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Abstract

The notions of positive and strongly positive arithmetical sets are
defined as in [1]-[4] (see, for example, [2], p. 33). Itis proved (Theorem
1) that any arithmetical set is positive if and only if it can be defined by an
arithmetical formula containing only logical operations 3, &,v and the
elementary subformulas having the forms x = 0 or x = y + 1, where x
and y are variables.

Corollary: the logical description of the class of positive sets is
obtained from the logical description of the class of strongly positive sets
replacing the list of operations &,V by the list 3, &,V. It is proved (Theorem
2) that for any one-dimensional recursively enumerable set M there exists
6-dimensional strongly positive set H such that x € M holds if and only if
(1,2%,0,0,1,0) € H*, where H™ is the transitive closure of H.
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1. Introduction

In this article some simplified forms are considered for the representation of any positive

arithmetical set (see below, Theorem 1). The method used in [2] for the construction of a creative

set on the base of the transitive closure of some strongly positive set is generalized below, and it

is shown that similar method gives the possibility for obtaining any one-dimensional recursively

enumerable set on the base of the transitive closure of some strongly positive set (Theorem 2).
The formulations of Theorem 1 and its corollary are given (without proof) in [4].
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2. Main Notions and Definitions

By N we denote the set of all non-negative integers {0,1,2, ... }. By N", where n > 1, we denote
the set of all n-tuples (x4, x5, ..., x,,), where x; € N for 1 < i < n. The n-dimensional arithmetical
set, where n > 1 is defined as any subset of N™. The n-dimensional arithmetical predicate is
defined in the usual way as a predicate, which is true on some set A € N™ and false on the set
N™|A (cf. [5]-[6]).

The notions of general recursive function, partial recursive function and all the notions
connected with them are defined as in ([5]-[6]).

Signature is defined as usual, as any set of predicate symbols, functional symbols and symbols
of constants. The notion of arithmetical formula in a given signature is defined in the usual way
(see, for example, [2]); we will consider predicate formulas in the signature (0,=,S), where
S(x) =x+1 for x € N. The expressions S(5(...S(x) ...)) and S(S(...5(0)...)), where the
symbol S is repeated n times, we will shortly denote as $™(x) and S™(0) (cf.[2]).

The deductive arithmetical system in the signature (0,=,S) is defined as in [7]; it is proved
in [7] that this system is complete.

All auxiliary notions connected with the notions mentioned above are defined as in [2].

For the convenience of the reader, let us recall the definitions of positive and strongly
arithmetical set.

An arithmetical set is said to be positive if it can be defined by an arithmetical formula in the
signature (0, =, S) such that it contains no other symbols of logical operations besides 3, &,V, —
and has the following property: all the symbols — relate to the elementary subformulas containing
no more than one variable. An arithmetical set is said to be strongly positive if it can be defined
by an arithmetical formula in the signature (0, =, S) such that it contains no other logical operations
besides & and V relating to the formulas having one of the forms x = a, x =y, x = S(¥), = (x =
0), where x and y are variables and a is a constant.

The transitive closure of a set having an even dimension is defined in the usual way (see, for
example, [2], p.34).

3. Main Theorems

Theorem 1: Any arithmetical set is positive if and only if it can be defined by an arithmetical
formula, which contains only logical operations 3, &,V and such that all elementary subformulas
in it have the form x = 0 or x = S(y).

Proof. Let F be any arithmetical formula defining a positive arithmetical set. Any subformula of
F containing the negation — may be reduced to the form — (x = S™(0)) or (™ (x) = 0).
However, the formula — (x = 0) is equivalent to 3z(x = S(z)) and the formula — (x = $™(0))
when n > 0 is equivalent to the formula (x = 0) v (x = S(0)) v ...v (x = S""1(0)) v 3z(x =
Sn+1(z)).

The formula — (8™ (x) = 0) is equivalent to 3z(x = S(z)) when n = 0 and is equivalent to
x = x when n > 0. So, in all cases there exists a formula F;, which is equivalent to F and does
not contain the symbol —.

Any elementary subformula of F; may be reduced to the form (x = S™(y)), where x and y
are variables (or, may be, constants). But any formula having the form (x = S™*1(y)) may be
transformed into 3z(x = S™(2)&(z = S(y))). Using a similar transformation, we may reduce the
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formula x = S™(y) to the form in which all the elementary subformulas have the form u = 0 or
v = S(w), where u, v, w are variables. This completes the proof.

Corollary 1: The definition of a positive set is obtained when we replace the list of operations
&,V with the list 3, &,V in the definition of a strongly positive set. The proof is easily obtained from
the considerations given in the proof of Theorem 1.

Theorem 2: For any one-dimensional recursively enumerable set M there exists a 6-dimensional
strongly positive set H such that x € M takes place if and only if (1,2%,0,0,1,0) € H*, where
H* is the transitive closure of H.

Proof. Let M be any one-dimensional recursively enumerable set. Clearly, there exists a partial
recursive function f(x) such that f(x) = 0 when x € M and f(x) is undefined when x ¢ M. We
will use the notions of Q-algorithm (see [2], pp. 34-35) and TI',-algorithm (see [2], pp. 35-36)
defined in [2]. Below we will use the notion of I;,-algorithm only in the case when n = 2. Using
Theorem 3 in [2] (see [2], p. 35 and also [6], pp. 312-315) and [8], we conclude that there exists
an Q-algorithm @ such that it transforms the state (1,2%") into the state (0, 2), when x € M, and
is not applicable to the state (1,22") when x & M. Now, using Lemma 3.1, Lemma 3.2 in [2] (see
[2], pp. 36-37) we obtain that there exists a I';-algorithm vy such that it transforms the state
(1,2%,0) into the state (0, 1,0) when x € M and is not applicable to the state (1, 2%, 0) when x ¢
M. Let us consider the “step-describing set” (shortly, “SD-set”) H for the I',-algorithm ) (the
notion of SD-set for I',-algorithm is given in [2], p. 38). As it is proved in [2], the set H is strongly
positive (the proof is actually given in [2], pp. 37-38; see also [2], Lemma 3.3, p. 39). Now, if we
denote the transitive closure of H by H*, then it is easily seen that x € M takes place if and only
if (1,2%,0,0,1,0) € H*. This completes the proof.
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Nnqhwnjy b juhunn ynqhnhy pupwbuljut puqunipniuttph npny
hwwnlmpniuubph dwuht

U. Uwbnijjut
Udthnthnid

NMnghwnhy b jphunn ynqhnhy pyupwbwljut puqunipniuubph qunuthwpubpp
uwhdwiynid Eu unyt duiny, hywhu [1]-[4]-nud (ophtwly, huswtu [2]-nud, ke 33):

Uwuwgnigynid £ (@tnpkd 1), np gwijugwsd pupuwtuut puqunipnit
wynqhwnhy Euyt b vhwyt wyh nhypnid, Epp wytt vwhdwtynd £ wyiyhup pupubulut
pwbwdlh dhongny, npp wwpmibwlimd E dhwyb  3,&V npudwpubulub
gnpénnnipnibiubp b x = 0, x = y + 1y wkup niilignn mwppujub tipwpwiwdbitp:

Zhwnliwbp wnqhwhy puquUnipjniutbph nuuh npuduputulju
utjupugpnipniip  unnwgynid £ juhunn wnghwnhy pwqunipniuubph guuh
npudwpubwlub tjupugpnipniihg, tpp &,V mpudwpwbiwljui gnpénnnipjniutbnh
gniguljp thnppowphtynd E 3, &V gnigulny: Uyugnigynid L (@tnpkd 2), np kY
swthwth gmujugué M wunpunupd pupyth puqunipyut hwdwp gnynipiniu nith 6
swthwih juhunn ywnghwhy hty np H puqunipini, nph hwdwp wmbnh nith hbwnbjug
wnlsnipniip x € M wyt b dhwygt wyl nhwpmd, kpk (1,2%,0,0,1,0) € H*, npnkn H*
hpkuhg ubpyuyugtinid £ H puqunipjut npuiqghwnhy thulynudp:

O HEeKOTOPBIX CBOMCTBAX MO3UTHBHBIX M CTPOI0 MO3UTHBHBIX
apupmMeTH4eCKMX MHOXKECTB

C. ManyksaH
AHHOTaANUA

OnpeneneHusi TMOHSATUI TMO3UTUBHOIO U CTPOrO TMO3UTHUBHOIO apU(PMETHYECKOTO
MHOYECTBa JaroTcst Tak ke kak B [1]-[4] (cm., Hanpumep, [2], cTp.33). JokassiBactes (Teopema
1), uto moboe apruPMeTHIECKOE MHOXKECTBO ITO3UTUBHO B TOM, M TOJIKO B TOM CJTydae, KOT1a OHO
3amaercsa apudmeTudeckoi Hopmysoi, KOTopast COIEPKHUT TOJIBKO JIOTHUecKue onepanuu 3, &,V
U TOJILKO 3JIeMeHTapHbIe noadopmynsl Buga x = 0, x =y + 1.

CnenctBue: Jlormueckoe oInucaHue Kiacca IO3UTUBHBIX apUPMETHUECKUX (OopMyT
MOJTY4aeTCsl U3 JIOTMYECKOTO OMHMCAHUS Kjacca CTPOro MO3UTHBHBIX apumeTudeckux (hopmyl
MOCPEACTBOM 3aMEHBI CIHUCKA JIOTHYECKHX omepanuii &,V cmuckom 3,&,V. JlokaswiBaercs
(Teopema 2), uro mnst JrOOOTO OJHOMEPHOTO PEKYPCHBHO MEPEUUCIUMOr0 MHOXecTBa M
CYIIIECTBYET CTPOTO MO3UTUBHOE MHOXKECTBO H pa3MepHOCTH 6, Takoe, uTo X € M mMeeT MecTo B
TOM U TOJILKO B TOM cityyae, koraa (1,2%,0,0,1,0) € H*, rue HT ecTh TpaH3UTHBHOE 3aMbIKAHKE
MHOkecTBa H.



