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Abstract

Multiple statistical hypotheses testing with possibility of rejecting of decision is
considered for model consisting of two dependent objects characterized by joint discrete
probability distribution. The matrix of error probabilities exponents (reliabilities) of
asymptotically optimal tests is studied.
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1. Introduction

This paper is devoted to the study of characteristics of logarithmically asymptotically opti-
mal (LAO) hypotheses testing with possibility of rejection of decision for the model of two
dependent objects with joint ptobability distributions (PDs). The correspondence presents
a complement to problems studied in [1, 2], where the components of random vector charac-
terizing two objects were independent, so it was possible to consider the test procedure with
separate tests for two objects. In [2] two different models are studied: first, when rejection
was allowed only for one of the objects and second, when rejection was allowed for both
objects. The problem with analogous statement for one arbitrarily varying object with side
information was examined in [3].

It is worth to recall the previous results on LAO testing of many hypotheses published
in [4-6].
Methods and basic results of LAO testing are also presented in books [7-9]

2. Problem Formulation and Result

Let P(X) be a space of all probability distributions G(x) on finite set X'. Let (X7, X5) be
random vector taking values in the set X x X with one of M2, M > 2 joint PDs G,y m, €

P(X x X), my,my = L, M. Let (x},x2) 2 ((z},22), ..., (21,22), ..., (z},2%)), 2L,22 € X,
n = 1, N, be a vector of results of N independent observations of the vector (X7, X5), it is
called a sample.

The statistician has to determine unknown PDs from the set of hypotheses: H,,, m, :

G = Gy my, m1,mgy = 1, M or withdraw to do any judgement using obtained sample.
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We call this procedure a compound test and denote it by ®y.

The test @y can be defined by the division of the space XY x XV into M? + 1 disjoint
subsets, where A, m,, M1, me = 1, M, contains all vectors (x1, X2) for which the hypothesis
H,,, m, is adopted, and Ay contains all vectors for which we refuse to take a certain
answer.

Let iy iyjmq,m,(Pn) be the probability of the erroneous acceptance of the hypothesis
H,, 1, by the test ®y provided that the hypothesis H,,, ., is true, where (my, ms) # (11, l2),
my, ma, ll, lQ = L—M,

Ay lo|ma,mo (CI)N) = Ganl,mg ("411712)‘

When the hypothesis H,,, m, is true, but we decline the decision concerning to the
hypotheses, the corresponding probability of error is:

41, M4+ 1mems (PN) = Gy s (Anrs1).

The probability not to accept a true hypotheses H,,, y,, M1, my = 1, M is the following:

@m1,m2|m1,m2(q)N) = Z O‘h,lzlmLmz(q)N)' (1)
(I1,12)#(m1,m2), l1,le=1,M, (I1,l2)=(M+1,M+1)

We study the corresponding reliabilities £y, j,(m, m, (®) of the sequence of tests @,

A . 1
El1712|m17m2(q)) = lim — _log Q1 lo|my,me (CI)N)7
N—oo N
ml,mg,ll,lg = 1,M, (ll,lg) = (M—|— 1,M -+ 1) (2)

Definitions (1) and (2) imply that

Em17m2|m17m2(q)) = min El 712|m17m2(q))7
(I1,l2)#(m1,m2

ml,mg,ll,lg = 1,M, (ll,lg) = (M—|— 1,M—|— 1) (3)

We call the test sequence ®* LAO for the model with two objects if for the given positive
values of certain part of elements of the reliability matrix E(®*) the procedure ®* provides
maximal values for all other elements of it.

For M = 2 the matrix will be as follows:

Evipng EvppnaEe g Eogpng Bz

E(®) = gl,l|1,2 gl,mlzgmuz gQ,QH,Q gs,sup
112,10 £1.212182 1121 422121 £43,3)2,1

Erq22 Ergpoboipe Eospe Esspae

With the given elements 11,1, E1 912, Ea1)2,1, o222 we define the regions of acceptance
of the test.

In the general case Of M hypotheses fOI' given reliabilities E171|171, E172|172, E271|271, ceey EM,M|M,M
we define the following regions:

AN -
7?'WLTM = {Q : D(QHGmLmz) < Emhmz mhmz}a my, Mo = 17M7 (4)
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AN
7?'M—&-I,M—&—l = {Q : D(Q||Gm1,m2) > Em1,m2|m1,m27 mi, My = 17M}7 (5)
* * A
Em1,m2 mi,msa = m1,m2|m1,m2 (Em17m2 m17m2) =
AN
= Em1,m2|m1,m27 my, My = 17 M7 (6)
El*1712|m17m2 = El*1,12|m1,m2 (E11712|l1712)
AN . 7
= inf D(Q||Gm1,m2)7 l17l27m17m2 = 17M7 (mlamQ) 7é (l17l2) (7)
QeRll,lg
7\4+1,M+1|m1,m2 = 7\4+1,M+1|m1,m2 (E1,1|1,17 E1,2|1,27 ceey EM,M|M,M)
AN . —
= inf D(Q||Gmyms)s mi,mg =1, M. (8)

QERM+1,M+1

Let us denote by (my, my)~ the set of all pair indices in row of (mq, my) varying from (1,1)
till previous of (my,msy) and by (my,ms)t the set of all pair indices in row of (mq,my)
varying from next of (my, ms) till (M, M).

Theorem: If all distributions Gpym, = {Gmym.(T1,22), 21,22 € X}, my,my =
1, M, are different in the sense that D(G), 1,||Gmime) > 0, and the positive numbers
Erapa, By - Evemp,me are such that the following inequalities hold

E1,1|1,1 < __min D(Gh,lz”Gl,l)a (9)
l,lo=1,M, (11 12)#(1,1)

. . .
Emhmz mime < mm[(h zg)g(%l ma)- E11712|m17m2 (E11712|11712)7

min D(Gll,lgHGmLmz)]?

(l,l2)€(m1,m2)*
my, My = 17M7 (mlamQ) 7é (17 1)7 (mlamQ) 7é (M7 M)7 (10)

Evvnr < ___min EZ,12|M,M(EI1,12|11,12)7 (11)
l1,l2=1,M, (l1,l2) #A(M,M)
then there exists a LAO sequence of tests, all elements of the reliability matrix of which
E* = {E}, 1,jm1.m»} are positive and are defined in (6) — (8) .
When one of the inequalities (9) — (11) is violated, then at least one element of the matriz
(6) — (8) is equal to 0.

The proof of the theorem consists in presentation of the problem for two objects as a prob-
lem for one capacious object. If we renumerate as follows (1,1) =1,(1,2) =2,...,(1,M) =
M,(2,1)=M+1,..,(2,M) =2M,...,(M, M) = M? and denote (X1, X>) =Y, X x X =)
we will have problem of M? hypotheses testing for one object with possibility of decision
rejection. So using this numeration we will have the corresponding error probabilities and
reliabilities for [ =1, M2 + 1, ,m = 1, M2, when we apply Theorem 2 of [3].

Generalization of the result is possible in many directions.
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Pwqiwlh Jupywoltph npn)niihg hpuwdwpdwdp LUO
unniquwl dwuhG Gpynt Juwujwy opjtljnGtnh nhwypnid

G. {wupnipymGyub, U. Guwjwb L L. {wupnipjniljub
Udthnthnid

{wdwwnbn plnhwn hwjwwlywlwihl pwpfudwdp pGmpwqpynn tpynt  Jujuyug
opjtiymGtph Gwwmdiwdp nphnwnpyynd £ pwqiwlih Jupywobtph npnynuihg hpwdwpdw b
hGwpwynpnpjudp  umnignuip:  (lwnwdGuuhpdtp © ouvjuwih hwjwlwulnpyniGGtph
wuhiyunnunnpbl owywumhdw) gnighsGtph (hntuwhnipyniGGtnh) Jwwnphgn:
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O LAO TecTHpOBaHHU MHOTHUX I'HIIOTE3 C OTKA30M OT pelleHUs
AASL ABYX 3aBUCUMBIX OOBEKTOB

E. Apytionsn, A. Ecagn u H. ApyTionsan

AnHoTanuys

AAST MOAEAM COCTOSAIEN M3 ABYX 3aBUCHUMBIX OOBEKTOB, XapaKTepU3yeMbIX COB-
MECTHBIM AUCKPETHBIM paclpeAeAeHUeM BepOSTHOCTEM paccMaTpUBaeTCs TeCTHUPO-
BaHME MHOTUX CTQTUCTUYECKUX TUIOTE3 C BO3MOJKHOCTBIO OTKa3a OT peIIeHUs.
M3yyeHa MaTpulla aCUMIOTOTUYECKH ONTUMAABHBIX 9KCIIOHEHT BEPOSITHOCTEN OIIHOO0K
(HapeKHOCTEN).



