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Abstract

In this paper a construction of double +1 and %2 errors correcting linear
optimal and quasi-optimal codes over rings Zs, Z, and Z, is presented
with the limitation that both errors have the same amplitude in absolute
value.

Keywords: Error correcting codes, Codes over the rings Z, , Errors
with magnitude £1 and +2.

1. Introduction

From a practical point of view the codes over rings Z,,, or Z,,,,, are interesting, because they
can be used in 22™ — QAM (Quadrature amplitude modulation) schemes. Codes over finite rings,
particularly over integer residue rings and their applications in coding theory, have been studied
for a long time. Errors occuring in the channel usually have a limited magnitude, and this effect
is particularly applicable to flash memories. There have been a couple of papers regarding the
optimal =+1 single error correcting codes over alphabet Z,, [1,2]. In this paper we will consider
on errors with the magnitude +1 or £2. There have been a couple of papers regarding the +1 and
+2 single error correcting codes [1, 3]. In this paper we will construct codes correcting double
+1 or £2 errors with the limitation that both errors have the same amplitude in absolute value
over the rings Z,,. They are based on optimal codes with 4 parity check symbols correcting
double errors over rings Z,, of value +1, adding only one parity check symbol. In this case, we
cannot correct double errors with different magnitudes, for example, one error with a magnitude
of +1 and the other one with a magnitude of +2.

The optimality criteria for linear codes over the fixed ring Z,, can be considered in two
ways (see [4]). First of all, recall that the code of the length n is optimal-1 if it has a minimum
possible number of parity check symbols. Secondly, the optimality-2 criteria for the code is that
for a given number of parity check symbols, it has a maximum possible length. Our constructed
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code will satisfy the first optimality criteria. In this case, we do not know codes, which satisfy
the optimality criteria — 2.

From [4] we know the optimal code (12, 8) correcting double +1 errors over the ring Zs.
The linear code (12, 8) correcting double errors over the ring Zs of value +1, presented in [4]
satisfies the optimality criteria -1:
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This code was given by the parity check matrix H, which has 8 information and 4 parity check
symbols. In this case the number of combinations for each code word that can be corrected is

(1 + 12%2 + (12 choose 2) x4) = 289.

Thus, we have that 289 = 58 < 512 and the cardinality of the best possible code is 512 /289 <
5°.

In this paper a construction of the optimal code (13, 8) over the ring Zs correcting either double
+1 or +2 errors is presented.

2. Construction of Optimal € (13,8) Linear Code over Ring Zg

Our purpose is to construct an optimal linear code over the ring Zs correcting double errors of
the type £1or +2. Our constructed code will correct only double errors with the same
magnitude (if both errors have magnitude +1, or +2). It is well known, that a linear code given
by the parity check matrix H, can correct up to two errors of the type +1, only when H has a
property according to which all the syndromes resulting from adding and subtracting operations
between any two columns of the matrix H are different:

+hjthm+xthythy (Gm) # (k).

In this case, for correcting up to two errors of the type +1 or +2, the syndromes of our parity
check matrix H must satisfy the following condition too:

iZ * hl] i 2 * him * ihl’l i hik (],m) * (l, k)

To construct this kind of matrix H, at first we will use the first 10 columns of the optimal linear
code (12, 8) correcting double +1 errors:
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For this matrix we know, that all syndromes =+ h;; + h;, # *h; + hy and 2+ h;; +
2 * hiy, # £2(h;; £ hy,) are different. However, in this case there can be matches between the
syndromes:

iZ* hl]iZ*hlm and ihilihik'

To solve this problem, we need to add one parity check symbol to the code. Consequently, we
need to add one additional row to the matrix, which will be the following row:

[1 2 3 0 4 1 2 3 0 4]

After adding this row to the matrix, all the corresponding 2 * h;;j + 2 * hyp, # thy £ hy
syndromes will be different. Now the code given by the parity check matrix below, can correct
up to two errors of the type +1 or £2 :

[1 1 1110 1 2 3 4]
IO 1 2 3 4 2 2 2 2 2|
3 2 4 4 2 3 2 4 4 21
[1 1 1113 2 4 4 ZJ
1 2 3 0 4 1 2 3 0 4

Our constructed code has a length of 10, from which 5 are parity check symbols, and the other 5-
information symbols. This constructed code (10, 5) over the ring Zs can correct up to two errors
of the type +1 and +2, but it is not optimal in the sense that it has a minimal possible number of
parity check symbols. To make this code optimal, we at least need to have a length of 13,
therefore, we need to add 3 additional columns to the parity check matrix H. We have found the
corresponding 3 columns by computer search:

1 4 4
1 o 4
11 2 3|
[430|
2 3 2

So, we obtain the parity check matrix Hs with a length of 13. The code given by this parity
check matrix Hg can correct up to two errors of the type +1 or +2:

[1 111101 2 3 4 1 4 4]
IO 1 2 3 4 2 2 2 2 2 10 4|
Hy=13 2 4 4 2 3 2 4 4 2 1 2 3l
111113 2 4 4 2 4 3 OJ
1 2 3 0 4 1 2 3 0 4 2 3 2

Now we can prove the following lemma:

Lemma 2.1. A linear code (13, 8) over the ring Zs, given by the parity check matrix Hs with 5
parity check symbols, correcting up to two errors of the type +1 or +2, is optimal in the sense
that it has a minimal possible number of parity check symbols.
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Proof. It can be checked that a linear code over the ring Zs, given by the parity check matrix Hs,
can correct up to two errors of the type +1 or +2. This means that the syndromes of parity check
matrix Hg satisfy the condition:
iZ* hl]iZ*hlm * ihilihik (],m) * (l,k)

In this case, we have 8 possible types of double errors:

= +land +1

= 4+land —1

= —land +1

= —land -1
= 42and + 2
= 42and — 2
= —2and +2
= —2and —2

Additionally, we have 4 more cases for single errors of the type +1 and +2. In this case, the
number of combinations for each code word that can be corrected is

(1 + 13%4 + (13 choose 2) *x8) = 677.

Thus, we have that 677 = 58 < 53 and the cardinality of the best possible code is
513/677 < 5°.

3. Construction of € (17,12) and € (21,16) Codes over Rings Z, and Z,

In this paragraph we will construct asymmetric low magnitude error correcting codes over
different rings Z,,. As it was mentioned above, in this paper we intend to construct codes
correcting double +1 and +2 errors with the same magnitude. In the previous paragraph we
constructed the optimal code C (13, 8) over the ring Z; based on the optimal code C (12, 8)
correcting only double +1 errors by adding only one parity check symbol. Codes constructed
during this paragraph will not be optimal in the sense that they have a minimal possible number
of parity check symbols.

3.1 Construction of Code € (17,12) over Ring Z,

It was shown in [5] that the optimal code C (16, 12) over the ring Z-, correcting double +1
errors, has the following parity check matrix:

11111110123 45%6 11
6 5 4 3 2 10 2 2 2 2 2 2 2 11
4 3 6 6 3 4 2 43 6 6 3 4 2 1 6f
111111143 6 6 3 4 2 00

To construct the code C (17, 12), correcting double +1 and +2 errors with the same magnitude,
we need to take the first 14 columns of the parity check matrix:
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and add one parity check symbol to this code. Consequently, we need to add one additional row
to the parity check matrix, which will be the following row:

[2 3 4 01 65 2 3 40 1 6 5]

Now the code given by the following parity check matrix, can correct up to two errors of the
type +1 and +2:

1111110123475 6
l6 5 4 3 210 2 2 2 2 2 2 2|
l4 3 6 6 3 4 2 4 3 6 6 3 4 2|
[11111114366342J
2 3401652340165

Our newly constructed code given by this parity check matrix has a length of 14, from which 5
are parity check symbols and 9 - information symbols. We want to have the same number of
information symbols as in code C (16, 12) with 4 parity check symbols and 12 information
symbols. So, we need to add 3 additional columns to the matrix to have 12 information symbols.
We found the corresponding 3 columns by computer search:

[6 6 6]
1 2 3

I 5 4 1 I

[3 1 4J
5 5 4

So, we obtain the parity check matrix H, , with a length of 17:

r 11111101234 5 6 6 6 6]
|6 5 4 3 2 1 0 2 2 2 2 2 2 2 1 2 3
H,=14 3 6 6 3 4 2 4 3 6 6 3 4 2 5 4 1|
[1 1111114 3 6 6 3 4 2 31 4J
2 34016523 40146 555 4

The code given by this parity check matrix H, with 5 parity check symbols and 12 information
symbols, can correct up to two errors of the type +1 and +2 with the same magnitude. In this
case the number of combinations for each code word that can be corrected is

(1 + 17+4 + (17 choose 2) *8) = 1157.
As such, using this code C(17,12) over the ring Z,, correcting double +1 and +2 errors with the

same magnitude, we can correct all 1157 errors, which can occur in the code word. This code
does not satisfy the optimality criteria-1, since an equation 717/1157 < 713 is not satisfied in
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this case which means that the minimum number of parity check symbols should be 4 not 5, i.e.,
we have one extra parity check symbol. We will refer to this kind of codes as quasi-optimal.

3.2 Construction of Code C (21, 16) over Ring Z4

Again, from [5] we know the optimal code C (20, 16) over the ring Z,, correcting double +1
errors with 4 parity check symbols and 16 information symbols, which was given below
presented by the following parity check matrix :
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To construct the code C (21, 16), correcting double +1 and +2 errors with the same
magnitude, we need to take the first 16 columns of the matrix above in the same way as we did
in the previous construction for the code C (17, 12) over the ring Z:
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and add one parity check symbol to this code. Consequently, we need to add one additional row
to the matrix, which will be the following row:

2 3 401 8 7 3 2 3 4018 7 3]

Now the code given by the following parity check matrix, can correct up to two errors of the
type +1 and +2 with the same magnitude:

1111111187 6 5 43 21
7 6 5 4 3 2 10 2 2 2 2 2 2 2 2
7 3 2 4 4 2 3 7 7 3 2 4 4 2 3 7|
111111117 3 2 4 4 2 37
2 3 40187 3 2 3 40187 3

Our newly constructed code given by this parity check matrix has a length of 16, from which 5
are parity check symbols, and 11 - information symbols. Again, we want to have the same
number of information symbols as in code C (20, 16) with 4 parity check symbols and 16
information symbols correcting double £1 errors. So, we need to add 5 additional columns to the
matrix to have 16 information symbols. We found the corresponding 5 columns by computer
search:
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The code given by this parity check matrix Hy with 5 parity check symbols and 16 information

symbols, can correct up to two errors of the type +1 and +2 with the same magnitude:

11111
|7 6 5 4 3 2
Hy=17 3 2 4 4 2
[111111
2 3 40 1 8

In this case the number of error combinations for each code word that can be corrected is

(1 + 21%4 + (21choose 2) *8) = 1765.
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As such, using this code C (21, 16) over the ring Z, correcting double +1 and +2 errors with the
same magnitude, we can correct all 1765 errors which can occur in the code word. Again, in this
case, similar to the C(17, 12) code over the ring Z, we have a quasi- optimal code.

4. Conclusion

In this paper a construction of double +1 and £2 error correcting linear optimal code over the
ring Zs and quasi-optimal codes over the rings Z, and Z, are constructed. We plan to investigate
if the approach presented in this paper can be extended to construct codes for larger alphabets as
well as to construct quasi-optimal codes with higher code rates.
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+1 b £2 dbkdmipjudp Ypjuwlh vjpwjubp ninnnn qdwght Ynntph
junnignmdutp nmwppkp dkdnipjwt z,, onuyubpnid

Q. Jvwywwnpjul b 2. vwywinpjut
Udthnthnid
Uju hnnJwsh opowbmljubipmid thpuyugdws kb Zs, Z; b Zy onuljubpnid +1 jud

+2 dhbitinyb dbdnipjudp Ypluwyh vhuwjubp ninnnn oywhdw) b pywuqh-oyynhduy
Ynnbkph urnignidubnp:

ITocTpoeHue KO/0B MCIIPABAAIONIMX ABOMHbIE OMMOKY pa3mepa +1 u
+2 B Z,, KOJIbIIaX C Pa3HbIMH BeJIMIMHAMHU

I'. Xavarpan u I'. XavaTpau
Annoramusa

B ﬂaHHOﬁ CTaTbC MPCACTABJICHO IMOCTPOCHUC OINTUMAJIBHBIX W KBAa3HU-ONTUMAJIbHBIX JIMHEHHBIX

KOJIOB B KOJbIAX Zs, Zs U Zg, WCHPABISIONIMX JBOWHBIE OMMUOKM pasmepa =1 m *2 ¢
OAUHAKOBBIMU BCIIMYHNHAMU.
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