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W e c o n s id e r e ve r ywh e r e d e ¯ n e d c o n s t r u c t ive fu n c t io n s ( c .f.) o n t h e c lo s e d u n it c o n s t r u c -
t ive in t e r va l. A s is we ll-kn o wn b y t h e fa m o u s Za s la vs ky-Ts e it in Th e o r e m s u c h a c .f. c a n b e
e ®e c t ive ly n o n u n ifo r m ly c o n t in u o u s . In t h is c a s e it c a n n o t b e e xt e n d e d t o a c la s s ic a l c o n t in -
u o u s fu n c t io n . In r e a lit y, in e ve r y kn o wn c o u n t e r -e xa m p le a s in g u la r it y c o u ld b e d is c o ve r e d
a lr e a d y o n t h e le ve l o f p s e u d o n u m b e r s . L e t u s r e c a ll t h a t a p s e u d o n u m b e r is a r e c u r s ive s e -
qu e n c e o f r a t io n a ls t h a t is a Ca u c h y s e qu e n c e c la s s ic a lly. P s e u d o n u m b e r s c a n b e c o n s id e r e d
a s Á0 ( ¢ 2 ) -c o m p u t a b le n u m b e r s a s we ll. L e t D b e t h e s e t o f a ll c o n s t r u c t ive r e a l n u m b e r s
( Ma r ko v's Co n t in u u m in t h e t it le ) , D1 t h e s e t o f a ll p s e u d o n u m b e r s . A c .f. f is s a id t o b e
1 -c o m p le t e if it c a n b e e xt e n d e d t o a c o m p u t a b le ( a n d s o c o n t in u o u s ) fu n c t io n o ve r D1.

T heor em 1 There is a 1-complete c.f. that is e®ectively nonuniformly continuous.

Th is r e s u lt is r a t h e r p r e c is e a s a c .f. c o n t in u o u s ly e xt e n d ib le t o Á00-c o m p u t a b le n u m b e r s is
u n ifo r m ly c o n t in u o u s c la s s ic a lly.

A s is we ll kn o wn e ve r y c .f. c a n b e c o m p u t e d o n D b y a K le e n e o p e r a t o r ( p a r t ia l-r e c u r s ive
o p e r a t o r ) . Th e fo llo win g r e s u lt t o g e t h e r wit h Th e o r e m 1 s h o ws t h a t t h e r e is a n e s s e n t ia l
d i®e r e n c e b e t we e n Ma r ko v's a n d K le e n e 's Co m p u t a b ilit y o ve r D1.

T heor em 2 A c.f. f is constructively uniformly continuous i® there is a 1-complete K leene
operator that computes f .
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