qualification of players
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wrt absolute tournaments, while measuring it by means of only minor complexity local
tournaments between them [4].
3.5.3.2. In parallel, introducing in [4] a hypothesis analogous to Elo’s one, based on proven
cck theorems, stating, particularly, that in classes A of algorithms allowing enumeration of
all possible appearances of algorithms of A by enumeration of states of variables, regulators,
determining any of their appearances, it is possible to arrange the sequences of local tourna-
ments between all possible appearances of algorithms, similar to those used by Elo in chess,
converging to the strongest algorithms in A.
3.6. The analysis of the repository of chess vocabulary units also lets us accept the following
statement:
St. 11. The likelithood of expert classifiers wrt the ideal ones, as a rule, is small because
precise determination of the values of the realities requires generating and evaluating the
corresponding strategies, which are computationally hard problems.

And, consequently, we accept the following assumption:
Ass.6. Values of chess classifiers, in principle, cannot be even for all experts, and classifiers
of experts along with common constituents, which include an essential part of subjective ones.
3.7. Applications and experiments with competition, defense and dialogue rg problems
rooted in cognizing of chess and summarized in [10], can be stated as follows:
St.12. Properties by St. 1-11 and Ass. 1-6 revealed in cognizing chess can presumably be
extended to the entire rg class by properly replacing chess expressions in them with those of
targeted rg representatives and chess values with corresponding utilities.
3.8. Thus, the corollaries of St. 12. are as follows:
Cl.12.1. Humans hchcogs cognizers of chess can properly approximate hcogs rg cognizing,
thus also approximating the adequate models of hcogsy .
Cl.12.2. The theory of chess cognizing, based on the models hchcogs, can approrimate the
entire constructive theory of cognizing.
3.9. Let’s now recall the theorems on the progress of chess cognizers by local tournaments, as
provided in Appendix 1, a trajectory of their less sophisticated proof, followed by conclusions
and some actual targets for further research.

4. Progress of Chess Cognizers in Local Tournaments

4.1. Interpreting Elo’s hypothesis in [8], the theorems on ordering chess strategies by local
tournaments were induced based on the assumption that the proportions of wins, draws, and
losses of a given control search strategy f in rg games with arbitrary other strategies, given
a fixed initial position P, are directly proportional to the proportions of terminal vertices of
the corresponding types in the strategy generated by f from P.

4.1.1. Consequently, the problem of comparing the “strength” of two given strategies, f;
and f;, is reduced to the problem of establishing the relative positions of these strategies
in a sequence obtained by linearly ordering the chess strategies based on the results of
an absolute tournament. The latter is understood as a round-robin tournament between
all possible chess strategies, where each pair of strategies meets in a match under special
conditions that ensure that no a priori advantage arises for either strategy due to the nature
of the match organization.

4.1.2. Then, by analogy with Elo, a hypothesis was put forward on interdependencies of
knowledge-based strategies in absolute tournaments, stating that based on the position 7 of
given strategy f; in an absolute tournament, a constant b; can be specified such that f; only



56 On Measurable Tournaments for Progressing Generalized Cognizers

loses games to the left of the neighborhood (i + b;,i — b;), wins to the right, and it can both
win and lose within the neighborhood. The following theorem was proved:

Theorem 1 (page 152, [4]). For arbitrary strategies f; and f;, if f; wins the game against
fi and there exists a set of strategies F' such that

e the power of F' is greater than b;

o f; wins and f; loses games with every strategy in F' in the round-robin, absolute tour-
nament for F' U{f;, f;},

then f; s stronger than f; wrt the absolute tournament between all chess knowledge—based
strategies.

A similar statement holds for f; and f; games that end in draws.

4.1.3. Thus, the question of testing whether a given strategy f; strengthens the original f;
reduces to constructing the set F’ and estimating the parameter b;.

Even without estimating b;, it can be stated: the larger |F’|, the more likely it is that f; is
stronger than f;. This last statement provides the necessary foundation for an experimental
study of strategy strengthening.

It should also be noted that, following Ass.3, these results can be extended to the entire
rg strategies, too.

4.2. In [4], the solvability of the Shannon chess adaptation problem (SAP) was also proven,
interpreted as a requirement to arrange the sequences of local tournaments between chess
algorithms of classes A analogous to Elo ones for chess players, which under suitable restric-
tions on the locality, i.e., on the number A(%) of elementary calculations in local tournaments
at time ¢, will converge to the strongest algorithms in A.

4.2.1. Solvability was proven without requiring a strictly sequential strengthening of hy-
potheses of A in tournaments and assuming that samples of A could be provided by some
algorithms with a finite number [ of parameters, requlators of the provisions.

The latter allows one to construct a procedure for enumerating all combinations of algo-
rithms of A and sequentially checking them for the presence of algorithms stronger than the
current algorithms — a hypothesis, to converge in the limit to the strongest of the algorithms
in A with a certain accuracy.

4.2.2. More precisely, let ¢ be the maximum number of elementary calculations when per-
forming arithmetic operations or comparing two numbers, and let ¢, and ¢, be those required
to play one game and transit to algorithms from their numbers, respectively.

4.2.3. Let’s also accept that algorithms w resolve the SAP in classes A with accuracy m if,
in the limit, the solutions w(A) are weaker than the best algorithms in A at no more than
m places wrt absolute tournaments.

Under these conditions, Theorem 2 was proved
Theorem 2 (page 158, [4]). The SAP adaptation problem in classes A of chess algorithms
generated by | requlators is solvable with accuracy 2b if, at least,

A(t) > 2¢,0% + 5eb(1 + logy(t + b+ 2)) + cb

4.3. The proof of Theorem 2 relies on the technique of producing sequences of compacted
and not—coinciding k—element subsets of the finite n naturals, k& < n, presented in [32] and
[10].

Avoiding the complexity of interpretation of this technique presented in [4], while demon-
strating the viability of the theorems, Chapter 6 provides an outline of a parallel trajectory
of the basics of the proof for the chess rg kernel.
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5. Conclusions and Targets

5.1. Theorem 1 provides an explicit, simple measure of ascending order of a group of game
strategies in scales induced by tournaments among all possible strategies in the focused game
trees.

In contrast to conservative situation trees of chess, such rg and cogs trees can vary
depending on the revealed and dated classifiers of situations and relations between them.

Nevertheless, these trees, as a rule, remain stable for some periods of time, allowing for
the development, analysis, and comparison of strategies based on the aforementioned local
tournaments.

5.2. Particularly, by extending Theorem 2 and assuming that the class of algorithms A
contains the highest generalized cognizers cogs® the search for cogs*, analogously to chess,
can be arranged by enumerating possible states of leverages of algorithms of A along with
the technique for extracting all possible bundles b from A of these algorithms, thereby guar-
anteeing the convergence of the winner cogs of the tournaments to cogs*.

5.2.1. A step to cogs* could provide the acquirers of the thesauri of communities, as well
as their enrichment through discovery, revealing and other leverages for gaining new mss.
Particularly, a generative pre-trained transformer such as ChatGPT is worth considering for
these aims.

5.3. The evolutionary directed development of diversified versions of cogs, particularly,
octaves to cogs*, using measurements obtained in local tournaments, also appears promising.
5.3.1. In chess interpretation, given any starting chcogs C, with certain functional units,
experts preserving the root utilities of C, can diversify the performance of the units of C,
and form the class {C,} of chcogs.

Applying the package of evolutionary transformers 7, including parenting and mutations,
to {C,}, they will get new class {C’} of chcogs.

Arranging local tournaments 7,. for bundles of {C"} experts will find the class of winners
{C} wrt T,.

Applying T, to {C/,}, they will get a new class {C”} to continue the process recurrently.

Expectedly, such an evolution process will converge to the best chcogs C'h* in the classes
created in this way.

5.3.2. For developing octaves O, the experts can arrange the learning and growth of O,
in a variety of environments E; to get the corresponding class {C1} of chcogs.

Through tournaments 7,. in {C1,,}, winners in {C}} can be found to continue the process
recurrently, while these learning and evolutionary approaches can be combined.

5.4. Concluding, let’s recall the assumption that possibilities of humans to reason about the
Universe U and prognosticate decisions at time ¢ are bounded by ad hoc cognized classifiers
and relationships, or ad hoc cognizable Universe (ahcU).

Then, it was argued that humans hcogs cognizing of the Universe U can be modeled
by cognizing local sub-trees T}, of situations of the global tree g7 altogether covering the
cognition of ¢T5.

Thus, given trees T}, of situations of problems p; with target situations s, ideally, the
perfect strategy S; for p; from s, at time ¢ can be calculated for a certain depth h of Tj,.

Despite calculations of S} increases exponentially with the rise of h, and hence the power
of S} is bounded by the power of computers, this approach can be viable since in applications
p; the depth A is often restricted, while the power of computers increases tremendously.
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6. Appendices: A Trajectory of Proving Theorems 1-3

6.1. Recall that in the SAP Shannon’s chess adaptation problem, it is required to arrange
the sequences of local Elo’s type tournaments between chess algorithms of A, which, under
suitable restrictions on the locality, i.e., on the number A(t) of elementary calculations in
local tournaments at time ¢, will converge to the strongest algorithms in A.

6.1.1. Let us denote that

chG — chess game tree

h — the depth of game trees

n — branches of the nodes

n" — number of strategies of chG.

6.1.2. Then,

[ — the number of leverages, regulators inducing cognizers of chG

m; — the range [a;1, ao, . . ., Gim,] Of states of the x; leverage, or x; variable, i € [1,] and
m > m;

A — the set of chess solvers, algorithms (chalgs) I-produced and stabilized in learning chG
versions of chess cognizers chcogs

m! — the number of possible I-produced chalgs, thus, the number of elements of A.
6.1.3. Denote also d and b as naturals such that d > 2b and b is the length of the zone of
uncertainty of i-th player in ordering according to the absolute tournaments of all cognizers
of A

(";l> = (m%;!)!d! — a combination of m! things d at a time is the number of local d size
tournaments in examining the strength of players.

6.1.4. Each chalgs realizes a strategy in ch(G, why the number of different chalgs can be,
at least, even to n” in the case if I-produced chalgs of A realize all strategies of chG, i.c.,
m! < n? or m! = nh.

6.1.5. Consider enumeration E; of [-positioned numbers corresponding to the indices i of
x;, 1 € [1,...,my], which sequentially lists all n possible I-bundles of indices of states of z;
variables, thus, all [-bundles of chalgs of A, starting from the number 1,1,... 1 with 1 in
all [ positions.

For example, if m; = 10, of [-bundles of indices by, bs,...,b;, in decimal scale of enu-
meration F; will start with the decimal number 10" + 10°"! 4 ... + 10 + 1 and, generally,
correspond to the decimal number ;10" + b;_110"1 + ... 4+ 10 + b;.

If the scales are not decimal, i.e., i € [1,2,...,m;], the decimal number of [-bundle
by, by, ..., b will be equal to b(my_1...mamy) 4+ b_1(my_o...momq) + ...+ bomy + by and
the number n of all [-bundles will be equal to my, ... maom;.

Apparently, chalgs of A get unique numbers, code in E7, and can be unanimously decoded.
6.2. Let T4 be the ordering of all chalgs of A as the result of the ratings they gain in an
absolute tournament for all chalgs of A, where each chalgs competes against all the others
in A.

Let d, b also be naturals such that d > 2b, where b is the max number of places on the
left and right of any ¢ position in T4 that games of ¢ with j in the range of 2b are uncertain
by the results, i.e., i either wins j or loses j [4].

6.3. For the set F; of 1,2,...,n of all chalgs of A, let F5 be a compacted, lexicographic
enumeration of all possible d-bundles of different, not coinciding chalgs of A.

Addressing the definitions in [4] for E, lexicographic enumeration, let’s provide an ex-

ample of it for n =5 and d = 3: 123, 124, 125, 134, 135, 145, 234, 235, 245, 345.
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6.4. Following Fs, let’s sequentially take d-bundles of Es, for each b; of them provide an
exhaustive tournament, i.e., each chalgs competes with all others of b;, then in the ordering
op, of strategies of these chalgs to examine, whether o, meet the requirement that the winner
wy, of op, won each other in b;, while the min rating player [, lost to any of b;.

According to [4] it follows that w,, has a higher position in the absolute Ty tournament
than lbt~

Thus, in the search for the best s* in A, we can exclude [,, from further examination.
6.5. To examine the viability of wp, as the best chalgs, let’s provide tournaments involving
wy, and, sequentially, each d-bundle of E; until the d + 1-bundle b}, is found, where the
winner w{);/ with max rating wins all others in b},, while wy, loses to all of them.

Thus, w, in T4 is higher (stronger) then wy,, so that w,, can be excluded from further
i,
examination.
6.6. Continuing the above series of local tournaments, eventually we’ll find uA)l;i that, during

exhaustive searching of Es, will not be defied by chalgs of 1;5, and thus can be considered as
an approximation to s*.
6.7. Along with looking for new selection criteria guaranteeing s*, heuristics can be applied
to indicate chalgs better than b;.

For example, we can weaken the requirement that d)gi is beaten by all chalgs of ?)t and
trade off different options for the % of such events.
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AnHoTanMa

Uccnenosarenun, takume kak Kypusein u ['eptoens, npenckassiBator, yto WU,
onarogaps nporpeccy LLM, BctynaeT B mepuoa SKCIMOHEHIIMATBFHOTO POCTa B CTOPOHY
UCKyCcCTBEHHOTO o61ero uaresuiekra (AGI).
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Abstract

This paper presents the performance of symmetric and Hermitian matrix-vector
multiplication on two Volta 100 graphics processors in single and double precision. The
implementations were performed using the Magma library.

The goal of this work is to present the implementations and performance evaluations
of symmetric and Hermitian matrix-vector multiplication on 2 GPUs, and to compare their
performance with that of a 1-GPU implementation.
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1. Introduction

For high-performance computing, architectural solutions are being developed that facilitate work
in this environment. In recent years, general-purpose graphics processors have emerged as a
prominent topic in high-performance computing. Calculations on GPUs have been and are being
developed very quickly, thanks to the CUDA (Compute Unified Device Architecture) [1] platform
developed by Nvidia. CUDA is a software-hardware technology, based on the C programming
language, along with its compiler and libraries, which is available to all developers.

The popularity of hybrid GPU-based systems began with the introduction of the NVIDIA
CUDA architecture and the extension of the standard programming languages C, C++, and Fortran,
which simplified GPU programming, allowing developers to leverage the computational power of
modern GPUs. The hybrid architecture combines the advantages of shared- and distributed-
memory architectures.

The development of computer architecture was followed by software libraries. Computational
efficiency in linear algebra is a significant challenge, making optimized program implementations
necessary. Linear algebra libraries are crucial in addressing this issue.

In the mid-1960s, IBM released the Scientific Routine Package [2], a set of FORTRAN
routines. In 1974, Harwood published EISPACK [3], a FORTRAN routine package designed to
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compute the eigenvalues and eigenvectors of matrices.  Additionally, BLAS (Basic Linear
Algebra Subroutines), the first product of the ACMSIGNUM joint project, was developed during
the 1973-1977 period [4]. The LINPACK library was introduced in 1979 as a collection of
subroutines specifically designed for the supercomputers of the 1970s and 1980s, particularly
those employing vector processors, primarily for solving linear equations and linear least-squares
problems. LINPACK (HPL) [6, 7] also enables evaluation of the most powerful supercomputers,
as ranked by the TOP500 [8]. The initial version of BLAS (BLAS Level 1) implemented scalar-
vector and vector-vector operations. In 1988, BLAS2 (BLAS Level 2) was developed as an
extension of BLASL to exploit vector processors' capabilities [9, 10]. BLAS2 enables matrix-
vector operations.

In 1990, another extension was added to BLAS3 [11, 12]. This extension accounted for
advancements in computer memory by implementing matrix-matrix operations.

LAPACK [13], released in 1992, replaced LINPACK and EISPACK, providing better
performance. LAPACK focuses on solving systems of linear equations, linear least squares
problems, eigenvalue problems, and uniqueness problems. To perform these operations, it also
carries out related calculations such as matrix analyses (LU, QR, LDLT, Cholesky, etc.).

For GPUs, NVIDIA offers CuBLAS [14], an implementation of BLAS in NVIDIA CUDA that
encompasses all three levels.

The MAGMA [15] project aims to develop a linear algebra library, similar to LAPACK, for
heterogeneous/hybrid architectures, starting with modern Multicore + GPU systems. MAGMA
also includes MAGMA BLAS, which complements the CUBLAS subroutines.

For linear algebra problems in multi-GPU architectures, the cuBlasXt library [16] and
MAGMA library subroutines are used, designed for multi-GPU systems. It should be noted that
the cuBlasXt library includes only the BLASS level, i.e., matrix-matrix operations. Therefore, in
this work, we use the MAGMA library, which also includes several subroutines for multi-GPU
systems.

This paper outlines the algorithmic steps for implementing symmetric and Hermitian matrix-vector
multiplication on two graphics processors. It also provides performance evaluations for matrices
and vectors with dimensions of up to 40,000. Additionally, the paper presents estimates of the
performance differences when using a single graphics processor.
The obtained results expand the possibilities of applying GPU computing technologies to high-
performance computing tasks and can be used in the development of new parallel algorithms and
engineering computations.
The results of this work can be applied:

e In high-performance computing (HPC) systems;

e Inthe development of software for scientific simulation;

e Inartificial intelligence and machine learning tasks;

e Inengineering and physical computations;

e In big data processing;

e In supercomputing systems and computational complexes.

2. Steps to Implement a Matrix-Vector Multiplication in Multiple-GPU
Architecture

Linear algebra problems are crucial in high-performance computing, with matrix-vector
multiplication being one of the most widely used operations. High productivity in these computing
systems is often achieved through the use of linear algebra libraries. It is important to note that the
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matrix-vector multiplication is classified as a Level 2 subroutine in the BLAS library, which is not
included in  cuBlasXt. Consequently, in  multi-accelerator  architectures, the
magmablas_xmv_mgpu() subroutines from the MAGMA magmablas library are utilized for
performing the matrix-vector multiplication. Additionally, when referring to symmetric or
Hermitian matrices, specific abbreviations are indicated instead of 'x.'

The objective of this work is to implement this multiplication across multiple GPUs. When these
subroutines are called, the matrix-vector multiplication is performed in parallel across all GPUs
simultaneously. The model used in this work describes how the matrix and vector are distributed
across each GPU.

Since the result of the matrix-vector multiplication is a vector, for example, the first element is
obtained from the multiplication of the first row of the matrix and the vector, the second element
is obtained from the multiplication of the second row of the matrix and the vector, and so forth,
then the parallelization model used in this problem is as follows: the matrix is divided into as many
parts as there are GPUs, and each GPU receives the divided part of the matrix A along with the
entire multiplication vector. In this model, each graphics processing unit (GPU) generates a vector
element as many times as there are rows in the partitioned matrix.

Below are the steps for implementing a matrix-vector multiplication in a hybrid system with

multiple accelerators, indicating the main subroutines involved.

Here, we outline the algorithmic steps for implementing single-precision Hermitian matrix-
vector multiplication.
1. We include the following necessary header files:

#include <stdlib.h>

#include <stdio.h>

#include <string.h>

#include <math.h>

#include <cuda.h>

#include <cuda_runtime_api.h>

#include <magma.h>

#include <magma_v2.h>

#include "magma_lapack.h"

#include "flops.h"

#include "magma_cbulge.h"

#include "magma_threadsetting.h"

#include "magma_operators.h"

#include <magma_internal.h>

#include "magma_timer.h"

2. The MAGMA library is initialized:

magma_init().

3. Memory is allocated on the CPU for the matrix and vectors. Additionally, memory is
allocated for the final result vector transferred from the GPU to the CPU, where hwork serves as
an extra workspace on the CPU allocated with the Ihwork dimension:

magma_cmalloc_cpu(&A, matsize );

magma_cmalloc_pinned(&X, vecsize );

magma_cmalloc_cpu(&Y, vecsize);

magma_cmalloc_cpu(&Ymagma, vecsize );

magma_cmalloc_pinned(&hwork, Ihwork ),
where hwork serves as an extra workspace on the CPU allocated with the lhwork dimension.

4. On the GPU, memory is allocated for the transferred matrix, vector, and result vector:

magma_setdevice(opts.device );
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magma_cmalloc(&dA, matsize );

magma_cmalloc(&dX, vecsize );

magma_cmalloc(&dY, vecsize ).

On GPUs, local memory is allocated to the partitioned sections of the matrix, moving
cyclically from one GPU to another. In each instance, the magma_setdevice(dev) function is called
first, followed by the memory allocation functions:

magma_cmalloc(&d_IA[dev], ldda*n_local[dev] );

magma_cmalloc(&dwork[dev], ldwork ), where dwork is an additional workspace on the
GPU with dimension ldwork.

Note that n_local = ((n/ nb) / ngpu + 1) * nb.

5. Since the result of the matrix-vector multiplication is a vector, the first element of which,
for example, is obtained from the product of the first row of the matrix and the vector, the
parallelization algorithm is as follows: the matrix is divided into as many parts as there are GPUs,
and each GPU is sent the divided part of the matrix A. The transfer of the matrix A is performed
using the following function, which sends the matrix A from the CPU memory to the GPU dA,
which is distributed cyclically across multiple GPUs into 1D row blocks.

magma_csetmatrix_1D_col_bcyclic(Noffset, Noffset, A, Ida, d_IA, Idda, opts.ngpu, nb ),
where

Noffset = N + offset;

offset = min(n,nb).

6. We fix the initial time using the gpu_time = magma_sync_wtime(0) function.

7. The subroutine

magmablas_chemv_mgpu(opts.uplo, N, alpha, d_IA, Idda, offset, X + offset, incx,

beta, Ymagma + offset, incx, hwork, lhwork, dwork, Idwork, opts.ngpu, nb, queues) is
called.

Note that in the program, we have previously introduced all the required parameters to be
included in the subroutine.

This subroutine calculates the operation y = alpha*A*x + beta*y. In the case of alpha=1
and beta=0 values, we have the matrix-vector multiplication y = A*x.

8. Using the gpu_time = magma_sync_wtime(0) - gpu_time difference, we get the
calculation execution time.

9. After completing the calculations, the results obtained from the GPUs are transferred to
the CPU memory using the following function:

magma_cgetvector(Noffset, dY, incx, Ymagma, incx ):

10. At the end of the program, the allocated memory on the CPU is cleared:

magma_free _cpu( A);

magma_free_cpu( Y );

magma_free pinned( X);

magma_free_cpu( Ymagma );

magma_free pinned( hwork ).

11. We clear the allocated memory on GPUs by moving from one GPU to another in a
loop, first calling magma_setdevice(dev) function, then magma free( d_IA[dev] ) and
magma_free( dwork[dev] ) functions.

We also clear the memory allocated for the moved vectors:

magma_free(dA);

magma_free(dX);

magma_free(dY ).

12. We finalize MAGMA processing using the magma_finalize() function.
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3. Experimental Results

The research was conducted on two NVIDIA Tesla V100-PCIE graphics processors using the
Magma 2.6.0 library. To install the MAGMA 2.6.0 library, the BLAS, LaPack, cLaPack, ATLAS
libraries, as well as the following static (.a), dynamic (.so) libraries were loaded: libgfortran.a,
libf77blas.a, libcblas.a, libf2c.a, libm.a, libstdc++.a, libpthread.a, libdl.a, libcublas.so,
libcudart.so, libcusparse.so, libcudadevrt.a. The gcc, g++, nvce, and gfortran compilers were used
to compile the MAGMA library.

It should also be noted that during the research, when applied to 2 GPUs, both symmetric
and Hermitian matrix-vector multiplication were accessed with matrices and vectors of dimensions
up to n=40000. And when applied to 1 GPU, in the case of symmetric matrices, n=30000
dimensions were accessed for single precision, and n=20000 dimensions were accessed for double
precision. In the case of Hermitian matrices, n=20000 dimensions were accessed for both single
and double precision.

Let us present the results from the experiments in the form of graphs and tables. The tables display
the productivity values for the specified input matrix dimension.

Figures 1 and 2 show the performance graphs of the symmetric and Hermitian matrix-
vector multiplication on two GPUs in single and double precision, respectively.
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] B
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/ 40000
20000 20000 ’74
0 ——-’/ ; ‘ 0 +——9=> ; ; ; ‘
0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
Matrix size Matrix size
Fig. 1. Single presicion Fig. 2. Double presicion
X ssymv chemv X dsymv zhemv

5000 531,03 1979,04 5000 556,38 1979,04

10000 | 2304,79 8165,32 10000 | 2107,90 7768,39

15000 | 4941,26 | 17478,01 15000 | 5060,49 | 17478,01

20000 | 8877,28 | 33641,05 20000 | 8516,78 | 32658,83

25000 | 14208,92 | 52041,63 25000 | 12914,01 | 49464,10

30000 | 19764,39 | 77437,18 30000 | 20405,40 | 68637,50

35000 | 29873,08 | 113866,87 35000 | 25819,95 | 94279,68

40000 | 35984,20 | 129371,34 40000 | 37180,36 | 134897,25

Figures 3 and 4 show graphs of the performance difference for symmetric matrix-vector
multiplication when using one and two graphics processors in single and double precision,
respectively.
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15000 362,92 | 4941,26 15000 285,73 | 5060,49
20000 448,97 | 8877,28 20000 319,52 | 8516,78
25000 514,63 | 14208,92
30000 577,70 | 19764,39
Figures 5 and 6 show the graphs of the difference in Hermitian matrix-vector
multiplication performance when using one and two graphics processors in single and
double precision, respectively.
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chemv zhemv
X | GPU(GFlop/s) | 2 GPU X | GPU(GFlop/s) | 2 GPU
5000 422,94 | 1979,04 5000 258,51 | 1979,04
10000 872,35 | 8165,32 10000 459,84 | 7768,39
15000 1163,58 | 17478,01 15000 584,09 | 17478,01
20000 1253,53 | 33641,05 20000 815,45 | 32658,83

4. Conclusion

As a result of the experiments, we have obtained the following results:

On two GPUs, in both single and double precision, the performance of the Hermitian matrix-
vector multiplication is 3.5 times higher than the performance of the symmetric matrix-
vector multiplication.

In single precision, the performance of the symmetric matrix-vector multiplication of up to
30,000 dimensions on two GPUs is at least 10 times and up to 30 times higher than the
performance on a single GPU.

In double precision, the performance of a symmetric matrix-vector multiplication of up to
20,000 dimensions on 2 GPUs is at least 10 times and at most 25 times higher than that of 1
GPU.

In single precision, the performance of a Hermitian matrix-vector multiplication of up to
20,000 dimensions on 2 GPUs is at least 10 times and at most 25 times higher than that of 1
GPU.

In double precision, the performance of a Hermitian matrix-vector multiplication of up to
20,000 dimensions on 2 GPUs is at least 10 times and at most 40 times higher than that of 1
GPU.
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