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Abstract

We present a hybrid convolutional architecture that combines trainable PDE-based
preprocessing with a Variational Information Bottleneck (VIB) to improve generaliza-
tion in image classification. The PDE stage applies a small number of discretized Lapla-
cian steps with learnable step size and depthwise coupling, injecting physics-inspired
inductive bias into early feature maps. A tensor-wise VIB module then parameterizes a
Gaussian latent (µ, log σ2) via 1×1 convolutions and enforces information compression
through a KL penalty to a unit prior, encouraging retention of task-relevant features
while discarding nuisance variability. The compressed representation feeds a ResNet-
18 backbone adapted for CIFAR-10 inputs. On CIFAR-10, systematic variation of the
VIB weight β shows that moderate compression yields improved test performance and
training stability relative to both a baseline CNN and a PDE-only variant. Qualitative
analysis indicates smoother activations and reduced sensitivity to input noise, consis-
tent with the information-theoretic objective. The results suggest that PDE priors and
variational compression act complementarily, offering a principled path to robust and
generalizable convolutional models.
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1. Introduction

Convolutional Neural Networks (CNNs) have become the foundation of modern computer
vision, demonstrating outstanding performance across various image classification tasks. Ar-
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chitectures such as ResNet [1] have shown that deep hierarchical representations can capture
complex visual patterns; however, their ability to generalize remains sensitive to data quality,
overparameterization, and the presence of irrelevant features. Improving generalization thus
requires mechanisms that not only increase model capacity but also regulate the information
flow within the network.

Recent studies have explored the incorporation of domain knowledge into CNNs to embed
structural priors and reduce reliance on purely data-driven learning. In particular, Partial
Differential Equation (PDE)-based layers [2], derived from the discretization of physical
processes such as diffusion and wave propagation, have been shown to enhance low-level rep-
resentations by enforcing spatial smoothness and continuity. These physics-inspired kernels
act as a regularizing bias, improving robustness without adding significant computational
cost. Yet, such deterministic transformations may also retain redundant information, which
can propagate noise through deeper layers.

To address this limitation, this article builds upon a previous study presented at the
Conference on Computer Science and Information Technologies (CSIT 2025) [3], where the
integration of the Variational Information Bottleneck (VIB) module [4, 5] into the PDE-based
CNN framework was first introduced conceptually. In the present work, the approach is eval-
uated through quantitative experiments, providing empirical evidence for the effectiveness of
the PDE-VIB combination. The VIB principle seeks a stochastic latent representation that
retains only information relevant to predicting the target while discarding task-irrelevant
details. By combining PDE-based structural priors with information-theoretic compression,
the proposed PDE-VIB-CNN achieves a balance between inductive bias and adaptive reg-
ularization. The resulting model learns compact and task-focused feature maps, leading to
improved stability, robustness, and generalization on challenging datasets such as CIFAR-10.

2. Theoretical Background

This section provides a brief overview of the theoretical components underlying the proposed
model, the PDE-based convolutional layers, and the Variational Information Bottleneck
(VIB) framework. A detailed formulation and motivation can be found in [2] and [3].

PDE-Based Convolutional Layers

The PDE-based layer incorporates physically inspired priors into early feature extraction.
The approach relies on the discretization of parabolic or hyperbolic partial differential equa-
tions, such as the two-dimensional diffusion (heat) equation:

∂u

∂t
=

∂2u

∂x2
+

∂2u

∂y2
. (1)

Using finite differences [6], the update rule can be expressed as:

ut+1
i,j = ut

i,j + ϕP (ut), (2)

where P denotes a convolution operator equivalent to the Laplacian kernel and ϕ is a learn-
able or fixed scaling parameter. These layers act as structural filters, enforcing smoothness
and spatial continuity while reducing sensitivity to high-frequency noise [2].
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VIB

The VIB framework [4, 5] formulates learning as an optimization of the mutual information
trade-off between input compression and predictive relevance. The objective is defined as:

LVIB = Ep(x,y)

[
Eq(t|x)[− log p(y | t)]

]
+ βDKL(q(t | x) ∥ p(t)), (3)

where q(t | x) is a Gaussian encoder producing the latent representation t, p(y | t) is the
decoder, and β controls the compression–prediction trade-off. This formulation encourages
the representation to retain only task-relevant information while suppressing redundancy.

The PDE-VIB-CNN model evaluated in this study extends the theoretical foundation
proposed in [3], validating it experimentally on CIFAR-10 [7].

3. Experimental Setup

Dataset

All experiments are conducted on the CIFAR-10 dataset (60,000 color images, 32 × 32, 10
classes; 50k train, 10k test). Inputs are normalized per channel. We apply standard data
augmentation: random horizontal flipping and random cropping with 4-pixel padding.

Architecture

The evaluated model, PDE-VIB-CNN, consists of three sequential stages.
(i) PDE stage. We prepend a stack of S PDE-based convolutional layers, each corre-

sponding to one explicit Euler update of a discretized Laplacian step. For an input feature
map ut, a single PDE layer computes

ut+1 = ut + λ (P ∗ ut),

where P is a fixed 3×3 Laplacian stencil and λ is a learnable per-channel diffusion
coefficient. Thus, the PDE block performs S successive PDE updates (we use S = 3 in
all experiments unless otherwise stated), injecting physics-inspired priors and encouraging
smooth, spatially coherent feature representations [2]. No free-form convolution kernels are
learned in this stage; the only learnable parameters are the diffusion coefficients {λc} and
batch-normalization parameters.

(ii) VIB module. After the PDE stage, we apply a variational information bottleneck
module [4, 5]. The PDE output f(x) is first compressed through a 1×1 bottleneck (C → Cb

channels). Two parallel 1×1 convolutions then produce the parameters of a Gaussian latent
distribution:

µ(x) = Wµ ∗ f(x) + bµ, log σ2(x) = Wσ ∗ f(x) + bσ.

A latent tensor is sampled via the reparameterization trick,

t = µ(x) + σ(x)⊙ ε, ε ∼ N (′, I),
ensuring differentiability during training. This module enforces information compression and
reduces overfitting by discouraging the encoding of spurious, high-frequency details.

(iii) CNN backbone. The sampled latent representation t is passed to a ResNet-18
backbone [1] (with the initial stem modified for CIFAR-10), followed by a linear classifier.
This journal version extends the conceptual formulation introduced in [3] by providing de-
tailed implementation, quantitative evaluation, and calibration analysis.



40 A PDE-Based Convolutional Neural Network with Variational Information Bottleneck

Training Protocol

Models are implemented in PyTorch [8] and trained end-to-end using stochastic gradient de-
scent with momentum (SGD with momentum). Batch normalization is used in convolutional
blocks, and dropout is employed in deeper layers to reduce overfitting. The VIB trade-off
coefficient β is tuned empirically to balance compression and accuracy.

For fairness, all models are trained under identical optimization and augmentation
settings, including the cosine-decay learning-rate schedule, weight decay, batch size, and
number of epochs. The baseline CNN consists of the same ResNet-18 backbone used in the
proposed architectures, but without any PDE layers or VIB module; it receives the raw aug-
mented CIFAR-10 images directly as input. Thus, any observed performance or calibration
differences stem purely from the PDE preprocessing and VIB regularization rather than from
changes in the backbone or training procedure.

Evaluation Metrics

We report top-1 test accuracy, the train test (generalization) gap, the Negative Log-
Likelihood (NLL), and the Expected Calibration Error (ECE).

Negative Log-Likelihood (NLL)

NLL = −1

n

n∑
i=1

log pθ(yi | xi) , (4)

which evaluates the quality of probabilistic predictions and is the standard log-loss for clas-
sifiers [9].
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Fig. 1. eliability diagram used to compute ECE. The confidence range [0, 1] is partitioned into M

bins {Bm}Mm=1. For each bin, we compare empirical accuracy to mean predicted confidence; ECE

averages the absolute gap across bins (weighted by bin frequency).
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Expected Calibration Error (ECE)

Partition confidence scores into M bins {Bm}Mm=1 and compute

ECE =
M∑

m=1

|Bm|
n

| acc(Bm)− conf(Bm) |, (5)

where acc(Bm) is the average accuracy and conf(Bm) is the average predicted confidence in
bin m [10]. In our experiments, we use a fixed M (e.g., M=15) unless stated otherwise.
Calibration is assessed with a reliability diagram (see Fig. 1), which compares per-bin
empirical accuracy to mean predicted confidence; ECE aggregates the binwise gaps to a
single score.
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Fig. 2. Test-set reliability diagram (CIFAR-10, M=15). The proposed PDE-VIB model is closest
to perfect calibration (y=x).

4. Results

Baselines and Comparisons

We compare three models trained under identical protocols: (i) a baseline CNN, (ii) a PDE-
enhanced variant (PDE-only), and (iii) the proposed PDE-VIB-CNN. Table 4. reports top-1
test accuracy, generalization gap (train–test), ECE and NLL. The PDE-VIB model improves
both accuracy and calibration relative to the baseline and PDE-only variants.
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Table 1. CIFAR-10 test metrics

Model Accuracy (%) Gap (%) ECE NLL

Baseline CNN 80.6000 2.6600 0.037420 0.584965

PDE-only 88.1500 4.2100 0.041851 0.378198

PDE-VIB (Ours) 88.9500 3.5340 0.018466 0.385564

Calibration and Probabilistic Quality

Calibration is assessed with a reliability diagram (Fig. 1), which contrasts per-bin empirical
accuracy with mean predicted confidence; ECE is the frequency-weighted average of binwise
gaps. Fig. 2 illustrates that PDE-VIB-CNN lies closer to the diagonal y=x than the
baselines, indicating improved calibration, which is also reflected by lower ECE and NLL in
Table 1.

Sensitivity to the Bottleneck Strength

We sweep the VIB coefficient β to study the compression–prediction trade-off. Moderate
values of β (e.g., 10−4) yield the best balance, reducing ECE/NLL without hurting accuracy.
Fig. 3 summarizes the trend.
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Fig. 3. Effect of the VIB coefficient β on test accuracy, ECE, and NLL (CIFAR-10). Moderate
compression achieves the best overall performance.
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Fig. 4. Accuracy and generalization gap (CIFAR-10). Higher accuracy and lower gap are better.
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Fig. 5. Calibration and probabilistic quality (CIFAR-10). Lower ECE and NLL are better.

Qualitative Observations

Figures 4 and 5 provide a consolidated view of test performance on CIFAR-10 across the three
model variants. The PDE-only configuration narrows the train–test discrepancy relative to
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the baseline and yields modest gains in probabilistic quality, suggesting that physics-inspired
preprocessing already curbs overfitting. The proposed PDE-VIB-CNN delivers the most
favorable overall profile: it achieves the highest or statistically comparable top-1 accuracy,
while further reducing the generalization gap. Crucially, this gain does not come at the
expense of calibration: the ECE bars in Fig. 5 show a clear reduction for PDE-VIB-CNN,
accompanied by a lower NLL, indicating more reliable confidence estimates and better-
aligned likelihoods.

5. Conclusion

This work evaluated a hybrid PDE-VIB-CNN that combines physics-inspired PDE prepro-
cessing with a VIB. On CIFAR-10, the approach achieved the strongest overall profile among
the tested variants: it matched or exceeded the best top-1 accuracy while reducing the train-
test gap, and it delivered the lowest ECE and NLL. These findings support the hypothesis
that PDE layers encourage spatially smooth, noise-resistant features, whereas the VIB term
suppresses task-irrelevant variabilitytogether yielding models that are both discriminative
and better calibrated.

Despite these gains, several limitations remain. Our evaluation is confined to a single
dataset and moderate-scale backbones; the sensitivity to the bottleneck strength β and
the number/step size of PDE layers indicates a performance compression trade-off that
warrants deeper study. Moreover, while the PDE stage is lightweight, the VIB stochasticity
adds minor computational overhead during training; understanding accuracy-calibration-
efficiency trade-offs at larger scales is important.

Future work. (i) Scaling and datasets: extend to larger architectures [11] (e.g., Wide-
ResNets, ConvNeXt) and datasets (CIFAR-100, Tiny-ImageNet, ImageNet-1k) to test the
robustness of the observed trends. (ii)Calibration under shift: [12] evaluate on corruption
and shift benchmarks (e.g., CIFAR-C, ImageNet-C/O) and out-of-distribution detection;
compare pre- and post-hoc calibration (temperature scaling, Dirichlet calibration) with and
without VIB. (iii) Comparative regularization: benchmark against strong baselines such as
label smoothing [13], mixup/cutmix, dropout variants, stochastic depth, and data-augmix
to clarify where PDE-VIB provides unique benefits.
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²Ù÷á÷áõÙ

Ø»Ýù Ý»ñÏ³Û³óÝáõÙ »Ýù ÑÇµñÇ¹³ÛÇÝ ÏáÝíáÉÛáõóÇáÝ ×³ñï³ñ³å»ïáõÃÛáõÝ, áñÁ 
Ñ³Ù³ï»ÕáõÙ ¿ Ù³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí Ñ³í³ë³ñáõÙÝ»ñÇ íñ³ ÑÇÙÝí³Í áõëáõó³ÝíáÕ 
Ý³Ë³Ùß³ÏáõÙÁ ¨ í³ñÇ³óÇáÝ ÇÝýáñÙ³óÇáÝ Ëó³ÝÁ` å³ïÏ»ñÝ»ñÇ ¹³ë³Ï³ñ·Ù³Ý Ù»ç 
ÁÝ¹Ñ³Ýñ³óÙ³Ý µ³ñ»É³íÙ³Ý Ýå³ï³Ïáí: Ø³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí Ñ³í³ë³ñáõÙÝ»ñÇ 
ß»ñïÁ ÏÇñ³éáõÙ ¿ ÷áùñ ù³Ý³ÏÇ ¹ÇëÏñ»ï³óí³Í È³åÉ³ëÛ³Ý ù³ÛÉ»ñ` áõëáõó³ÝíáÕ 
ù³ÛÉÇ ã³÷áí ¨ Ëáñù³ÛÇÝ Ï³åáí, ÇÝãÁ í³Õ ÷áõÉÇ Ñ³ïÏ³ÝÇß³ÛÇÝ ù³ñï»½Ý»ñáõÙ 
Ý»ñÙáõÍáõÙ ¿ ýÇ½ÇÏ³ÛÇó á·»ßÝãí³Í ÇÝ¹áõÏïÇí ÏáÕÙÝ³Ï³ÉáõÃÛáõÝ: Â»Ý½áñ³ÛÇÝ 
í³ñÇ³óÇáÝ ÇÝýáñÙ³óÇ³ÛÇ Ëó³ÝÇ Ùá¹áõÉÁ å³ñ³Ù»ïñ³íáñáõÙ ¿ ³áõëÛ³Ý Ã³ùÝí³Í
µ³ßËáõÙÁ (¹, log ¾2) 1 £ 1 ÏáÝíáÉÛáõóÇ³Ý»ñÇ ÙÇçáóáí ¨ ÏÇñ³éáõÙ ¿ KL ïáõ·³ÝùÁ
ÙÇ³íáñ³ÛÇÝ Ý³ËÝ³Ï³Ý µ³ßËÙ³Ý ÝÏ³ïÙ³Ùµ` ï»Õ»Ï³ïíáõÃÛ³Ý ë»ÕÙáõÙ ³å³Ñáí»Éáõ
Ñ³Ù³ñ, ÇÝãÁ Ëñ³ËáõëáõÙ ¿ å³Ñå³Ý»É ³é³ç³¹ñ³ÝùÇ Ñ³Ù³ñ Ï³ñ¨áñ Ñ³ïÏ³ÝÇßÝ»ñÁ
¨ Ñ»é³óÝ»É áã ³ÝÑñ³Å»ßï ÷á÷áË³Ï³ÝáõÃÛáõÝÁ: ê»ÕÙí³Í Ý»ñÏ³Û³óáõÙÁ ³ÛÝáõÑ»ï¨
÷áË³ÝóíáõÙ ¿ ResNet-18-ÇÝ: ì³ñÇ³óÇáÝ ÇÝýáñÙ³óÇáÝ Ëó³ÝÇ ¯ ÏßéÇ Ñ³Ù³Ï³ñ·í³Í
÷á÷áËáõÃÛáõÝÁ óáõÛó ¿ ï³ÉÇë, áñ ÙÇçÇÝ ³ëïÇ×³ÝÇ ë»ÕÙáõÙÁ µ³ñ»É³íáõÙ ¿ Ã»ëï³ÛÇÝ
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³ñ¹ÛáõÝ³í»ïáõÃÛáõÝÝ áõ áõëáõóÙ³Ý Ï³ÛáõÝáõÃÛáõÝÁ` Ñ³Ù»Ù³ï³Í ÇÝãå»ë ëï³Ý¹³ñï 
ó³ÝóÇ, ³ÛÝå»ë ¿É ÙÇ³ÛÝ Ù³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí ï³ñµ»ñ³ÏÇ Ñ»ï: àñ³Ï³Ï³Ý 
í»ñÉáõÍáõÃÛáõÝÁ óáõÛó ¿ ï³ÉÇë ³í»ÉÇ Ñ³ñÃ ³ÏïÇí³óáõÙÝ»ñ ¨ Ùáõïù³ÛÇÝ ³ÕÙáõÏÇ 
ÝÏ³ïÙ³Ùµ ½·³ÛáõÝáõÃÛ³Ý Ýí³½áõÙ, ÇÝãÁ Ñ³Ù³å³ï³ëË³ÝáõÙ ¿ ÇÝýáñÙ³óÇ³ÛÇ 
ï»ëáõÃÛ³Ý Ýå³ï³ÏÇÝ: ²ñ¹ÛáõÝùÝ»ñÁ óáõÛó »Ý ï³ÉÇë, áñ Ù³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí 
Ý³ËÝ³Ï³Ý µ³ßËáõÙÝ»ñÁ ¨ ÇÝýáñÙ³óÇáÝ Ëó³Ýáí ë»ÕÙáõÙÁ ÷áËÉñ³óÝáõÙ »Ý Çñ³ñ, 
³é³ç³ñÏ»Éáí ëÏ½µáõÝù³ÛÇÝ áõÕÇ ¹»åÇ Ï³ÛáõÝ ¨ ÁÝ¹Ñ³Ýáõñ ÏÇñ³é»ÉÇ ÏáÝíáÉÛáõóÇáÝ 
Ùá¹»ÉÝ»ñ:

´³Ý³ÉÇ µ³é»ñ`    ÇÝýáñÙ³óÇáÝ Ëó³Ý, Ù³ëÝ³ÏÇ ³Í³ÝóÛ³ÉÝ»ñáí ¹Çý»ñ»ÝóÇ³É 
Ñ³í³ë³ñáõÙÝ»ñ, Ëáñù³ÛÇÝ áõëáõóáõÙ, ÏáÝíáÉáõóÇáÝ Ý»ÛñáÝ³ÛÇÝ ó³Ýó»ñ, ÁÝ¹Ñ³Ýñ³óáõÙ:

Ñâåðòî÷íàÿ íåéðîííàÿ ñåòü íà îñíîâå PDE ñ âàðèàöèîííîé
èíôîðìàöèîííîé ïðîáêîé: ýêñïåðèìåíòàëüíàÿ
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Àííîòàöèÿ

Ìû ïðåäñòàâëÿåì ãèáðèäíóþ ñâåðòî÷íóþ àðõèòåêòóðó, êîòîðàÿ ñî÷åòàåò
â ñåáå îáó÷àåìóþ ïðåäâàðèòåëüíóþ îáðàáîòêó íà îñíîâå äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ âàðèàöèîííîé èíôîðìàöèîííîé ïðîáêîé
äëÿ óëó÷øåíèÿ îáîáùåíèÿ ïðè êëàññèôèêàöèè èçîáðàæåíèé. Íà ýòàïå
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïðèìåíÿåòñÿ íåáîëüøîå êîëè÷åñòâî
äèñêðåòèçèðîâàííûõ øàãîâ Ëàïëàñà ñ îáó÷àåìûì ðàçìåðîì øàãà è ãëóáèííîé
ñâÿçüþ, ââîäÿ èíäóêòèâíîå ñìåùåíèå, âäîõíîâëåííîå ôèçèêîé, â ðàííèå êàðòû
ïðèçíàêîâ. Çàòåì òåíçîðíûé ìîäóëü âàðèàöèîííîé èíôîðìàöèîííîé ïðîáêè
ïàðàìåòðèçóåò ãàóññîâó ëàòåíòíóþ âåëè÷èíó (¹, log ¾2) ñ ïîìîùüþ 1 £ 1 ñâåðòîê
è îáåñïå÷èâàåò ñæàòèå èíôîðìàöèè ñ ïîìîùüþ øòðàôà KL äî åäèíè÷íîãî
àïðèîðíîãî ðàñïðåäåëåíèÿ, ñïîñîáñòâóÿ ñîõðàíåíèþ ðåëåâàíòíûõ äëÿ çàäà÷è
ïðèçíàêîâ è îòáðàñûâàÿ ïîìåõè. Ñæàòîå ïðåäñòàâëåíèå ïîäàåòñÿ íà áàçîâóþ
ñåòü ResNet-18, àäàïòèðîâàííóþ äëÿ âõîäíûõ äàííûõ CIFAR-10. Íà CIFAR-
10 ñèñòåìàòè÷åñêîå èçìåíåíèå âåñà âàðèàöèîííîé èíôîðìàöèîííîé ïðîáêè
¯ ïîêàçûâàåò, ÷òî óìåðåííîå ñæàòèå äàåò óëó÷øåííóþ ïðîèçâîäèòåëüíîñòü
òåñòèðîâàíèÿ è ñòàáèëüíîñòü îáó÷åíèÿ ïî ñðàâíåíèþ êàê ñ áàçîâûì ñâåðòî÷íàÿ
íåéðîííàÿ ñåòü, òàê è ñ âàðèàíòîì, èñïîëüçóþùèì òîëüêî óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ. Êà÷åñòâåííûé àíàëèç óêàçûâàåò íà áîëåå ïëàâíûå àêòèâàöèè è
ñíèæåííóþ ÷óâñòâèòåëüíîñòü ê âõîäíîìó øóìó, ÷òî ñîîòâåòñòâóåò öåëè òåîðèè
èíôîðìàöèè. Ðåçóëüòàòû ïîêàçûâàþò, ÷òî àïðèîðíûå çíà÷åíèÿ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ è âàðèàöèîííîå ñæàòèå äåéñòâóþò âçàèìîäîïîëíÿþùå,
ïðåäëàãàÿ ïðèíöèïèàëüíûé ïóòü ê íàäåæíûì è îáîáùàåìûì ñâåðòî÷íûì
ìîäåëÿì.

Êëþ÷åâûå ñëîâà: èíôîðìàöèîííàÿ ïðîáêà, óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ,
ãëóáîêîå îáó÷åíèå, ñâåðòî÷íûå íåéðîííûå öåòè, îáîáùåíèå.
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