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Abstract

New sufficient conditions are derived for generalized cycles (including Hamilton and
dominating cycles as special cases) in an arbitrary k-connected (k = 1,2,...) graph,
which prove the truth of Bondy’s (1980) famous conjecture for some variants signif-
icantly improving the result expected by the given hypothesis. Similarly, new lower
bounds for the circumference (the length of a longest cycle) are established for the
reverse hypothesis proposed by Jung (2001) combined inspiring new improved versions
of the original conjectures of Bondy and Jung.
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1. Introduction

We consider only finite undirected graphs without loops or multiple edges. The set of vertices
of a graph G is denoted by V(G); the set of edges by E(G). For a subset S of V(G), we
denote by G — S the maximum subgraph of G with the vertex set V' (G)—S. For a subgraph
H of G, we use G — H, short for G —V(H). A good reference for any undefined terms is [3].

Let o and 6 be the independence number and the minimum degree of a graph G, respec-
tively. We define oy by the minimum degree sum of any k£ independent vertices if a > k; if
a < k, we set 0, = +00. In particular, we have oy = 4.

A simple cycle (or just a cycle) @ of order ¢ (the number of vertices) is a sequence
v1ve...vpvy of distinet vertices vy, ..., vy with vu,y € E(G) for each i € {1,...,t}, where
Vi1 = v1. When t = 1, the cycle v; coincides with the vertex v;. So, by this standard
definition, all vertices and edges in a graph can be considered as cycles of orders 1 and 2,
respectively. Such an extension of the cycle definition allows to avoid unnecessary repetition
"let G be a graph of order n > 3” in a large number of results. Further, a simple path (or
just a path) of order t is a sequence v,vs...v; of distinct vertices vy, ..., vy with v;v,41 € E(G)
for each i € {1,...,t — 1}.

A graph G is Hamiltonian if G contains a Hamilton cycle, i.e., a cycle of order |V(G)|.
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Now let ) be an arbitrary cycle in G. We say that () is a dominating cycle in G if
V(G — Q) is an independent set of vertices.

The first type of generalized cycles, including Hamilton and dominating cycles as special
cases, was introduced by Bondy [4]. For a positive integer A, @ is said to be a Dy-cycle if
|H| < A —1 for every component H of G — Q). Alternatively, @ is a Dy-cycle of G if and
only if every connected subgraph of order A of G has at least one vertex with () in common.
Thus, a Dy-cycle dominates all connected subgraphs of order A\. By this definition, () is a
Hamilton cycle if and only if @) is a D;-cycle. Analogously, @ is a dominating cycle if and
only if @) is a Dy-cycle.

We now present another two types of more interesting generalized cycles that form the
main topic of this paper. For a positive integer A, the cycle @ is called a PDj-cycle (PD
- Path Dominating) if each path of order at least A in G has at least one vertex with @ in
common. Similarly, we call the cycle @) a C'Dy-cycle (CD - Cycle Dominating; introduced
in [13]) if each cycle of order at least A has at least one vertex with () in common. In fact,
a PD,-cycle dominates all paths of order A in GG; and a C'Dy-cycle dominates all cycles of
order A in G. In terms of PD, and C'Dy-cycles, ) is a Hamilton cycle if and only if either
Q@ is a PD;-cycle or a C'D;-cycle. Further, () is a dominating cycle if and only if either @) is
a PDy-cycle or a C'Dsy-cycle.

Throughout the paper, we consider a graph G on n vertices with minimum degree 6 and
connectivity . Further, let C' be a longest cycle in G with ¢ = |C|, and let p and ¢ denote
the orders of a longest path and a longest cycle in G — C, respectively. In particular, C' is a
Hamilton cycle if and only if p < 0 or ¢ < 0. Similarly, C' is a dominating cycle if and only
ifp<lore<l1.

In 1980, Bondy [4] conjectured a common generalization of some well-known degree-sum
conditions for PDy-cycles (called (o, p)-version) including Hamilton cycles (P D;-cycles) and
dominating cycles (P Ds-cycles) as special cases.

Conjecture 1. (Bondy [4],1980): (o,p)-version
Let C be a longest cycle in a A-connected (1 < X\ < 0) graph G of order n. If oxy1 >
n+AA—1), thenp < X —1.

Parts of Conjecture 1 were proved for A = 1,2, 3.

(@) kK>1, o9 >n — p<0 (Ore[l5],1960),
(b) k>2, o3>n+2 — p<1 (Bondy[4],1980),
(c) k>3, 04>n+6 = p<2 (Zou[lT7],1987).

For the general case, Conjecture 1 is still open.
The long cycles analogue (the so called reverse version) of Bondy’s conjecture (Conjecture
1) can be formulated as follows.

Conjecture 2. (reverse, o, p)-version
Let C' be a longest cycle in a A-connected (1 < X < ) graph G. If p > X — 1, then
c>oy—AA—2).

Parts of Conjecture 2 were proved for A = 1,2, 3, 4.

(d k>1,p>0 = c>o1+1 (Dirac[6],1952),
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K>2,p>1 = c>o0, (Bondy[2],1971; Bermond|[1],1976; Linial[11],1976),
k>3, p>2 = c>o03—3 (Fraisse, Jung|8],1989),
k>4, p>3 = c>o0,—8 (Chiba,Tsugaki,Y amashita[5],2014).
Note that the initial motivations of Conjecture 1 and Conjecture 2 come from their
minimal degree versions - the most popular and much studied versions, which also remain
unsolved.

Conjecture 3. (Bondy [4],1980): (J,p)-version
Let C be a longest cycle in a A\-connected (1 < X\ < §) graph G of ordern. If § > Z\‘—ﬁ—l—)\—l
thenp < A —1.

Conjecture 4. (Jung [10], 2001): (reverse, §, p)-version
Let C be a longest cycle in a A-connected (1 < X\ < §) graph G. Ifp > X — 1, then
c>ANd—A+2).

Parts of Conjecture 3 were proved for A = 1,2, 3.

(h) k>1, §>3% =
(1)) k=2, 6> —
(j) K>3, 6>  —

<0 (Dirac[6],1952),
<1 (Nash— Williams[12],1971),
<2 (Fanl[7],1987).

S S

Parts of Conjecture 4 were proved for A = 1,2, 3, 4.

(k) k>1, p>0
() k>2, p>1
(m) K>3, p>2
(n) k>4, p>3

c>d+1 (Diracl6],1952),
c>2 (Diracl6],1952),
c>30—3 (Voss, Zuluagal16],1977),
c>46 -8 (Jungl9],1990).

Lred

Note that C'Dy-cycles are more suitable for research than PD),-cycles since cycles in
G — C' are more symmetrical than paths in view of the connections between G — C' and
C D)y-cycles. This is the main reason why some minimum degree versions of Conjectures 1
and 2 have been solved just for C'Dy-cycles.

According to the above arguments, it is natural to consider the exact analogues of Bondy’s
generalized conjecture (Conjecture 1) and its reverse version (Conjecture 2) for C'Dy-cycles,
which we call (¢,¢) and (reverse, o, ¢)-versions, respectively.

Conjecture 5. (0,¢)-version
Let C' be a longest cycle in a A-connected (1 < X < §) graph G of order n. If oy >
n+AA—1), thene < X —1.

Conjecture 6. (reverse, o, ¢)-version
Let C be a longest cycle in a A-connected (1 < X\ < §) graph. If¢ > X\ — 1, then ¢ >
Oy — )\(/\ - 2)

In 2009, the author proved [14] the validity of minimum degree versions of Conjectures
5 and 6.
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Theorem 1. ([14], 2009): (§,¢)-version
Let C be a longest cycle in a A\-connected (1 < X < 6 graph G of order n. If 6 > z—ﬁ +A—-2,
thene < A — 1.

Theorem 2. ([14], 2009): (reverse, 6, ¢)-version
Let C be a longest cycle in a A\-connected (1 < X\ <) graph. If¢c > A\—1, then ¢ > AM(d—A+2).

Actually, in [14], a significantly stronger result than Theorem 1 was proved showing that
the conclusion ¢ < A — 1 in Theorem 1 can be strengthened to ¢ < min{A — 1,0 — A}, called
c-improvement.

Theorem 3. ([14], 2009): (,¢)-version, c-improvement
Let C be a longest cycle in a A-connected (1 < X\ < §) graph G of ordern. If § > z—ﬁ—i—)\—Q,
then ¢ < min{\ — 1,5 — A\}.

Analogously, the condition ¢ > A — 1 in Theorem 2 was weakened [14] to ¢ > min{\ —
1,6 — A+ 1}

Theorem 4. ([14], 2009): (reverse, ¢, €)-version, ¢-improvement
Let C be a longest cycle in a M\-connected (1 < X\ < 6) graph G. If¢ > min{\A\— 1,6 — A+ 1},
then ¢ > A0 — A+ 2).

In this paper, we present new analogous further improvements of Theorems 1, 2, 3, 4
inspiring new conjectures in forms of improvements of the initial generalized conjectures of
Bondy and Jung.

2. Results

First, we prove that the connectivity condition x > A in Theorem 1 can be weakened to
k> min{\,§ — A+ 1}.

Theorem 5. (4, ¢)-version, k-improvement
Let C' be a longest cycle in a graph G of order n and A a positive integer with 1 < X\ < 9. If

k> min{\,d — A+ 1} andézz—ﬁvL)\—Q, thene < \ — 1.

Analogously, we prove that the connectivity condition x > A in Theorem 2 can be
weakened to k > min{\,d — A + 2}.

Theorem 6. (reverse, §, ¢)-version, k-improvement
Let C be a longest cycle in a graph G and X\ a positive integer with 1 < X < 9§, If k >
min{\, 06 = A+ 2} ande >\ —1, then ¢ > X0 — A+ 2).

Next, we prove that the conclusion ¢ < A — 1 in Theorem 5 can be strengthened to
¢ <min{\—1,§ — \}.

Theorem 7. (9,¢)-version, (¢, k)-improvement
Let C be a longest cycle in a graph G of order n and \ a positive integer with 1 < X\ < §. If

k> min{\, 6 — A+ 1} andézt\‘—ﬁ+)\—2, then ¢ < min{\ — 1,0 — A}.

Finally, we prove that the condition ¢ > A — 1 in Theorem 6 can be weakened to ¢ >
min{\ — 1,0 — A+ 1}.
Theorem 8. (reverse, §, ¢)-version, (¢, k)-improvement

Let C be a longest cycle in a graph G and X\ a positive integer with 1 < A\ < 6. If Kk >
min{\,0 — A+ 2} ande > min{\ — 1,6 — A+ 1}, then ¢ > A(6 — X + 2).
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3.  Generalized Improvements of Conjectures of Bondy and Jung

Motivated by Theorems 5, 6, 7, 8 (minimum degree versions) with Conjectures 1 and 2, in this
section we propose their exact analogs in terms of degree sums as generalized improvements
of Bondy and Jung Conjectures.

Conjecture 7. (o0,¢)-version, (¢, k)-improvement
Let C be a longest cycle in a graph G of order n and A a positive integer. If k > min{\,J —
A+ 1} and oypr > n+ AA—1), then ¢ < min{\ — 1,5 — A\}.

Conjecture 8. (reverse, o, ¢)-version, (¢, k)-improvement
Let C' be a longest cycle in a graph G and X\ a positive integer. If K > min{\,0 — A+ 2} and
c>min{\ — 1,0 = A+ 1}, then ¢ > o) — A\(A — 2).

Conjecture 9. (o,p)-version, (P, k)-improvement
Let C' be a longest cycle in a graph G of order n and A a positive integer. If k > min{\,§ —
A+ 1} and oyp1 > n+ ANA—1), then p < min{\ — 1,6 — \}.

Conjecture 10. (reverse, o, p)-version, (P, k)-improvement
Let C be a longest cycle in a graph G and X a positive integer. If k > min{\,d — A+ 2} and
p>min{\— 1,06 — A+ 1}, then ¢ > oy — A\ — 2).

4. Proofs

Proof of Theorem 7. We shall prove that ¢ < min{\ — 1,5 — A} under the conditions

n+2
>min{\,d —A+1}, 0> ——+A\—2
K > min{\, + 1}, _>\+1—|—
for each 1 < A < 6. If min{\,§ — A+ 1} = X, that is A < [*$1], then we shall prove that
¢ < X\ — 1 under the conditions

k> 6> 0o
A+1

But the latter follows from Theorem 1 for all A =1,2, ..., L‘S’LTlJ immediately.

Now let min{\,6 — A+ 1} = 6 — A+ 1, that is A > |%2|. To conclude the proof, it
remains to show that

n+2
>6—-A+1, 60>
= 4 —A+1

FA—2 = E<-—A <)\:6,5—1,...,V;2J>. (1)

Put 6 — A+ 1 = p. Acording to this notation, (1) is equivalent to

n+ 2

0+1

In (2), the inequality
n—+ 2

> +0—pu—1
_6—u+2+ a
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is equivalent to

implying that (2) is equivalent to

n+ 2 o+1
>p, 6> —— -2 = ¢e<pu-—1 =12, |—||- 3
K =2 W, _,LL—|—]_+M cCx U <M y &y 7\‘ 9 J) ()
Observing that (3) follows from Theorem 1 immediately, we obtain

(1)

Theorem 7 is proved. N

(2) = (3) <« "Theorem 1.

Proof of Theorem 5. Let GG be a graph with

2
k> min{)\, 6 — A+ 1}, 52;lj:1+>\—2

for each 1 < A < §. We shall prove that ¢ < A—1. Observing that min{A—1,0 —A\} < A—1,
we can weaken the conclusion ¢ < min{A — 1,0 — A} in Theorem 7 to ¢ < A — 1 and the
result follows immediatly. [ |

Proof of Theorem 8. Let GG be a graph with
k>min{\, 0 —A+2}, ¢>min{A\ -1, — A+ 1}

for each 1 < XA < 4. We shall prove that ¢ > A(§ — A+ 2). If A = 1, then the result follows
from the fact that each graph has a cycle of length at least 6 + 1 [6]. Let A > 2. Further, if
min{\,d —A+2} = A, then we are done by Theorem 2. Now let min{\,§ —A+2} = —A+2,
that is A > [2E3|. Then it remains to prove that

J+3
K>0—A+2, c26—A+1 = c>ANd—-X1+2) ()\:5,5—1,..., {—;J) (4)
Put 6 — A 4+ 2 = p. By this notation, the statement (4) is equivalent to

d0+2
which follows from Theorem 2 immediately. So, (4) = (5) <= "Theorem 2”. Theorem 8 is
proved. H

Proof of Theorem 6. Let GG be a graph with
k>min{\,d —A+2}, ¢>A—-1

foreach 1 < A <. Weshall prove that ¢ > A(—A+2). Observing that min{A—1,—A+1} <
A — 1, we can strengthen the condition ¢ > min{\ —1,§ — A+ 1} in Theorem 8 to¢ > A — 1
and the result follows immediately. Theorem 6 is proved. N
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Conclusion

In 2009 [14], a minimum degree sufficient condition for large cycles in graphs is established
showing that the famous conjecture of Bondy principally is improvable. In the same paper,
a lower bound for the length of a longest cycle (the circumference) is derived showing that
the conjecture of Jung (reverse version of Bondys conjecture) principally is improvable as
well. In this note, two new analogous sufficient conditions for large cycles and two new lower
bounds for the circumference are derived inspiring four new improved versions of Bondys
and Jungs conjectures.
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UYGwpy qpudblbpmd dto ghyitiph dwuhG Anlnhh L 3nlgh
Juplwoltph pnipg

dnpw G- Lhynnnujwh

<< QUU hGpnpiwmhyuwjh b wjnniwnmwgiwG ypnpitdiGiph hGunpnnon, Gplawl, <wujwuunwb
e-mail: zhora@iiap.sci.am

Udthnthnid

Uunwgyty GG Gnp pwjwpuwp wywjdwGGin gpudbh plnhwlpuwgwo ghytph hwdwn
(nGngpytny Lwdhipnlyub L gnihGulum ghytpp nputu Ywulwynp nhyptn) judwjwlwi
E-quuyuygquo (£ = 1,2,...) gpupmd, npnlp wuyugnigmd GG RnGnhh (1980) hwjwnGh
Junplwoh dydwpumwghmpjnilp npny wnmwppbpwlyitph nhypmd, hGsh 2Gnphhy qquihnptG
(wjugynud t ufjuy Jqupyuwony wyGyuiynn wpyniGpp: <wdwidwlnptl, wdtGubpyup
ghyith Gpyupnipjul hwdwp unwgyty GG Gnp uvnnphl qGwhwnwlwGGip hwljwnupd
Junplwoh hwdwp, npl wnwy E pwptiy 3niligp 2001-h6: Unwgyuo wpnyniGpGbpp pujupun
hhiptin t6 wwhu wnw9 pwpbtint Gnp jwjwgwd wmwppbpwylbp Pnlnhh L 3nilgh
(whlGwlwb Jupywobtph hnfuwnptl:

PwGwih puntp® {wihpnlh ghy, nnihGwbwum ghy), witGwtpywnp ghy, dto ghyg:

3aMeTKa O OOABIIMX IIMKAAX B rpadpax BOKPYT
runote3 bouau u IOHra

sKopa I'. Hukorocan

WHucturyT npodbaeM nHpopMaTuku u aproMatrzanuu HAH PA, EpeBan, ApmeHusa
e-mail: zhora@iiap.sci.am

AnHoTanuys

[ToAyyeHBI HOBBIE AOCTATOYHBIE YCAOBHUSI AAS OOOOIIEHHBIX ITMKAOB (BKAIOYAs
TaMUABTOHOBBEIE ¥ AOMWHAHTHBIE ITMKABI KaK YaCTHBIE CAydYau) B IIPOM3BOABHOM k-
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cBsizHOM rpade (k = 1,2,...), AOKa3bIBaIOI[e CIIPAaBEAAMBOCTh M3BECTHOW THUIIOTE3bI
Boupu (1980) AAST HEKOTOPBIX BApPUAHTOB, 3HAYUTEABHO YAYUIIWB OKHUAAEMBIM 110
AQHHOU TUIIOTEe3€ pe3yAbTaT. AHAAOTWYHO, NMOAYYEHBI HOBBIE HUJKHHUE OLEHKU AAT
MAMHBI AA\MHHEUIIEro MuKkAa rpada AL OOpaTHOM TUIIOTE3hI, IPEAAOKeHHOU FOHTOM
(2001). I'TonyueHHBIE PE3YABTATHI B COUETAHUM AQIOT OCHOBAHUS BBIABUIKEHUS HOBBIX
VAYUIII€HHBIX BAPUAHTOB AAS UCXOAHBIX runoTte3 bouau u FOwra.

KaroueBrie caoBa: 'aMHUABTOHOB ITMKA, AOMHUHAHTHBIM IIUKA, AMUHHEUIINN ITHKA,
OOABIIION ITHUKA.
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