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1 Introduction

There is a considerable literature on the problems of distributed detection and decision
in engineering contexts [4, 5, 6]. The decentralized or distributed detection problem was
first formulated and studied by Tenney and Sandell [7]. It consists of N geographically
dispersed sensors, one-way communication links, and a fusion center. Each sensor makes
an observation (denoted by X;, i = 1, N) of a random source, quantizes X; into an M-ary
message U; = ¢;(X;), and then transmits U;, i = 1, N to the fusion center. Upon receipt
of Uy, Us, ...,Ux the fusion center makes a global decision Uy = D(Uy, Us, ..., Uy) about the
nature of the random source. The messages Uy, Us, ..., Uy are all transmitted to the fusion
center which declares hypothesis H;, i = 1, N to be true, based on a decision rule D.

Haroutunian [1] investigated the problem of LAO testing of multiple statistical hypothe-
ses. The model of the two-stage LAO testing in multiple hypotheses for a pair of families of
distributions is investigated in [2, 3]. In this paper the problem of parallel distributed detec-
tion of two-stage multiple hypotheses LAO testing to detect between hypotheses consisting
of the pair families of probability distributions (PDs) is studied.

Each sensor observation x takes values in the set X'. A deterministic M-ary quantizer is a
measurable mapping ¢ from the observation space X' to the message space Y = {1,2, ..., M }.
Random variable (RV) X characterizing the studied object takes values in the set X and
P(X) is the space of all distributions on X. The random source have S hypothetical prob-
ability distributions (PDs) of X that divided in two disjoint families of distributions. The
first family includes R hypotheses Pi, P, ..., Pp and the second family consists of S — R
hypotheses Pr.1, Pgryo, ..., Ps. The distribution of X under hypotheses H; is denoted by
P;, i =1, N. The distributions of the message produced by g are denoted by P4, and it is
obtainable from P, and g.

2 The One-stage LAO Multihypotheses Testing of Distributed Detection

We call the procedure of making decision on the base of N-sample the test ¢" when it is

one-stage. The statistician must detect one among S hypotheses. We study the proba-

bilities of the erroneous acceptance of hypothesis H, provided that Hy is true ays(¢™) =
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PN (Uy=1), l,s=1,8, | # s and if the hypothesis H, is true, but it is not accepted, then

the probability of error is ays(¢™) 2 PN (U #s) = iz ays(@V), s =1,5. Corresponding
“reliabilities”, are defined for infinite sequence of tests ¢ as follows:

) 1 _
Eys(9) = hmsup{—ﬁloga”s(qﬁN)}, l,s=1,8.

N—oo

For construction of the necessary LAO test for preliminarily given positive values
E1|1, ceey ES—1|S—17 we define:

R.2{Q: DQIPw) < Ba}. s=T5-1, Rs2{Q: D(Q|IPuy) > Euey s=T5-1}.

« O
sls —

1>

By, s=1,5-1, Ej, inf D(Q||Pyy), L,s=T,5, s#1, Eis= min

Q:D(Ql|Pyg))<Ey,
(1)

If all distributions P,, s = 1,5, are different such that the following inequalities hold

E1|1 < l@%D(PJ@)HPﬂ@), E5|5 < min l min El*|s7 l,m_,'i_?SD(Pl(g)HPS(g)) , §s=2,5-1,

1=1,s—1
2)
then there exists a LAO sequence of tests, all elements of the reliabilities matrix E* = { l*|8}
of which are positive and are defined in (1).
When one of the inequalities (2) is violated, then at least one element of the matrix E*
is equal to zero.

3 The Two-stage LAO Testing of Distributed Detection

Suppose N = N; + N, be such that Ny = [¢N]|, Ny = [(1—-¢)N], 0 <9 < 1, and
x = (x1,%3), x € XY, XN = XM x ¥M  And we have vectors of messages as u =
(u,u2), u e U”, UN =U™ x UN2. The two-stage test on the base of N-sample we denote
by ®V = (gofh,goé\b) is the parallel distributed detection system depicted in Figure 1. The
first stage is for choice of a family of PDs, it is executed by a non-randomized test ¢} (u;)
using messages sample u;. The next stage is a non-randomized test goéVQ(ug, U’) based on
messages sample u, and the outcome of the first fusion center U’.

First stage of two-stage testing of distributed detection is as follows:
Let us introduce two sets of indices D; = {1, R} and Dy = {R+ 1, S} and a pair of disjoint
families of PDs are Py = {Ps, s € D;} and Py = {Ps, s € Ds}.

Let a;|j(g0fh), 1 # j, 1,5 = 1,2, be the probability of the erroneous acceptance of the
i-th family of PDs provided that the j-th family of PDs is true (that is the correct PD is in
the j-th family)

ilj

ol () £ max PNYU = i), i #j, ij = 1,2
seDj;

We consider reliabilities of the infinite sequence of tests

1,2.

Y

A 1 .
Ejj;(p1) = lim sup {- v, log ol (i)}, ig
Theorem 1. If all distributions P,, s = 1,5, are different and the positive values E;Tl, 18
such that

Eyj; < min D(Pyg)l| Ps(g)),

s€D1, 1€D2
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another element of the reliabilities matriz ;TQ of which defined as follows:

/ . .
Eyjy < min inf - D(Q||Py(g))-
$€P2 Q:min D(Q||Py(y))<E
€D,
Sensors
Random source
1 _, h ™
gz —_— U,
o First fusion center (U}
G,y —_— “Nl
Gny+1 — Un.', "
Hpsa:
Second ; Griy+z —» Uy ¥
family  Hp,a: »| Second fusion center (U™)
n > Uy W,

Figure 1: The two-stage multiple hypotheses distributed detection system

Second stage of the two-stage testing of distributed detection is as follows:
The test @52 (uy, U’) can be defined by using the first fusion center U’ and the the second
messages sample uy. The probability of the fallacious acceptance at the second stage of test
of PD P,, when P, is correct and ¢-th family of PDs is accepted, is

aff(93?) £ PU" = 1IU" =), I #s, i=T2, 1 €D
The probability to reject P,, when it is true and ¢-th family of PDs is accepted, is

{9/|s(902 )éPsNQ(U”#‘ﬂU/_Z Zaﬂs 902 , s€D;, i =1,2.
l#s

Corresponding reliabilities for the second stage of test, are

. 1
El|8((102) é hmsup{ - E loga%s(@é\b)}a la §= 17 S.

No—o00

Theorem 2. If at the first stage of test the first family of PDs is accepted, then for given pos-
itive and finite values EY[,, s =1, R — 1 of the reliabilities matriz E"(p,), let us investigate
the regions:

RI={Q:D(QIl Pxy) < El}, s=TR—1, Rp={Q:D(Q| Py)>FEl, s=T,R-1},
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and the following values of elements of the future reliabilities matriz E"(p3}) of the LAO test
sequence:

"=F!, s=1,R—1, E= inf D(Q I Ps(g), l,s=1,R, 1 #s, ERlRémmEllR,

s|s s|s» |s ER” I#R
When the following compatibility conditions are valid

Eﬁl < SIB;LRD( s(9) || Pig)) s < min| min El|57 min_D(Pyy) || Pyy), 2<s< R-1,

8|
1=1,5—1 *5—&-1

then there exists a LAO sequence of test @3, elements of reliabilities matriz E' (%) of which
are defined above and are positive.

Even if one of the compatibility conditions is violated, then E"(p%) has at least one ele-
ment equal to zero.

If in the first stage of test, the second family of PDs is accepted, then for S — R — 1
given positive values EY ., s = R+ 1,5 — 1 of reliabilities matrix E”(¢}), the procedure is
analogous.

Reliabilities and error probabilities on the two-stage testing of distributed detection are in
coming;:

aff (@) 2PN (U =1), s =TS, I#s, af (@) 2PN (U #5) = afi(@"), s=T5

s|s

l#s
" (®) £ limsu {—ilo af (@M}, I,s=1,5
ls - N—>oop N g I|s y byo — L, 0.
So we can consider error probabilities as follows
(@) = P (U =) - P(U" = lU" =), I, s€Di i=1,2 (3)

affy(@) = PH(U" = j) - PRU"=UU"=j), s€Dy, 1€D;, i,j=12 i#j (4)
According to (3)—(4) and definition of reliabilities we obtain

El(®) = (1—)Er, L seD, i=1,2

l/|/;( ) 1/} j|s ( _1/}) l/|/:7 SGDia ZEDJ*, iaj:1727 17&]7
n(P) = min B (®7), seD;i=1,2

s|s [

We characterize the optimal error exponents in a pair of stages and we provide compatibility
conditions for this to happen and it is investigated description of characteristics of LAO
hypotheses testing of distributed detection and the goal is to make a decision on the many
possible hypotheses, based on the messages received at the fusion centers.
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