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Abstract

Given a proper edge coloring « of a graph G, we define the palette Si(v, ) of a
vertex v € V(G) as the set of all colors appearing on edges incident to v. The palette
index (@) of G is the minimum number of distinct palettes occurring in a proper edge
coloring of G. The windmill graph Wd(n, k) is an undirected graph constructed for k& >
2 and n > 2 by joining n copies of the complete graph K}, at a shared universal vertex.
In this paper, we determine the bound on the palette index of Cartesian products of
complete graphs and simple paths. We also consider the problem of determining the
palette index of windmill graphs. In particular, we show that for any positive integers
n,k > 2, §(Wd(n,2k)) =n+ 1.
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1. Introduction

Throughout this paper, a graph G always means a finite undirected graph without loops,
parallel edges, and it does not contain isolated vertices. Let V(G) and F(G) denote the sets
of vertices and edges of a graph G, respectively. The degree of a vertex v in GG is denoted by
dc(v), and the maximum degree of vertices in G by A(G). The terms and concepts that we
do not define can be found in [1].

An edge coloring of a graph G is an assignment of colors to the edges of G: it is proper if
adjacent edges receive distinct colors. The minimum number of colors required in a proper
edge coloring of a graph G is called the chromatic index of G and denoted by x'(G). By
Vizings theorem [9], the chromatic index of G equals either A(G) or A(G) + 1. A graph
with x'(G) = A(G) is called Class 1, while a graph with x'(G) = A(G) + 1 is called Class 2.

In this paper, we consider a chromatic parameter called the palette index of a simple
graph G. A proper edge-coloring of a graph defines at each vertex v € V(G) the set of
colors of its incident edges. That set is called the palette of v and denoted by Sg(v, ). The
minimum number of palettes, taken over all possible proper edge colorings of a graph G,
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is called a palette index of a graph and denoted by 3$(G) [2]. Proper edge colorings with
the minimum number of distinct palettes were studied for the first time in 2014, by Hornak,
Kalinowski, Meszka, and Wozniak [2]. They determined the palette index of complete graphs.
Namely,

1, if n = 0(mod2)
$(K,) =14 3, if n = 3(mod4) (1)
4, if n = 1(mod4)

Moreover, they also showed that the palette index of a d-regular graph is 1 if and only if the
graph is of Class 1. If G is d-regular and of Class 2, then Vizings edge coloring theorem
[9] implies that 3 < $(G) < d + 1, and the case §(G) = 2 is not possible, as proved in [2].
There are few results about the palette index of non-regular graphs. Vizings edge coloring
theorem also yields an upper bound on the palette index of a graph G with maximum degree
A and without isolated vertices, mainly §(G) < 25t — 2. In [6], Casselgren and Petrosyan
provided an improvement and derived the following upper bound on the palette index of
bipartite graphs:

HEESEDY UA(CEG)W>+ Z(G)Uigﬂ)(dﬂ) (2)

dEDeven(G) dEDodd

where D,q4(G) is the set of all odd degrees in G and Dy, (G) is the set of even degrees in
G.

In [3], Bonvicini and Mazzuoccolo proved that if G is 4-regular and of Class 2, then
5(G) € {3,4,5}, and that all these values are, in fact, attainable. Although it is possible to
determine the exact value of the palette index for some classes of graphs, in general, it is an
N P-complete problem, because from [4] it is known that computing the chromatic index of
a given graph is an N P-complete problem.

In this paper, we provide upper and lower bounds on the palette index of Cartesian
products of some graphs. We will give the exact number of palettes of Wd(n,2k) windmill
graphs, as well as the upper and lower bounds for Wd(n, 2k + 1).

2.  Preliminaries

In this section, we introduce some terminology and notation. A matching in a graph G is a
set of pairwise independent edges of G. A matching that saturates all the vertices of G is
called a perfect matching. Next, we need some additional definitions.

Definition 1: (Windmill graph). The windmill graph Wd(n, k) is an undirected graph con-
structed for k > 2 and n > 2 by joining n copies of the complete graph K at a shared
universal vertex.

Definition 2: (Cartesian product of graphs). Let G and H be two graphs. The Cartesian
product GOH of graphs G and H is a graph such that

e the vertex set of GOH is the Cartesian product V(G) x V(H).

e two vertices (u, uy) and (v, v1) are adjacent in GOH if and only if either
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— u =wv and uy s adjacent to vy in H, or

— uy = vy and u is adjacent to v in G.

Before we move on, we recall that the Cartesian product graph GOH decomposes into |V (G)|
copies of H and |V (H)| copies of G. By the definition of Cartesian products of graphs, GOH
has two types of edges: those the vertices of which have the same first coordinate, and those
the vertices of which have the same second coordinate. The edges joining vertices with a
given value of the first coordinate form a copy of H, so the edges of the first type form nH
(IV(G)| = n). Similarly, the edges of the second type form mG (|V(H)| = m), and the union
is GOH.

Definition 3: Given two graphs G and H, and a vertex y € V(H), the set GY = {(z,y) €
V(GOH)|z € V(G)} is called a G-fiber in the Cartesian product of G and H. Forx € V(G),
the H-fiber is defined as *H = {(z,y) € V(GOH) |y € V(H)}.

G-fibers and H-fibers can be considered as induced subgraphs when appropriate. In [8],
authors define the projection to G, which is the map pg : V(GOH) — V(G) is defined by
pa(z,y) = x. Also we will need the projection to H; py : V(GOH) — V(H) is defined by
DPH (l‘, y) =Y.

In the proofs of our results, we also will follow some coloring ideas from [2]. Namely,
we will use the coloring ideas described in the proofs of Proposition 5, which states that if
k > 0, then §(Ky.3) = 3, and Theorem 7, which shows that if n = 4k + 5, k # 1, then
S(K,) =4.

3. Main Results

First, we will provide some results about the palette index of the Cartesian product of a
cycle and simple path. Note that the palette index of C, 0P, is equal to 1. Clearly, the
Cartesian product of those graphs is a Class 1 regular graph and as mentioned above the
palette index of Class 1 regular graph is equal to 1.

Proposition 1: Ifn =2k and m > 2, then $(C,0PF,,) = 2.

Proof. First note that C,0P,, is not a regular graph, hence, $(C,0P,) > 2. Let
construct a coloring that will induce 2 distinct palettes.

Case 1. m is even. Every C,, — fiber can be properly colored alternately with colors a;
and as. Because of the even length of cycles, we will get exactly one palette, denote it by
{a1,as}. Next, there are n — pieces of P,, — fibers, and every P,, — fiber can be properly
colored alternately with colors az and a4. As a result, the palette of vertices with degree 3
is {a1,as, a3}, and the palette of vertices with degree 4 is {a1, as, as, a4 }.

Case 2. m is odd. Suppose that V(P,,) = {vi,va,...,v,} and for any i(1 < i < m —
1),vv;11 € E(Py). Let a : E(C,) — {a1,a2} be a proper edge coloring of C,,. Since
C¥,1 < i < m is isomorphic to C,; hence, C¥ (4 < i < m) can be properly colored with
colors from the color-set {ay,as}: Y(u,v;), (v, v;) € V(C¥) if (u,v;)(v',v;) € E(C,OP,,),
then we define a proper edge coloring ~ as follows:

Y((w, 0:) (', v3)) = alpa(u, vi)pe(u', vi)) = alud’) = a,
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where a € {ay,as}. Afterwards, the fibers C*, C*? and C* can be colored alternately with
colors from the color-sets {a1,as}, {ai,as4} and {ay, a3}, respectively. Then we will color
the edges joining C?* to C}? and C}? to C}* by the colors as and as, respectively. Observe
that the remaining uncolored edges of P,, — fibers can be properly colored alternately with
colors ag and ay; the obtained coloring 7 is a proper edge coloring of C,,0F,, with a minimum
number of palettes. W

Using the same ideas makes it easy to obtain a coloring for Cs,.10PF,,,, inducing 2
distinct palettes. When the number of vertices of the cycle and the number of vertices of
the path are odd, we have the following theorem.

Theorem 1: Ifn =2ky + 1 and m = 2ky + 1, ki, ks > 0, then

3(C,0P,) =4.

Proof.  Suppose that V(P,,) = {vi,vq,...,u5,} and dp, (v1) = dp,,(v,) = 1 and « is a
coloring of C,0P,, inducing §(C,0F,,) distinct palettes. Let show that the value of the
palette index is at least 4.

Case 1. 3(C,0P,,) = 1. It follows that the graph is a regular graph, which is a contra-
diction.

Case 2. 5(C,,0P,,) = 2. Denote by P; and P palettes induced by a. Clearly, PyN Py # 0,
therefore there is a color a € P;N P; so that the edges colored with a form a perfect matching
of the graph. However, |V (C,0PF,,)| is an odd number, which means that the graph cannot
have a perfect matching, a contradiction.

Case 3. §(C,0P,,) = 3. Denote by Pj, P», and Pj palettes induced by «. Suppose
that |Pi| = |P2| = 3 and | P3| = 4. Clearly, there is no color belonging to all three palettes.
Indeed, otherwise, that color would induce a perfect matching of C,,0F,,, which is impossible.
Assume that (PyU Py) \ Ps # (), then there is a color a € Py U P, such that the edges colored
with a form a perfect matching for C,,, which is impossible too, but this also means that the
set P N P, N P3 cannot be empty, a contradiction.

Now, suppose that |P;| = |P,| = 4 and | P3| = 3. Clearly there is a color a € P, N P, and
a ¢ P3. This implies that the edges colored with a form a perfect matching of C,_»0P,,,
which is impossible. Hence, §(C,0F,,) > 4.

Next, we need to show the existence of a proper edge coloring « inducing four palettes.
Assume that (3 is a proper edge coloring of C,, with colors from color-set S = {ay, as, as},
inducing 3 distinct palettes. As we have already mentioned, C}',1 < ¢ < m — 1 can be
properly colored with colors from the color-set S. Then for all i(1 < ¢ < m — 1) the edge
that joins (u,v;) € V(C}) and (u,v;q1) € V(Cpitt) will be colored in one of the two ways,
first if there is a color a € S that a does not belong to color-sets assigned to the incident edges
of (u,v;) and (u,v;11), then that edge will be colored with a. Otherwise it will be colored
with a new color a4 ¢ S. Thereby we constructed coloring of the subgraph of C,0P,,, that
is isomorphic to C,0P,,_1, inducing two palettes {ai, as,as} and {a, as, as, as}.

Note that the palette of the vertices of C'm-' is {aj,as,as}; hence, the colors as-
signed to the edges of C'»~! divide that edge set into three disjoint sets: two sets X and
Y, each having ! elements, and one one-element set, say {(u,vpm_1)(u1,vm-1)}. With-
out loss of generality, we may suppose that (u,vy,_1)(uz,vm-1) € Y and X, Y are the
sets of edges colored with a; and ag, respectively. For all (v, vy,—1)(v”,vm-1) € X let
do the following changes: a((v/,vy_1)(uW", vpm_1)) = a4, (¥, V1) vy)) = ay and
a((u”, vy—1)(u", vy)) = ag. Since (u,v,—1) is the only vertex that the recent changes did not
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affect, a((u, vm—1)(u,vy)) = ag. Finally, coloring the edge a((u,vy,)(u1,vy)) = as and the
remaining uncolored edges alternately with colors a, and a3 will induce two new palettes;
hence, 5(C,,0P,,) =4. &

Next, we will examine the palette index of the Cartesian product of complete graphs and
paths. Complete graph Koy is of Class 1 and §(Ky;) = 1, therefore §(Ko0OPFP,) = 1. On the
other hand, the minimum coloring of Ko, induces 2k + 1 distinct palettes. Indeed, each
palette has 2k colors. This means that exactly one color is missing at each vertex. So we
can use the minimum coloring of K,, for all K,, — fibers and color the edges joining them
with missing colors, hence, §(Kop10FP;) = 1.

Corollary 1. Ifn > 2 and m > 2, then §(K,,0P,,) = 2.

Proof. Construction of a proper edge coloring of Ks,0F,, is very similar to the steps
that we have already described in Proposition 1, the single difference being that in this case
we will color K,, — fibers with the minimum coloring described above. W

Theorem 2: For any odd positive integers m and k > 0, we have

§(K4k+3DPm) = 4

Proof.  Let V(P,) = {vi,v2,...,v,} and dp, (v1) = dp,, (v) = 1. As we have already
mentioned above there is a proper edge coloring with a minimum number of distinct palettes
a: E(Kyis) = S = {ay,a9,as, ...as43} inducing 4k +3 different palettes. We will construct
the coloring v for Ky,y30P,, as follows; Vi(1 <i < m — 1) and V(u,v;)(v',v;) € E(Kyj 3)
v((u, v;)(u', v;)) will be set equal to a(uu’). Note that for any i(1 < i <m — 1), the vertices
(u,v;) and (u, v;41) are joined with the edges of P,, — fibers, and we have two possible cases
for the coloring of these edges;

o if S \ SK4k+3DPm((u’ U,)) = {a’}7 then ’7((“7 Ui)(u7 vi-i-l)) = a.
o if S \ SK4k+3DPm((u’ Ul)) = (), then 7((“7 Ui)(uv Ui-l—l)) =0, 0 ¢ S.

Note that the fiber K" 5 always has more than k + 1 edges colored with the same color.
Assume that M = {(wi,, Vm—1) Uiy, Vm—1), -+, (Wigy s, Vm—1)(Wis, 0> Um—1)} is the set of edges
colored with a’ € S. Now let recolor some edges. For any j(1 < j <k +1);

’Y((uléjfwUmfl)(uhjﬁvm*l)) =,
Y((wiyy V1) (Ui, vm)) = d’, Vs € {1,2,...,2k + 2},
7((““ Um—1>(uivvm)) = b7 vul € V(KZI?-;Z;) \ {uinuiz? XD ui2k+2}

To color the edges of K} 5, we will follow the coloring idea introduced in the proof of
[2](Proposition 5). Using the color-set S U {by, by, ...bax 11} U {b} and taking the vertex set
X = {wiy, Uiy, ooy iy }, Y = V(EKpm) \ (X U{usy,,, }) and one-element set {u,,, ,,} will let us
obtain coloring that induces 2 new palettes. Clearly, we can make the palette of the vertices
from the vertex set X equal to {a, as, as, ...asx13}, causing new palettes only on the vertices
from the vertex set Y and {u,, , }; hence §( Ky 30P,;,) < 4.

Now let us show that the palette index is at least 4. Suppose first that §( Ky 30F,,) = 3,
and let « be the corresponding coloring of Ky 30F,,. Denote by Py, P, and P; the palettes



K. Smbatyan 31

caused by a. Let V; = {z € V : S(x,a) = P;},i = 1,2,3. First, there is no color belonging
to all three palettes, otherwise this color would induce a perfect matching of Ky, 30PF,,,
which is impossible.

Case 1. |Py| = |Py| = n, |P3s| =n+ 1. Note that (P, U P,) \ Ps = (); otherwise there is a
color a € (P; U Py) \ Ps then the edges colored with a form a perfect matching of K,,, which
is impossible. It follows that P, N P, N Py # (), a contradiction.

Case 2. |Pi| = |P2] = n+ 1, |Ps] = n. Clearly, there is an edge e € E(Ky+30P,,,)
joining V; and V5. Assume that a(e) ¢ Pj, then the edges colored with a(e) will form a
perfect matching of K4;,10PF,,, which is a contradiction.

Suppose next that §(Ky30PF,,) = 2, the intersection of the induced palettes similarly
cannot be an empty set. Hence, §(Ky30F,) #2. A
Also, note that constructed coloring will induce at most 5 palettes for Kyxy50Ps,.1, the
single difference being that in this case we will color the fiber K" 5 using the coloring
constructed in the proof of [2](Theorem 7).

Corollary 2. If k>0 and m > 1, then
4 < 5(Kaprs0Pomi1) <5

Next results are about the palette index of windmill graphs.

{1,2,3,4,5}

(1.2,3,4,5)

{1,2,3,4,5}

{1,2,3,4,5}
{1.2,3,4.5}

1,2,3,4,56,7,8 910}

{6,7,8,9,10)

{6,7.8,9,10}

Fig. 1. Wd(2,6) graph coloring.

Proposition 2: Ifn, k> 2, then

s(Wd(n,k)) > n+1.
Proof.  Suppose that §(Wd(n,k)) = m (m < n+ 1). There is a proper edge coloring

of Wd(n, k) inducing m distinct palettes P;, ¢ = 1,2,...,m. Let V; be the set of all vertices
of K, with palette P; and let n; = |V;|, i = 1,2, ...,m. Without loss of generality, suppose
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that |V,,| = n, = 1 is a one-element set, say {u}. Assume that u is the shared vertex of
Wd(n, k). Clearly, > n; = |[V(Wd(n,k))| = n(k—1)+1. This implies that Ji(1 <i < m)
that n; > k. Indeed, if n; < k(1 <i < m), then it follows;

m m—1

Zni: an“f‘l <(m-1)k=-1)+1<nk—-1)+1=|V(Wd(n,k)),

which is impossible. Thus, 3j such that |V;| = n; > k. For any vertex of V; there is an edge
joining it with shared vertex w, and the number of such edges is equal to n;. On the other
hand, n; > |P;| = k — 1, which is a contradiction; therefore §(Wd(n,k)) >n+1. R

At the same time the upper bound of the palette index of windmill graphs depends on
the number of complete graphs.

Theorem 3: For any positive integers n, k > 2, we have §(Wd(n,2k)) =n+ 1.

Proof. = We only need to show the existence of a coloring v inducing n+ 1 palette. Denote
by u the shared vertex of Wd(n,2k). Note that Wd(n,2k) — u is a graph that consists of
n components, and every component is a complete graph with 2k — 1 vertices. For every
K51 complete graph exists coloring inducing 2k — 1 palettes, and at each vertex, exactly
one color is missing, which will be assigned to the edge joining that vertex and the shared
vertex u. Clearly, this coloring will induce exactly one palette on every odd component, and
as a result, we will construct coloring « that will induce n + 1 distinct palettes. W
Fig.1 shows the proper edge coloring « of the graph Wd(2,6) inducing 3 distinct palettes.
We will also give an upper bound for the palette index of Wd(n, k) for any k& odd number.

Corollary 3. For any positive integers k,n > 2, we have

on+1, ifk= 3 (mod 4),

s(Wd(n, k)) < { Sn+1, ifk=1 (mod 4) (3)

Proof.  Suppose that K; (1 < i < n) are the copies of the complete graph in Wd(n, k),
and wu is the shared universal vertex. Denote by Cy, Cy, ..., C, disjoint color-sets needed for
a proper edge coloring of a complete graph that induces a minimum number of distinct
palettes.

Case 1. k= 8 (mod 4). We will use the coloring described in the proof of [2](Proposition
5). Assume that Vi(1 <7 < n) q; is a proper edge coloring of K} with color-set C; inducing
3 distinct palettes. While constructing the «; coloring, the complete graph’s vertex set is
partitioned into three sets. Omne of these sets is a one-element set, which induces a new
unique palette. Taking {u} as that set for any partition of V(K})(1 < i < n) will let us
obtain coloring of Wd(n, k) that induces at most 2n + 1 distinct palettes.

Case 2. k=1 (mod 4). We will use the coloring described in the proof of [2](Theorem
7). Assume that Vi(1 <7 < n) q; is a proper edge coloring of K} with color-set C; inducing
4 distinct palettes. In this case, coloring «; also causes a new unique palette on the vertex
of one-element set. Similar to the previous case, taking {u} as that set for all partitions
of V(K}) (1 < i < n) will let us obtain coloring of Wd(n, k) that induces 3n + 1 distinct
palettes. W
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4. Conclusion

In the current article we examined the palette index of Cartesian products of graphs. Namely,
we determined the palette index of the Cartesian product of cycles and paths and constructed
colorings based on the length of the cycle, inducing a minimum number of palettes. Next,
we gave some results connected to the palette index of the Cartesian product of complete
graphs and paths. We also considered the problem of determining the palette index of
windmill graphs. In particular, we showed the existence of coloring «, such that the number
of palettes of Wd(n,2k) for any n,k > 2 induced by « is equal to n + 1. Moreover, we
determined the upper bounds for the windmill graphs in case when the number of vertices
of each complete graph is odd.
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(ipny wprympGhp qpupltiph nhjupujwl wpmwnpyuGph
wwihwmpwjh hGntpuh dwuhG

owshy U. UdpwwnjwG

Gplwlh ywhnwjuwl hwdwjuwpwl
e-mail: smbatyan1729@gmail.com

Udthnthnid

Spywd bt gpwdh a-8hpwnn YynqughG Gepymd, Se(v, «)-nd Gulwlynmd G v € V(G)
ququphG Yhg Ynntph pwqinmpilp: G 6hpw YnnuyhG Ghpdw6 ghwpmd hpuphg
nwppbp wwihnpwbtph GuqugniyG pwGwyp wijuwlind 6 G- h wwihnpwyhG hGnbpu
L Goulwymy $(G)-ny: Wd(n, k)-G snpnnpjwd gpued b, npp yunmgymd £ & > 2w n > 2
wndtipGiph hwdwp n» hwn K, pphy qpudbltinh vty pnhwlnp ququpnid shwynpdw
dhongny: Uju hnpjuonid dtlp Yuwlp ywihnpwjhl hGntpuh gGwhwwmwyb jphy gpubh by
wuwng dwliwwwnphh ghjupywl wpunwnpyuih hwdwnp: Uklp Guwlb gt Gp yuwihwnpwjhG
hGnbpuh YtiphG qGwhwwmwywGp Wd(n, k)-h hwiwp: UwuGuynpuwbu, gnyg b wpyby, np
Juwiwjwywl £ > 2 & n > 2 qnijq wdpnne pytph hwdwn $(Wd(n, 2k)) =n + 1:

Pwlwh pwntp’ UnnuyhG Ghpynud, dhpw YnnuyhG Gepynid, wwijhwpw, wwhwpwjh
hGntipu, Hajupunjwl wpmwnpjuy:

HekoTopHle pe3yAbTaTEL 00 UHAEKCE ITaAUTPHL AEKapTOBO
IIpou3BeAeHUe rpados

Xauuk C. CmbaTau

EpeBaHCKUil rOCyA@pPCTBEHHBIN YHUBEPCUTET
e-mail: smbatyan1729@gmail.com

AnHoTanuys

[Tpu mpaBUABHOM «a-pebepHOM pacKkpacke rpada (G MbI OIpEAeAsieM MaAUTPY
Sc(v,«) BepmmHBI v € V() Kak MHOXXECTBO BCeX I[BETOB, IOSBASIIOIIUXCS Ha
pebpax, cMexHBIX ¢ v WHAeKC maauTphl §(G) rpada G SABASETCS MUHUMAABHBIM
YUCAOM PA3AWYHBIX IIAAUTP, BCTPEYAIOIIMXCA IIPA BCEX IIPAaBUABHBIX pPeOepHBIX
packpackax (. B Teopuu rpagoB meabHuiia Wd(n,k)- 3T0 HEOpHUEHTHUPOBAHHLIN
rpad, MOCTPOEHHBIM AT kK > 2 U n < 2 NYyTEM NPEANPUITHU 71 KOIIMMU ITOAHBIX
rpadoB K; B OpHOU OOIel BepliMHe B 3TOM cTaTbe MBI A@EM OIIEHKY HHAEKCAa
IIAAUTPBI A€KApTOBOT'O IMPOM3BEACHUSA IIOAHBIX rpaoB M TIPOCTHIX IIyTer. Mbl
TaK)Ke pacCMaTpUBaeM 33apauy OIIpeAeAeHUsI MHAEKCA ITaAUTPHI rpapoB MeAabHUIL. B
YACTHOCTH, MBI IIOKA3bIBAeM, UTO AASL AIOOBIX ITOAOJKUTEABHBIX IIEABIX YHUCEA kK > 2 |’
n <2, §Wd(n,2k)) =n+1.

KaroueBele caoBa: peOepHasd pacKpacka, IIpaBUABbHAsA peOepHas, pacKpacka,
IIAAUTPA, UHAEKC IIAAUTPBI, AEKapPTOBO IIPOM3BEAEHNE, rpadd MEeABHUIIA.
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