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Abstract
A 2-partition of a graph G is a function f : V(G) — {White, Black}. A 2-partition
f of a graph G is locally-balanced with an open neighborhood if for every v € V(G),
[[{u € Ng(v): f(u) = White}| — [{u € Ng(v): f(u) = Black}|| <1,

where Ng(v) = {u € V(G): wv € E(G)}. A 2-partition f’ of a graph G is locally-
balanced with a closed neighborhood if for every v € V(G),

|{u € Ng[v]: f'(u) = White}| — [{u € Ng[v]: f'(u) = Black}|| <1,

where Ng[v] = Ng(v) U {v}. In this paper we give necessary and sufficient conditions
for the existence of locally-balanced 2-partitions of complete multipartite graphs.

Keywords: 2-partition, Locally-balanced 2-partition, Equitable coloring, Com-
plete multipartite graph.

1. Introduction

All graphs considered in this work are finite, undirected, and have no loops or multiple edges.
Let V(G) and E(G) denote the sets of vertices and edges of a graph G, respectively. The set
of neighbors of a vertex v in G is denoted by Ng(v). Let Ng[v] = Ng(v)U{v}. A graph G is
called a complete n-partite (n > 2) graph if its vertices can be partitioned into n nonempty

independent sets X1, ..., X, such that each vertex in X; is adjacent to all the other vertices
in X; for 1 <i<j<n. Let K,, ,,,.r, denote a complete n-partite graph with independent
sets X1, Xo,..., X, of sizes r1,7ry,...,r,. The terms and concepts that we do not define can

be found in [8, 15].
A 2-partition of a graph G is a function f : V(G) — {White, Black}. A 2-partition f
of a graph G is locally-balanced with an open neighborhood if for every v € V(G),

|[{u € Ng(v): f(u) = White}| — [{u € Ng(v): f(u) = Black}|| < 1.

A 2-partition f’ of a graph G is locally-balanced with a closed neighborhood if for every
v e V(G),

[[{u € Ng[v]: f'(u) = White}| — [{u € Ng[v]: f'(u) = Black}|| < 1.

7



8 On Locally-Balanced 2-Partitions of Complete Multipartite Graphs

The concept of locally-balanced 2-partition of graphs was introduced by Balikyan and
Kamalian [12] in 2005, and it can be considered as a special case of equitable colorings
of hypergraphs [1]. In [1], Berge obtained some sufficient conditions for the existence of
equitable colorings of hypergraphs. In [7, 9, 10, 14], the authors considered the problems of
the existence and construction of proper vertex-coloring of a graph for which the number of
vertices in any two color classes differ by at most one. In [11], 2-vertex-colorings of graphs
were considered for which each vertex is adjacent to the same number of vertices of every
color. In particular, in [11], it was proved that the problem of the existence of such a
coloring is N P-complete even for the (2p,2q)-biregular (p,q > 2) bipartite graphs. In [12],
Balikyan and Kamalian proved that the problem of existence of locally-balanced 2-partition
with an open neighborhood of bipartite graphs with maximum degree 3 is N P-complete.
Later, they also proved [13] the similar result for locally-balanced 2-partitions with a closed
neighborhood. In [2, 3, 4], the necessary and sufficient conditions for the existence of locally-
balanced 2-partitions of trees were obtained. In [6], the authors obtained some necessary
conditions for the existence of locally-balanced 2-partitions of Eulerian graphs. In particular,
they proved some results on the existence of locally-balanced 2-partitions of rook’s graphs
and cycle powers.

In the present paper we give necessary and sufficient conditions for the existence of
locally-balanced 2-partitions of complete multipartite graphs. A preliminary version of this
paper was presented at the 6th Polish Combinatorial Conference, Bedlewo, Poland, 2016 [5].

2. Main Results

Before we formulate and prove our results, we introduce some terminology and notation. For
any 2-partition ¢ of a graph G, we define % as follows: for any v € V(G), let
B(v) = Black, if ¢(v) = White,
Y71 White, if ¢(v) = Black.

If ¢ is a 2-partition of a graph G and v € V(G), then define #(v) and #|v] as follows:

#(v) = {u € Ng(v): ¢(u) = White}| — [{u € Ng(v): p(u) = Black}|,
#[v] = {u € Ng[v]: p(u) = White}| — [{u € Ng[v]: ¢(u) = Black}|.

Clearly, ¢ is a locally-balanced 2-partition with an open neighborhood (with a closed
neighborhood) if for every v € V(G), |#(v)| < 1 (|#[v]| < 1).

If G is a complete n-partite graph and X is a part of GG, then X is called an odd (even)
part if |X| is odd (|X| is even). If G is a complete n-partite graph, then by my, ms, and
m>3 we denote the number of parts of G with one vertex, two vertices and at least three
vertices, respectively. If ¢ is a 2-partition of a complete n-partite graph G and X is a part
of G, then by W (Bx) we denote the number of White (Black) vertices of the part X. If

 is a 2-partition of a complete n-partite graph G, then by W (B) we denote the number of
White (Black) vertices in G.

We begin with the following simple lemma.

Lemma 1. If ¢ is a locally-balanced 2-partition of G, then @ is also a locally-balanced 2-
partition of G.

Lemma 2. If K., ,, ., has a locally-balanced 2-partition with an open neighborhood, then
for any part X, |Wx — Bx| < 1.
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Proof. Let ¢ be a a locally-balanced 2-partition with an open neighborhood of K, ,, ;..
Suppose, to the contrary, that there exists a part X’ such that either Wy, — Bx» > 2 or
Bx: — Wy, > 2. By Lemma 1., we can assume that there exists a part X’ such that

WX/—Bx/ 22 (1)
It is easy to see that for any v € X,
#(U):W—B—Wx+BX

From this and taking into account that for any v € V(K r,. ), —1 < #(v) < 1, we obtain
that for any part X,
1<W-—B—Wx+By<1. 2)

By (1) and (2), we have
W—B>1. (3)

For any part Y (Y # X’), by (2), we have
—1<W-B-Wy+ By <1.
From this and (3), we obtain that for any part Y (Y # X'),
Wy — By > 0. (4)

Let us consider any v € X (X # X'). Clearly,

#(U) = Z (WY - BY) = Z (WY - By) + WX/ — BX/.

YY#X Y)Y £X,X/

By (1) and (4), we get #(v) > 2, which is a contradiction. W

Theorem 1. The graph K, ,,.. ., has a locally-balanced 2-partition with an open neigh-
borhood if and only if the number of odd parts is even or one.

Proof.  Assume that K,, ,,. ., has k even parts and s odd parts. Suppose that K,

vy 1,72.-,"n
has a locally-balanced 2-partition with an open neighborhood, but contains odd number s

(s > 3) odd parts. Lemma 2 implies that for any part X of K,, ., ., |Wx — Bx| <1. We
decompose all the vertices of the graph into three groups as follows:

1. all even parts X; (here, we have Wx, — By, = 0, by Lemma 2);
2. all odd parts X] with Wx, > By, (here, we have Wy, — Bx; = 1, by Lemma 2);
3. all odd parts X/ with Wxy < Bxy (here, we have Wx» — Bxr = —1, by Lemma 2.).

Let X, Xs,..., Xy be parts of the first group; X7, XJ,..., X, be parts of the second
group; X, X7 ... X/ be parts of the third group. Without loss of generality, we may
assume that m > t. Consider two cases.
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Case 1: t = 0.
Clearly, m > 3. Let us consider a vertex v € X;. By 1 and 2, we have
k m
#(U) - Z (WY o BY) - Z(sz - BXi) + Z(WX; - BXZ/) =m-—-12>2,
YY#X] =1 =2

which is a contradiction.
Case 2: t > 0.
Let us consider a vertex v € X{. By 1, 2 and 3, we have

k m
#w)= > (Wy—By)=> (Wx,—Bx,)+ > (Wx — Bx:)+
YY#XY i=1 i=1

t
Z(WX! —Bxr)=m—(t-1)=(m—t)+12>2,
i=2
which is a contradiction.
locally-balanced 2-partition with an open neighborhood.

First we color even parts uniformly.

Next we consider two cases.

Case A) The number of odd parts is 2I. First [ odd parts we color as follows: if X is
such a part with 2p + 1 (p > 0) vertices, then any p vertices get the color Black and the
rest vertices get the color White. Next [ odd parts we color similarly by taking the color
White instead of Black, and vice versa.

Case B) X is the only odd part with 2p+ 1 (p > 0) vertices.

In this case we color any p vertices of X with the color Black and the rest vertices with the
color White.

It is easy to see that the above-mentioned 2-partition is a locally-balanced 2-partition of
K, ry...r, With an open neighborhood. W

Theorem 2. If m; = 0, then the graph K,, ,,. ., has a locally-balanced 2-partition with
a closed neighborhood if and only if it has no odd part.

Proof. Let ¢ be a locally-balanced 2-partition with a closed neighborhood of K, ,, ..
Suppose, to the contrary, that there exists an odd part X. Since m; = 0, we have |X| > 3.
Without loss of generality, we may assume that Wx > Bx. We consider two cases.

Case 1: Bx =0.
Consider a vertex v € X. Clearly, p(v) = White. This implies that

Since ¢ is a locally-balanced 2-partition with a closed neighborhood of K, ,,. .., we have
—1<W-B-Wx+Bx+1<1.

This implies that
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W—-B>Wx—-2>0.

Case 2: Bx > 0.
Consider a vertex v € X with ¢(v) = Black. This implies that

Since ¢ is a locally-balanced 2-partition with a closed neighborhood of K, ,,. .., we have
—1<W-B-Wx+Bx—-1<1.
This implies that W — B > Wx — Bx > 0.
In any case we obtain
W —B>0. (5)

First we consider the case when for any part Y, Wy > By. Let us consider a vertex v € X’
(X' # X) with ¢(v) = White. This implies that

#v]= > Wy —By)+1=

Y)Y £X!

Wx — Bx + Z (Wy —By)+12> 2,

Y)Y £X, X’
which is a contradiction.
So, we may assume that there exists a part X’ such that Wy, < Bx:.
If Wx, = 0, then we consider a vertex v € X’. Clearly, ¢(v) = Black. From this and
taking into account that ¢ is a locally-balanced 2-partition with a closed neighborhood of

sy

—1<W-B—-Wx,+Bxy —1<1.

Hence, W — B < 2 — By, <0, which contradicts (5).

If Wx, > 0, then we consider a vertex v € X’ with ¢(v) = White. From this and taking
into account that ¢ is a locally-balanced 2-partition with a closed neighborhood of K,
we have

1,72--,Tn

—1<W-B—-Wx/ +Bx +1<1.

Hence, W — B < Wx, — Bxs < 0, which contradicts (5).

seey

each part uniformly. W

Lemma 3. If my > 0 and K, ;,.,, has a locally-balanced 2-partition with a closed neigh-
borhood, then |W — B| < 1.
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Proof. Let ¢ be a locally-balanced 2-partition with a closed neighborhood of K,  ,, ;..
Consider a vertex v of the part X with |X| = 1. Since ¢ is a locally-balanced 2-partition
with a closed neighborhood of K, ., ., , we have #[v] = W — B, and hence

—-1<W-B<1.

Remark 1. Clearly, Lemma 3. implies that if |V (K, ry. )| is even, then W = B,
and if |V (K, ry. )| is 0dd, then |W — B| = £1 (in fact, by Lemma 1., we may assume that
W—-B=1).

Theorem 3. Ifm; >0 and |V (K, ry. )| is even, then K, ., . has a locally-balanced

2-partition with a closed neighborhood if and only if it has no odd part X with at least three
vertices.

Proof. Let ¢ be a locally-balanced 2-partition with a closed neighborhood of K, ,, ..
Suppose that there exists an odd part X with at least three vertices. We may assume that
Wx > Bx. We consider two cases.

Case 1: Bx = 0.
Consider a vertex v € X. Clearly, p(v) = White. This implies that

#v] =W — B —-Wx + Bx + 1.

By Remark 1, we get #[v] = 1 — Wx < —2, which is a contradiction.
Case 2: Bx > 0.
Consider a vertex v € X with ¢(v) = Black. This implies that

By Remark 1 and taking into account that Wy > Bx, we obtain
#[U]:Bx—WX—1§2,

which is a contradiction.

sy

even.
Each even part we color uniformly. Then we color %5 odd parts with the color Black
and the other 2+ odd parts with the color White.

It is easy to see that this 2-partition is a locally-balanced 2-partition with a closed neigh-

seny

sy

2-partition with a closed neighborhood.

Proof. Suppose that ¢ is a locally-balanced 2-partition with a closed neighborhood of

K, vy .- By Remark 1 and Lemma 1, we get

W —-B=1.
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Let us consider four cases.

Case 1: Bx = 0.
Let us consider a vertex v € X. Since ¢ is a locally-balanced 2-partition with a closed
neighborhood of K,, ,, ,,, we have

which is a contradiction.
Case 2: Wx = 0.
Let us consider a vertex v € X. Since ¢ is a locally-balanced 2-partition with a closed

neighborhood of K, we have

which is a contradiction.
Case 3: Wx > By > 0.
Let us consider a vertex v € X with p(v) = Black. Since ¢ is a locally-balanced 2-partition

with a closed neighborhood of K, ,,.. ,,, we have

#[U]:W—B—Wx+Bx—1:Bx—WXS—Z,

which is a contradiction.
Case 4: 0 < Wy < By.
Let us consider a vertex v € X with ¢(v) = White. Since ¢ is a locally-balanced 2-partition

with a closed neighborhood of K, ,,. ., we have

#] =W —-B—-Wx+Bx+1=2+Bx —Wx >2,

which is a contradiction. H

Theorem 5. If the graph K, ,,. . ,, has an odd number of vertices, my > 0 and each

(A8}

a locally-balanced 2-partition with a closed neighborhood if and only if my > 2mg +m>g — 1.

Proof. Suppose that ¢ is a locally-balanced 2-partition with a closed neighborhood of
Ky, +y..r,- By Remark 1 and Lemma 1, we have

W—B=1. (6)

Let us consider a part X with only two vertices u and v.
If p(v) = White and ¢(u) = Black, then since ¢ is a locally-balanced 2-partition with

a closed neighborhood of K, we have

a contradiction.

Similarly, if ¢(v) = Black and ¢(u) = White, then we consider the vertex w.

If o(v) = ¢p(u) = Black, then since ¢ is a locally-balanced 2-partition with a closed
neighborhood of K, we have

1,72.-,Tn >

#[U]:W—B—Wx—l—Bx—l:Z,
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a contradiction.

This implies that ¢(v) = ¢(u) = White.

Let X be an odd part with at least three vertices.

If Wx = 0, then by considering a vertex v € X and taking into account that ¢ is a
locally-balanced 2-partition with a closed neighborhood of K,, ,, ., we obtain

#[U]:W—B—Wx—l—Bx—l:BXzB,

a contradiction.

If 0 < Wx < By, then by considering a vertex v € X with ¢(v) = White and taking
into account that ¢ is a locally-balanced 2-partition with a closed neighborhood of K, ,, . 1.,
we obtain

#] =W —B—-Wx +Bx+1=2+Bx — Wy >3,

a contradiction. This shows that
Wx > Bx. (7)

Let us consider two cases.

Case 1: | X| = 3.
By (7), we have that there are two possible cases: all vertices of X are White or two of
them are White and the last one is Black.

If Wx =3 and Bx = 0, then for any v € X, we have

#[] =W —B—Wx +Bx +1=—1.

This implies that for any v € X, —1 < #[v] < 1.
If Wx = 2 and Bx = 1, then for any v € X, we have either #[v] = W —-B—-Wx+Bx+1 =
1 (if p(v) = White) or #[v] =W — B —Wx + Bx — 1 = —1 (if ¢(v) = Black).
This implies that for any v € X, —1 < #[v] < 1.
Case 2: |X| > 5.
By (7), we have Wx — Bx > 1.
Let us show that Wx — Bx = 1.
Suppose, to the contrary, that Wy — Bx > 3.
If Bx =0, then for any v € X, we have

#[U]:W—B—Wx—i-Bx-l-lS—?%

which is a contradiction.
If Wx > Bx > 0. For any v € X with ¢(v) = Black, we have

#] =W — B—Wx + By — 1 < -3,

which is a contradiction.

This shows that Wy — Bx = 1.
So, we obtain that if X is a part with at least two vertices, then we have the following three
possible cases:

a) If X is an odd part with three vertices, then

eitherr Wx —Bx =1 or Wx — Bx =3; (8)
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b) If X is an odd part with at least five vertices, then

c¢) If X has two vertices, then
Wy — By = 2. (10)

By (6), (8),(9),(10), we get

mi = Z (Bx+WX)Z Z (BX_WX):B_W+ Z (WX—BX)+

X,[X|=1 X, X|=1 X | X|=2

> (Wx—Bx)+ > (Wx—Bx)=B-W+2|{X: X is a part with |X| = 2}|+

X,Wx—Bx=1 X,Wx—Bx=3

{X: X is a part with Wy — By = 1}| + 3[{X: X is a part with Wy — By = 3}| >

B —W 4+ 2|{X: X is a part with | X| = 2}| + |{X: X is a part with Wx — Bx = 1}|+

{X: X is a part with Wx — Bx =3}| = B — W +2|{X: X is a part with | X| = 2}|+

[{X: X is an odd part with at least three vertices}| = —1 + 2ma + m>3.

Now let m; > 2mg + m>3 — 1. We construct a 2-partition of K,, ,, .. as follows:

1) Each vertex v € X (|X| = 2), we color with the color White;

2) For any odd part X with |X|=2p+ 1 (p € N) vertices, we color p + 1 vertices of X
with the color White, and the rest p vertices we color with the color Black;

3) We take any (2ms + m>3 — 1) parts with only one vertex of the graph and we color
each vertex in these parts with the color Black. Since |V (K, +, )| is odd and m; >
2mgy + ms3 — 1, we have that m; — (2mg 4+ m>3 — 1) is even and non-negative. The vertices
of the remaining m; — (2my 4+ m>3 — 1) parts we color uniformly.

It is not difficult to see that this 2-partition is a locally-balanced 2-partition with a closed
neighborhood of K, [ |

1,72..,Tn *
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Lphy pwqiuynniwth qpudlthbph njuw-hwjwuwpulpnywo
2-mpnhnudGtiph dwuhG
U. QwphpjuG L M. Mbnpnujwb

Udthnthnid

f : V(G) — {White, Black} pnmilyghw@ Yngymd & G gqpudh 2-mpnhmd: G qpuph
f 2-mpnhnuip Yngynud o nyuwi-hwjuwuwpupnqud 2-mpnhnd pug ppowjuypny, tiph
Juiwjwywa v € V(G) ququph hwdwp wtnh niGh

|{u € Ng(v): f(u) = White}| — [{u € Ng(v): f(u) = Black}|| <1,

npntn Ng(v) = {u € V(G): w € E(G)}: G qpuwdh f' 2-mpnhmdp Ynggmd £ nfuy-
hwjwuwpwlpnqud mpnhnd thwy ppewlwypny, tpk juiwywywa v € V(G) ququph
hwdwnp wmtinh niGh

[[{u € Ng[v]: f'(u) = White}| — |[{u € Ng[v]: f'(u) = Black}|| <1,

npnbtn Ng[v] = Ng(v) U {v}: Uu wpjuwwnwlpnd wpdmd GG 1phy pwqiwynniwGh
gnwdltiph nyu-hwjwuwpuwpnyuod wmpnhniGtph gnynipjwl whpwdt)n L pwjupunp
wwjdwbbbn:

O AOKaABHO-COaAaHCHUPOBAHHEIX 2-pa30ueHusaX
IIOAHBIX MHOTOAOABHEIX I'pag OB

A. T'apu6sn u I1. [leTpocsn

AnHoTanus

2-paszbuenueM rpada G HaswiBaercsa Qyukiusa f : V(G) — {White, Black}.
2-pasbuenue f rpada G HA3BIBAETCSI AOKAABHO-COAAQHCHMPOBAHHBIM C OTKPBITOM
OKPECTHOCTBIO, ECAU AAST AF0O6OM BepuinHel v € V/(G)

|{u € Ng(v): f(u) = White}| — [{u € Ng(v): f(u) = Black}|| <1,

rae Ng(v) = {u € V(G): uwv € E(G)}. 2-pa3duenue f' rpada G Ha3bBaeTCS AOKAABHO-
c6GaraHCUPOBAHHBIM C 3aKPHITONM OKPECTHOCTBIO, ECAU AASI AI0OOH BepiuHeL v € V(G)

[[{u € Ng[v]: f'(u) = White}| — |[{u € Ng[v]: f'(u) = Black}|| <1,

rae Nglv] = Ng(v) U {v}. B Hacrodmeil paboTe AQIOTC HEOOXOAWMEBIE U
AOCTaTOUYHBIE YCAOBUS CYI€CTBOBAHUS AOKAABHO-COAAQHCUPOBAHHBIX 2-pa3OueHuit
TTOAHBIX MHOTOAOABHBIX rpadoB.



