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Abstract

Singular Value Decomposition (SVD) is a fundamental factorization method cen-
tral to image processing, dimensionality reduction, and numerical linear algebra. Its
practical strength lies in truncating small singular values, thereby reducing storage
while preserving the essential structure. The key challenge is choosing the truncation
rank, which determines the trade-off between accuracy, efficiency, and stability.

We introduce an adaptive rank selection method that combines cumulative-energy
thresholds with automated elbow detection, yielding a principled alternative to ad
hoc rules. The framework is validated on image compression, denoising, and principal
component analysis (PCA), with benchmarks against eigenvalue decomposition (EVD)
and QR factorization. The results show that the adaptive rule improves fidelity and
reproducibility, especially for noisy or ill-conditioned data.

All code, figures, and tables are released as open source, ensuring that the experi-
ments can be reproduced in a clean environment. This unifies theory, automation, and
reproducibility, reaffirming that SVD is both mathematically optimal and practically
versatile for contemporary data analysis.
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1. Introduction

Singular Value Decomposition (SVD) is a cornerstone of numerical linear algebra and a
central tool in data science, machine learning, and image processing [1-3]. Its optimality for
low-rank approximation, established by the Eckart—Young—Mirsky theorem [1, 4], explains
its broad use in image compression [5,6], noise reduction [7-10], and dimensionality reduction
via principal component analysis (PCA) [11-13].
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Despite its elegance, a persistent practical difficulty is the choice of truncation rank k.
This parameter determines the balance between fidelity, compression ratio, and computa-
tional cost [14, 15]. Existing strategies rely either on cumulative-energy thresholds, which
require task-specific tuning, or elbow rules, which tend to underestimate the rank when sin-
gular values decay gradually [16]. Consequently, applications often rely on ad hoc heuristics,
which reduce reproducibility.

In this work, we propose an adaptive rank selection strategy that integrates cumula-
tive energy and elbow detection within a unified SVD pipeline. Concretely, we adopt a
conservative hybrid rule

k= max(kﬂ kelbow)a

which guards against under-selection while preserving interpretability. Defaults such as
7 =& 0.995 are reliable for clean images.
On standard images (e.g., astronaut, cameraman), the hybrid rule avoids elbow under-

selection and maintains a higher structural similarity at comparable ranks (see Section 4,
Fig. 2).

Positioning vs. alternatives. Classical fixed-rank tuning lacks reproducibility. Energy
thresholds are interpretable but require task-dependent choices of 7. Elbow rules adapt
automatically but tend to under-select when the singular values decay slowly. Denoising-
specific criteria such as optimal hard thresholding [15] assume particular noise models and are
not directly comparable across tasks, such as compression or PCA. In contrast, our hybrid
rule is task-agnostic, reproducible, and guards against under-selection, without requiring
prior calibration.

Contributions. The main contribution of this work is methodological and reproducibility-
oriented.

e Unified framework. A reproducible SVD workflow for image compression, denoising,
and PCA with standardized inputs and metrics (PSNR, SSIM, energy retention, and
runtime).

e Adaptive rank selection. A principled hybrid of cumulative energy and elbow
criteria, robust to slow spectral decay.

e Systematic benchmarking. Comparisons against EVD and QR factorization under
identical conditions, clarifying the trade-offs in accuracy and runtime.

e Open-source reproducibility. All Python scripts can regenerate every figure and
table from a clean environment using fixed random seeds, explicit data sources, and
version-pinned dependencies.

Scope and limitations. We focus on standard truncated SVD for moderate-scale images
and matrices; randomized or streaming variants are beyond the scope of this study.

2.  Mathematical Foundations of Singular Value Decomposition

2.1 Definition and Existence

For any matrix A € R™*" with rank r < min(m,n), the singular value decomposition
(SVD) is
A=UxV',
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where U € R™™ and V € R™" are orthogonal, and ¥ € R™*" is diagonal (rectangular)
with entries o1 > 09 > -+ > 0, > 0 on the main diagonal and zeros elsewhere. The SVD
exists for every real (and complex) matrix, regardless of its shape or rank [1,17]. The singular
values are unique; the singular vectors are unique up to orthogonal transformations within
degenerate singular subspaces (e.g., sign flips or rotations when some o; coincide) [18].!

2.2 Relation to Eigendecomposition

SVD is tied to the eigendecomposition of symmetric positive semidefinite matrices AT A and

AAT [1,18):
e Columns of V are eigenvectors of AT A with eigenvalues \; = 0?;

e Columns of U are eigenvectors of AAT with the same nonzero eigenvalues;

e Hence 0; = \/\;(ATA).

Consequently, {u;} and {v;} form orthonormal bases for the column and row spaces of A,
respectively, and describe the directions of maximal variance/energy in the data representa-
tions.

2.3 Optimal Low-rank Approximation

Let Ay = Zle ouv; be the rank-k truncation. The Eckart—Young-Mirsky theorem [4,19]
states that Aj is the best rank-k approximation to A in all unitarily invariant norms, in
particular

T

1/2
lA=Allp = min_[[A=Blr = ( > U?) ;o A=Al = {

k(B)<k )
i=k+1

Ok+15 k< r,
0, k>r.

These identities justify the use of truncated SVD for compression, denoising, and dimension-
ality reduction.

2.4 Compact and Truncated Forms

Two reduced forms are especially useful [1, 20]:

e Compact (thin) SVD: A = U, V., with U, € R™" 3, € R™" (nonzero singular
values), V. € R™". This is an exact factorization with minimal storage requirement.

e Truncated SVD: A, = U, XV, for k < r, where U, € R™* %, € RFF V) € Rk,
This trades accuracy for efficiency by retaining the dominant components.

Two useful projection identities are
A, = UUA = AWV,

showing that truncation amounts to an orthogonal projection onto the leading left/right
singular subspaces.

For complex matrices, orthogonal /unitary and transpose/conjugate-transpose are replaced accordingly.
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2.5 Energy, Variance, and Explained Proportion

SVD provides an orthogonally invariant notion of the total energy as follows:

T
I1AE =) a7
i=1

For a rank-£ truncation Ay, the retained fraction is

k
S 1 41 S
I |

This coincides with the explained variance in PCA for mean-centered data [11]. The quantity

7, underlies the cumulative-energy thresholds used later for adaptive rank selection and
provides a task-agnostic basis for comparing datasets.

coy T

These properties establish SVD as both theoretically optimal and practically versatile. In
the next section, we build on them to address the central challenge of choosing the truncation
rank k, and propose an adaptive rule that avoids ad hoc heuristics.

3. Adaptive Rank Selection

Choosing the truncation rank £ is the central practical challenge in applying SVD, as it
sets the trade-off between the reconstruction fidelity, storage, and runtime. We propose a
unified adaptive rank selection strategy that replaces ad hoc heuristics with principled
and reproducible rules. The method combines two complementary criteria: a cumulative-
energy threshold, which is standard in PCA practice [11], and automated elbow detection
via the Kneedle algorithm [16]. Together, they yield stable choices for both sharply and
slowly decaying singular spectra.

3.1 Cumulative-energy Criterion

As introduced in Subsection 2.5, the cumulative-energy ratio 7, measures the fraction of
total energy retained by the first k& singular values. The threshold rule selects the smallest
k, such that n,, > 7, with 7 € (0,1). High thresholds (e.g., 7 &~ 0.995) preserve fine details
in compression, whereas lower values may be acceptable when noise dominates the tail. The
sensitivity to 7 is summarized in Appendix B.

3.2 Elbow Detection on the Cumulative Curve

To improve robustness, we pair the threshold rule with elbow detection. We apply Kneedle
[16] to the cumulative spectrum, using the normalized points (k: /T, 77k) after light smoothing
(Savitzky—Golay) to reduce jitter. Kneedle returns an elbow index k. corresponding to the
onset of diminishing returns in cumulative energy. Thus, we obtain two candidates: k, from
the threshold rule and k. from the elbow detection. We round the continuous elbow location
to the nearest integer k € {1,...,7}.
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Fig. 1. Cumulative energy 7 with threshold k; and elbow k.. The conservative policy
k* = max(k,, k.) prevents under-selection.

3.3 Unified Policy and Scope

Fig. 1 illustrates the complementarity between the two rules. Our default, conservative

choice is

k= max(k:T, k:e),

which preserves fidelity when the elbow under-selects slowly decaying spectra (Section 2).
For practitioners who prefer stronger noise suppression at the cost of detail, we expose an
aggressive option k' = min(k,, k.). Because the procedure depends only on the singular
spectrum {o;}, it applies equally to exact and randomized SVD [12].

PCA interpretation. For a mean-centered data matrix X € R"™*" with covariance C' =
ﬁX TX, let s; = 0;(X) denote the singular values of X. Then the eigenvalues of C' satisfy
A\ = s2/(m — 1). The cumulative variance explained by the first k& components is

k k
Tid T
Zi:l Ai Zi:l S;

Therefore, the same policy directly selects the number of principal components.

Algorithm.
1. Compute singular values {o;}/_; of A and ng for k=1,...,7.
2. Set k; < min{k : n, > 7}.

3. Smooth 7, (optional), normalize k +— k/r, and compute k. via Kneedle (increas-
ing/concave) on (k/r,m); round to an integer.

4. Set default k* < max(k,, k.). (Optional aggressive mode: k' < min(k,, k.).)

Output: Truncation rank k € {k*, k'}.
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Implementation notes. (i) If r = 0, return & = 0; otherwise clip & to [1,r]. (ii) If Kneedle
returns no elbow (flat or very steep curves), fall back to k,. (iii) Use a short Savitzky—
Golay window for smoothing and the “increasing/concave” Kneedle setting, then enforce
the monotonicity of 7. (iv) Default thresholds: 7 ~ 0.995 for compression; 7 € [0.95,0.99]
for denoising. (v) To avoid brittle ties, always choose the smallest k that satisfies each of
the rules.

Key insight. By consolidating cumulative-energy thresholds with elbow detection on the
cumulative spectrum, the adaptive rule provides a mathematically grounded and repro-
ducible guideline for rank selection. It removes manual tuning, adapts across tasks, and
avoids the elbows under-selection failure mode, improving the fidelity in compression and
stability in denoising. On spectra with extremely slow decay, the conservative policy may
select a larger k*, trading compression for fidelity; in such cases practitioners may opt for
the aggressive mode or impose a budget-constrained cap on k.

4. Applications and Experimental Setup

We evaluate SVD on three canonical low-rank tasks: image compression, image denoising,
and principal component analysis (PCA). Each task highlights a different facet of low-rank
modeling: storage reduction, noise suppression, and dimensionality reduction. Unless stated
otherwise, we use the adaptive selection from Section 3 with the default, conservative policy
k* = max(k,, k.); an optional aggressive mode k' = min(k,, k) is exposed for heavy-noise
denoising.

Protocol. All experiments share one codebase, fixed random seeds, and scripts that regen-
erate figures and tables from a clean environment. The libraries and exact command lines
are listed in Appendix B. The metrics are consistent across tasks: PSNR (dB), SSIM, cumu-
lative energy 7, runtime, and a storage proxy (mk+mnk+£k) corresponding to the parameters
of Uy, Xk, Vi. SSIM uses an 11x11 Gaussian window (default in skimage.metrics.ssim)
with a data range [0, 1].

Experimental design principles. Preprocessing, metrics, and defaults are matched across
methods (SVD vs. baselines) so differences arise from rank selection or factorization, not
setup. When stochasticity is present (e.g., randomized SVD), the seeds are fixed for compa-
rability. We report both numerical fidelity (PSNR, 7;) and perceptual quality (SSIM).

4.1 TImage Compression

Given an image matrix A, retaining the top k singular values yields

k

-

A = E 0; uiv;
=1

preserving the dominant structure while reducing the storage from mn to mk+nk+k param-
eters. We evaluate on the astronaut image (converted to grayscale, 512x512), comparing
fixed manual ranks to adaptive choices.

As a representative case, we contrast a fixed k = 50 with an adaptive rank £* from the
7=0.995 cumulative energy rule (guarded by the elbow via max). Fig. 2 shows the cumulative
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energy curve with both choices marked and reconstructions annotated with PSNR/SSIM. In
this setting, the elbow typically lies below k., so k* = max(k,, k.) = k,, delivering higher
fidelity than small fixed ranks with a modest storage increase. For completeness, we also
report a guard against under-selection, k = max(k,, k.), across the images and thresholds.
The summary statistics are presented in Appendix Table 2.

SVD Compression: Manual vs. Adaptive Rank Selection

Manual k = 50 Adaptive k* =59
PSNR: 27.35 dB PSNR: 28.54 dB
SSIM: 0.747, ny=0.993 SSIM: 0.787, ng = 0.995

Energy Retention

Cumulative Energy ng
o
o
w
)

o

©

S
L

= = Manual k =50
= = Adaptive k* =59

0.75 T T T T T T
0 100 200 300 400 500

Rank k
Fig. 2. Grayscale astronaut image: manual k = 50 vs. adaptive k* = 59. Adaptive rank improves

fidelity (PSNR +1.2 dB, SSIM +0.04).

4.2 Image Denoising

For denoising, small singular values often capture high-frequency noise; thus, truncation acts
as a low-pass spectral filter. We corrupt astronaut with additive Gaussian noise (¢ = 0.10)
and apply adaptive selection to balance noise removal and detail preservation. Fig. 3 shows
the singular-value spectrum of the noisy astronaut image with threshold (k,) and elbow (k)
annotations used for adaptive rank selection.

Benchmark comparisons with fixed ranks are presented in Table 1. The adaptive rule
achieves PSNR on par with or exceeding the best fixed choices, without per-image
tuning, and avoids elbow under-selection on slowly decaying spectra. An example of a full
reconstruction is shown in Appendix Fig. 6.

Table 1: Comparison of manual fixed ranks and adaptive rank selection (k* = 58) for denoising
the noisy astronaut image (o0 = 0.10). Reported are PSNR (dB), SSIM, and retained energy nj.
Adaptive rank achieves quality on par with the best fixed choices while avoiding manual tuning.

Method Rank £ PSNR (dB) SSIM Energy 7
Manual (fixed-k) 40 23.75 0.507  0.967
Manual (fixed-k) 80 23.70 0.467 0.978

Adaptive o8 24.12 0.497 0.973
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Fig. 4. PCA on the Iris dataset. With 7 = 0.95, the adaptive rule selects k = 2, retaining 97.8%

variance.

4.3 Principal Component Analysis (PCA)

PCA is equivalent to applying SVD to a mean-centered data matrix [11]. For X € R™*"
with X = USVT and covariance C' = -1 X T X the eigenvalues satisfy \; = o7/(m — 1);
the cumulative variance explained equals 7 (Section 3).



38  On the Theory and Application of Singular Value Decomposition in Image Processing and Data Analysis

We illustrate this on the iris dataset. Using 7 = 0.95, the adaptive rule selects k = 2,
capturing ~ 97.8% of the variance. Projecting Z = XV, yields a two-dimensional embedding
that preserves the class structure (Setosa is clearly separated; Versicolor/Virginica partially
overlap), as shown in Fig. 4.

The variance-retention curve (Appendix Fig. 7) confirms the stability of the adaptive
choice across seeds and preprocessing variants.

Summary. Across all tasks, adaptive rank selection provides a reproducible alternative
to manual tuning: (i) In compression, it matches or exceeds fixed-k fidelity at modest
storage. (ii) In denoising, it balances detail and noise suppression while avoiding elbow
under-selection; (iii) In PCA, component selection is automated to meet variance targets
without per-dataset tuning.

5. Comparative Analysis of Matrix Decomposition Methods

To contextualize SVD, we benchmark against eigenvalue decomposition (EVD) and QR
factorization on the 512x512 grayscale astronaut image. We study both the fixed-rank and
adaptive-rank settings, evaluating the reconstruction fidelity (PSNR and SSIM) and runtime.

5.1 Benchmark Setup

All methods use NumPy/SciPy and identical hardware; BLAS/LAPACK backends are held
fixed (Appendix B). Fixed-rank runs use k € {10, 30, 50, 100}; adaptive selection follows Sec-
tion 3 with the default policy k* = max(k,, k.) and 7 = 0.995 for high-fidelity compression.
The elbow-only choices k. are reported in the appendix. Metrics are averaged over repeated
runs (error bars show +1 std). The runtime is measured on noisy inputs (o = 0.10, images
normalized to [0, 1]); PSNR/SSIM are always computed against a clean reference.

Reproducibility metadata. All figures and tables were generated using a unified Python-
based experimental pipeline with fixed random seeds and standardized preprocessing. Al-
though absolute runtimes may vary depending on hardware and numerical backends, the
relative trends remained stable across different environments.

Rank-£ formulations.

e SVD: A, = UpX.V,, the optimal rank-k approximation in Frobenius and spectral
norms [4].

e EVD (Gram-based): Form A" A = VAV with \; = o2. Taking V} = [v1,...,v]
and X = diag(oy, ..., 0y) yields

Ay = AV = UV, U = AVES! (05> 0).

This is algebraically equivalent to the truncated SVD, although explicitly forming A" A
may amplify conditioning errors.

e QR (projection form): With column-pivoted thin QR, AIl = QR. Let Q. be the
first k columns of ). Then

Ay ~ QsQLA = QpRy 117,
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i.e., an orthogonal projection onto span(Qy) (since Q] A = Ry .II"). This is generally
non-optimal for a fixed k.

5.2  Benchmark Summary

Fig. 5 plots PSNR versus rank. SVD attains the highest fidelity at each k, consistent with
optimality, and EVD reconstructions match SVD to numerical precision (when computed
via AV, V,"). See Fig. 8 for the same curve with the adaptive k* indicated. QR is faster
but yields lower fidelity at the same k. The exact timings depend on the backend and cache
effects; see Appendix Table 5.

Complete numerical results: Table 3 (fixed-k), Table 4 (adaptive with 7 = 0.995), and
Table 5 (runtime).

PSNR (dB) versus rank k

PSNR (dB)
N N N N w w
N EN o © o N

N
o
1

18 A

16

10 30 50 100
Rank k

Fig. 5. PSNR vs. rank k for SVD, Gram-based EVD, and pivoted QR. SVD/EVD attain the
highest fidelity; QR is faster but less accurate.

5.3 Key observations

e SVD optimality. At every tested k, SVD achieved the highest PSNR/SSIM values.
For example, at k = 50, SVD reached 27.35dB / 0.747 vs. QRs 23.91dB / 0.624; at
k =100, 32.89dB / 0.895 vs. 28.84dB / 0.777 (Table B2).

e EVD equivalence. Reconstructions based on AT A (via AV, V,") matched SVD within
rounding error, as expected; directly forming AT A can, however, increase sensitivity
to conditioning.
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e Adaptive rank (7 = 0.995). The rule selected k£* = 59 in our run, improving fidelity
over kK = 50 by ~1.2dB PSNR (28.54 vs. 27.35) and ~0.04 SSIM (0.787 vs. 0.747).
The QR at k* remained lower in quality (24.72dB / 0.648).

e Speed—quality trade-off. QR was ~ 2x faster than SVD at moderate k (e.g.,
k € {10,50,100}), at the cost of noticeable accuracy loss.

5.4 Conclusion

These benchmark experiments confirm the trade-offs. SVD (and Gram-based EVD) achieves
the best fidelity at a given rank. QR offers faster runtime at reduced accuracy, and adaptive
selection with 7 = 0.995 provides a practical balance. These observations motivate the
unified framework summarized in the overall conclusion section.

6. Conclusion and Future Work

We presented a unified and reproducible framework for applying SVD to image compression,
denoising, and PCA, with systematic comparisons to EVD and QR. Our central contribution
is an adaptive rank selection strategy that combines cumulative energy thresholds with
elbow detection on the cumulative spectrum, eliminating manual tuning while preserving
interpretability.

Key findings. (i) SVD consistently achieves the highest reconstruction fidelity, in line
with Eckart—Young [4]; (ii) Gram-based EVD reconstructions are numerically indistinguish-
able from SVD. (iii) QR offers speed advantages at reduced fidelity; (iv) Adaptive selection
improves quality over fixed settings while standardizing the decisions across tasks.

Our contribution is to consolidate commonly used heuristics into a principled, data-
driven, and fully reproducible framework for adaptive rank selection. For clean images, a
99.5% cumulative-energy threshold emerges as a reliable default that balances perceptual
fidelity and compression efficiency.

The proposed framework is primarily methodological and does not introduce a new matrix
decomposition or new theoretical optimality guarantees. In addition, the elbow-detection
component remains partially empirical and may depend on the spectral characteristics of the
data. Nevertheless, the approach provides a unified and reproducible strategy for adaptive
rank selection across multiple SVD-based applications.

The entire framework, including the code and figure-generation scripts, is openly
available.?

Implementation updates. All scripts were refactored into a unified modular structure
with standardized outputs and harmonized argument parsing. These updates ensure that
every figure and table can be reproduced from a clean environment with a single command
execution.

Future work. Extensions include color images and video, streaming and distributed set-
tings, and hybrids that pair SVD with learned priors. An especially promising direction is
the integration of randomized and streaming SVD algorithms [12], enabling scalable low-rank
approximation on large datasets while preserving theoretical guarantees. Beyond imaging,

2All code and reproducibility materials are publicly accessible at https://github.com/gayaneghazaryan-
dot/svd-image-analysis and archived on Zenodo with DOI: https://doi.org/10.5281 /zenodo.20418974 .
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applications in NLP, recommender systems, and bioinformatics are the natural next steps.
More broadly, SVD remains foundational for modern machine learning embeddings and rep-
resentation learning, suggesting further opportunities for cross-disciplinary impact.

Appendix

A. Compression Quality Metrics
For completeness, we summarize the metrics used in the main text as follows.

e Compression ratio (CR). For an m X n image stored as a dense array, a rank-k
SVD uses mk + nk + k parameters (for Uy, Xy, Vi) versus mn for the original.®> We

therefore use the proxy
mn

CR aram — 1. 1. . 1.°
P mk + nk + k

e Peak signal-to-noise ratio (PSNR).

2
PSNR = 1010g10(MAX ) ,

MSE

where MAX = 1 for our normalized images, and MSE is the mean squared error vs.
the clean reference.

e Structural similarity (SSIM). A perceptual score in [0, 1] combining luminance,
contrast, and structure; higher values indicate better fidelity.

e Energy retention.
k
- > i1 07 _ A&l %
Yol AR

2

coinciding with the cumulative variance explained in PCA for mean-centered data.

These metrics are used consistently in Subsections 4.1 and 4.2.

B. Detailed Benchmarking and Supplementary Figures

B1. Image Compression (Extended Results)

The extended results illustrate how rank selection influences reconstruction quality and stor-
age; see Table 2.

These results support the main-text default: 7 = 0.995 balances compression and per-
ceptual fidelity, whereas max(k;, k.) guards against elbow under-selection.

B.2 Image Denoising (Extended Results)

To complement the main-text results, we illustrate adaptive rank selection on a noisy
astronaut image. Fig. 6 shows the cumulative energy curve with the selected k*, along
with the noisy input and the corresponding adaptive reconstruction.

3Byte-level ratios depend on datatypes and entropy coding; we report a parameter-count proxy.
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Table 2: Comparison of manual and adaptive rank selection on the 512 x 512 grayscale
astronaut. Manual fixed-k uses k = 50. Adaptive results are grouped by threshold (7 = 0.95
and 7 = 0.995), with elbow-only and elbow+guard rules shown separately.

Method Rank ¥ PSNR (dB) SSIM Energy 7
Manual

Fixed-k (50) 50 27.35 0.747 0.993
Adaptive (7 = 0.95)

Energy threshold 9 18.58 0.459 0.951
Adaptive (7 = 0.995)

Energy threshold 59 28.54 0.787 0.995
Elbow only 35 25.13 0.671 0.989
Elbow + guard (max(k;, ke)) 59 28.54 0.787 0.995

Noisy Image Denoised (k=58)
dB, SSIM: 0.355 PSNR: 24.12 dB, SSIM: 0.497

Singular Value Spectrum

0.95

Cumulative Energy Ratio
I
o
8

o
o
&

o
°
3

—— Cumulative Energy
—— kr=58

0 100 200 300 400 500
Rank (k)

Fig. 6. Noisy astronaut with adaptive rank k*. Left: cumulative energy curve; middle: noisy
input; right: reconstruction with PSNR/SSIM.

B.3 Adaptive Rank Selection in PCA

Adaptive Rank Selection (PCA via SVD)

1.00 A

0.99

0.98 A

0.97 A

0.96 -

0.95 A1

0.94 1

Cumulative Variance Explained

0.93 A

1.0 1.5 2.0 2.5 3.0 3.5 4.0
Number of Components (k)

Fig. 7. Cumulative variance explained for the iris dataset. With 7 = 0.95, the adaptive rule
selects k = 2, consistent with Section 4.3.
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PSNR vs. Rank k for SVD/EVD and QR (Fixed and Adaptive)

—8— SVD/EVD (fixed k)
32 4 QR (fixed k)
B SVD/EVD (adaptive)
30 - QR (adaptive)
28 A
@ 26
z
o
Z 241
o
22 A
20 A
18 A
16

20 40 60 80 100
Rank k

Fig. 8. PSNR vs. rank k for fixed and adaptive policies. Adaptive k* = 59 improves fidelity by
~ 1.2 dB over fixed k = 50.

B.4 Benchmarking Tables and Figures

Table 3: Fixed-rank reconstructions on the 512 x 512 grayscale astronaut (clean). SVD and
Gram-based EVD coincide; QR achieves lower fidelity.

Method k=10 k =30 k =50 k=100
PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM
SVD 19.03 0473 2427 0.643 2735 0.747 32.89 0.895
EVD 19.03 0473 2427 0.643 27.35 0.747 32.89 0.895
QR 16.60 0.396 20.95 0.525 2391 0.624 28.84 0.777

Table 4: Adaptive selection with 7 = 0.995 on the grayscale astronaut. Ak is relative to
fixed k = 50.

Method Adaptive & PSNR (dB) SSIM Ak vs. 50

SVD 59 28.54 0.787 +9
EVD 59 28.54 0.787 +9
QR 59 24.72 0.648 +9
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Table 5: Runtime comparison for rank-k approximations on noisy astronaut (o = 0.10).
Values are averages; absolute times depend on hardware/backends, but relative trends are
consistent. EVD is excluded from this table as its runtime is dominated by forming A" A and
is not directly comparable; its reconstruction quality matches SVD to numerical precision
(Tables 3,4).

k=10 k =50 k=100

Method Time (ms)
PSNR SSIM PSNR SSIM PSNR SSIM

SVD 19.03 0473 27.35 0.747 3289 0.895 102-105

QR 16.60 0.396 2391 0.624 2884 0.777 49-52

QR (k=50)
PSNR: 20.35 dB, SSIM: 0.350

SVD (k=50)
Original Noisy PSNR: 24.08 dB, SSIM: 0.505

Fig. 9. Visual comparison at £ = 50. SVD preserves sharper edges; QR exhibits blur and
structural loss.

C. Supplementary Materials

To ensure reproducibility, the supplementary materials accompany this submission. They
include:

e Python scripts implementing SVD-based compression, denoising, and PCA;

e Example images and configuration files for complete end-to-end replication of the ex-
periments.

Data and Code Availability

All Python scripts, figures, and tables used in this study are publicly available at:
https://github.com/gayaneghazaryan-dot/svd-image-analysis.

Each experimentcovering image compression, denoising, benchmarking, and PCAcan be
reproduced in full by running one of the four Python scripts provided in the code/ direc-
tory. All figures and tables are generated automatically from these scripts, ensuring full
reproducibility without the need for Jupyter notebooks or external data files.
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AnHOTanua

Cunrynsaproe paznoxenue (Singular Value Decomposition, SVD) sBisercs ogHuM us
byHZAaMeHTaJTbHBIX METOZOB MAaTPHUYHOH (aKTOpU3AUUH, IIUPOKO IPUMEHIEMBIX B
06paboTke M300paKEHUH, CHIDKEHUU PasMEPHOCTH W BBIYHUCIUTETBHOW JIHMHEWHOMN
anre6pe. [IpakTuyeckas 3ppeKTUBHOCTh METOAA CBS3aHA C BO3MOXXHOCTBIO OTCEUeHUS
MaJIBIX CHHTYJIAPHBIX 3HAUeHUH, YTO II03BOJI€T YMEHBIIATh O0BEM XPAaHUMBIX JAHHBIX
IIPU COXpaHeHUU Hambojee cyuecTBeHHOH mHpopmanunu. OmHON U3 KIIOYEBBIX 33434
npu ucnonb3oBaHuu SVD sABideTcs BHIOOpP paHra ycedeHHUd, OIpeAesIAiolero
KOMIIPOMUCC MEX/y TOYHOCTBIO aIlIIPOKCUMAIIUY, BEIYUCIUTENIBHON 5P PEeKTUBHOCTHIO
U YCTOMYHMBOCTBIO PE3YJIbTATOB.

B paGore mnpemsaraercs MeTOZ aJaNTUBHOTO BbIOOpa paHTra, OOBeIUHAIOUIUN
DHEpreTUYeCKMil KpUTEPHH, OCHOBAaHHBIM HAa HAKOIUJIEHHOM [JOJIW OHEpPruu, u
aBTOMAaTH4YeCKOoe OOHapy>KeHHWe TOYKU IleperuOa CIIeKTpa CHUHTYJIAPDHBIX 3HAYeHUH
(elbow). Takoit momxop mpexcTaBiseT cob0ii 0OOCHOBAaHHYIO aJIbTEPHATHBY IIMPOKO
HICIIOJIb3yeMBIM DBPUCTUYECKUM IIPaBUJIAM BEIOOPA paHra.
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IIpentoxXeHHBIN MeTOZ, UCCIENOBAaH Ha 33aZjadaX CKaTHA M300paKeHUMH, IOJaBIeHUA
IIyMa ¥ aHaIu3a ry1aBHeIX KomnoHeHT (PCA), a Takke commocTaBjeH C pasioXeHHeM II0
cooctBenHbiM 3HaueHHAM (EVD) u QR-dakxropusainueii. PesyinpraTsl YHCIEHHBIX
SKCIIEPUMEHTOB IIOKa3bIBAIOT, YTO AJAITHBHOE IIPABIJIO BBIOOpA paHra obecIiedrBaeT
BBICOKOE Ka4eCTBO BOCCTAHOBJIEHNUS U IOBBIIAET BOCIIPOMU3BOJMOCTD BBIYMCIUTETBHBIX
HCCIIeIOBAaHUM, 0COOEHHO B YCIIOBUAX LIYMHBIX U IIJIOXO OOYCIOBIEHHBIX JaHHBIX.
Wcxomusiit KoZ, PUCYHKM M TaOIUIBI OIyOJIHMKOBAaHBL B OTKPBITOM /JOCTYIIE, UTO
obecre4yrBaeT BO3MOXKHOCTH IIOJTHOTO BOCIIDOM3BEIEHUA BCeX IIPeJICTaBI€HHBIX
skcmepuMeHTOB. [Ipezyaraemsrii mogxon o6GBeZUHAET TeOpeTUYECKHe Ppe3yJIbTaThl,
aBTOMATH3AIVIO BBIYMCIUTEIBHBIX IPOLEAYpP ¥ IPUHIUNB BOCIPOMU3BOZMMBIX
UCCIefIOBaHUM, IIOATBEPXKAAsA, 4YTO CHHTYJIAPHOE Pa3jOKeHHe OCTaéTca Kak
MaTeMaTH4eCKX OOOCHOBAaHHBIM, TaK M IPAaKTUYECKH YHHUBEPCAJIbHBIM HHCTPYMEHTOM
COBPEMEHHOTO aHa/IN3a JaHHBIX.

KirroueBnble cj10Ba: cuHTYIApHOE pa3IoKeHNe, afallTHBHEII BEIOOP paHTa, HAKOILIEHHAT
sHeprus, MeToZ, IOKT (elbow), momaBreHue mrymMa n300paXkeHUMH, CXKaTHe U300pOKEHUH,

dHaJIN3 I'V/IaBHBIX KOMIIOHEHT.



