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Abstract

Let Mod be a category whose objects are all possible pairs (A, U), where U is an
associative ring, A is a right U-module (not unitary in the general case) and the set of
morphisms of module (A, U) to module (B, V') consists of pairs of mappings (¢4, pv),
where ¢ 4 or @y, respectively, is a homomorphism of Abelian group A to Abelian group
B (ring U to ring V'), where (a - u)pa = a 4 -u oy, a € A, uw € U. This pair of
mappings is called a homomorphism of module (A, U) to module (B, V). It is proved
that strict radicals of Mod in the sense of Kurosh are described by means of systems of
strict radicals of the category of associative rings As and categories of right U-modules
Mod — U, U € As. It turned out that a wider classes of preradicals and radicals of
Mod can also be described by means of systems of preradicals and radicals of As and
Mod — U, U € As, respectively, which satisfy some conditions.

Keywords: Module, associative ring, Abelian group, category, radical, preradical,
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Let us consider the category Mod, whose objects are all possible pairs (A, U), where A
is a right U-module over an associative ring U, and the morphisms are pairs (¢4, py) of
homomorphisms satisfying the condition (a-u) pa =a pa- u @y, a € A, ue U [1].

Definition 1: We will say that a preradical v is defined in the Mod, if an ideal r(A,U)
matches to each module (A,U) € Mod such that r(A,U)(pa,ov) C r(B,V) for each
homomorphism (pa, pv) : (A, U) — (B, V) of Mod [2], [3].

In other words, the preradical r is a normal subfunctor of the identity functor Idy.q :
Mod — Mod. In each module (A,U) € Mod it singles out an ideal r(A, U) such that for
every homomorphism (pa, ) : (A,U) — (B, V) the diagram:

(A, U) — (B,V)
7 7
r(A,U) — r(B,V)

is commutative.
Assume that in the category Mod some preradical r is specified. Consider a full subcat-
egory Mod(As) of Mod whose objects are all modules of the form (0,U). Any ideals and
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any homomorphic images of objects from Mod(As) themselves lie in subcategory Mod(As),
and hence, the preradical r induces a completely determinate preradical R in subcategory
Mod(As). This means that a preradical r defines a completely determinate preradical R in
category As of associative ring and r(0,U) = (0, R(U)).

Lemma 1: Let r be any preradical in Mod, (A,U) be any module and r(A,U) = (A, U").
Then U = R(U), where R is a preradical in As induced of preradical v of Mod.

Proof. Since r is a preradical and (0, U) is a submodule of (A, U) then (0, R(U)) = r(0,U) C
r(A,U) = (A",U’). Hence R(U) C U’. But for homomorphism (0,1y) : (A4,U) — (0,U) we
have (A", U")(0,1y) = r(A,U)(0,1y) C r(0,U) = (0, R(U)), i.e., U C R(U). Lemma 1: is
proved.

Recall that the submodule (A’,U’) of (A,U) will be an ideal of (A,U) if and only if U’
is an ideal of the ring U and the inclusions A- U’ C A" and A"- U C A" are observed [1].

Assume r is any preradical of Mod, (A,U) is an any module and r(A,U) = (A", U").
Since (A’,U’) is an ideal of (A, U), then A" is a U-submodule of U-module A.

Now show that matching submodule A’ to each U-module A defines the preradical R, in
the category of right U-modules Mod — U.

Assume A and B are U-modules, ¢ : A — B is an U-homomorphism and r(A,U) =
(AU, r(B,U) = (B',U’), where U' = R(U) by Lemma 1:. We’ll show that A'p C B’
Indeed, since (¢, 1y) : (A,U) — (B,U) is a homomorphism in Mod, then (A", U")(p, 1y) =
r(A,U)(p,1y) € r(B,U) = (B',U’). Hence Ap C B’. Thus, for any U-module A, if
r(A,U) = (A, U’), matching of U-submodule R,(A) = A’ to each U-module A defines the
preradical R, in the category Mod — U. Thus, we have the following lemma.

Lemma 2: Fach preradical v of the category Mod induces a completely determinate pre-
radical R in As and preradicals Ry in the categories Mod — U (U € As) such that
r(A,U) = (Ry(A), R(U)) for any module (A,U) of the category Mod.

Let us consider the action of the ring homomorphism ¢ : U — V. Any right V-module B
becomes a right U-module if the action of the operators is defined as follows: aou = a(uyp),
we will say that the module B is converted into the U-module B, by withdrawal along ¢.

Assume R is any preradical of As and Ry (U € As) are preradicals of the categories
Mod — U. Consider the system of preradicals {R; Ry | U € As}.

Definition 2: The system of preradicals {R; Ry | U € As} will be called a matched system
of preradicals, if it satisfies the following conditions:

(P1) A-R(U) C Ry(A) for each U-module A

(P2) Ry(B,) € Ry(B)) for each V-module B and each homomorphism ¢ : U — V of rings,
where B, is the conversion of V-module B into an U-module by the withdrawal along

®.

Theorem 1: Assume that the preradical r is specified in Mod. Then in As it induces
the preradical R and in each category Mod — U (U € As) it induces preradicals Ry such
that the system of preradicals {R; Ry | U € As} is matched. Conversely, every matched
system of preradicals {R; Ry | U € As} specifies a completely determinate preradical v in
Mod such that r(A,U) = (Ry(A), R(U)) for each (A,U) € Mod. There ezists a one-to-one
correspondence between all the preradicals of Mod and all the matched systems of preradicals.
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Proof. Assume that r is a preradical of Mod. Then, by Lemma 2:, we have a com-
pletely determinate system of preradicals {R; Ry | U € As}. Since for each (A,U) € Mod,
r(A,U) = (Ru(A),R(U)) is an ideal of module (A,U), hence A-R(U) C Ry(A). Thus, the
condition (P1) is satisfied.

Assume that B is a V-module, ¢ : U — V is a homomorphism of rings, and B, is
the conversion of V-module B into an U-module by withdrawal along ¢. As the pair
(1,¢) : (B,,U) — (B,V) is a homomorphism in Mod, then (Ry(B,),R(U))(1,¢) =
(B, U)(L,¢) C7(B,V) = (Rv(B), R(V)).

Conversely, assume that we are given a matched system of preradicals {R; Ry | U € As}
and (A,U) € Mod. Since R(U) is an ideal of ring U, Ry(A) is a submodule of U-module A
and A- R(U) C Ry(A) by condition (P1), then the submodule (Ry(A), R(U)) is an ideal of
the module (A, U).

Let (p,v¢) : (A,U) — (B, V) be any homomorphism. It is clear that R(U)y C R(V).
On the other hand, it is easily seen that the homomorphism (¢, 1) = (¢,1) - (1,7), where
(p,1) : (A, U) — (By,U) and (1,v) : (By,U) — (B, V). Since Ry is a preradical in Mod—U
and (¢, 1) is an U-homomorphism, then Ry (A)p € Ry(By). And from the condition (P2)
it follows that Ry (By) C Ry(B). Hence Ry(A)p C Ry (B).

The third assertion of this theorem follows from the first two ones, since the expres-
sions given in the theorem above are mutually inversive. Thus, the proof of the theorem is
completed.

Remark 1 It is easy to verify [2] that if r is a preradical in Mod, then r(A, U) includes all
the r-submodules of the module (A, U) for each module (A, U). Also the class of r-radical
modules is enclosed under the operation of homomorphic images.

Definition 3: A preradical v of Mod is called a radical if r((A,U)/r(A,U)) = (0,0) for
each module (A,U) [4].

Similar to Lemmas 1: and 2:, one may prove the following lemma.

Lemma 3: Let r be a radical in Mod, (A,U) be some module and let r(A,U) = (A, U").
Then U = R(U), where R is the radical in As induced of the radical r of Mod.

Lemma 4: FEvery radical v of the category Mod induces a completely determinate radical R
in As and radicals R, in categories Mod — U (U € As) such that r(A,U) = (Ry(A), R(U))
for any module (A,U) of the category Mod.

Assume that R is a radical of As and Ry (U € As) are radicals of categories Mod — U.
Consider the system of radicals {R, Ry | U € As}.

Definition 4: The system of radicals {R,Ry | U € As} is called a matched system of
radicals if it satisfies the following conditions:

(P1) A- R(U) C Ry(A) for each U-module A

(P2) Ry(B,) C Ry(B)) for each V-module B and each homomorphism ¢ : U — V of rings,
where B, is the conversion of V-module B into an U-module by the withdrawal along

®.
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(P3) Ru/rw)(A) = Ry(Az)) for each U/R(U)-module A, where = : U — U/R(U) is a
natural epimorphism and A, is the conversion of U/R(U) module A into U-module by
withdrawal along .

Theorem 2: Assume that some radical v is specified in Mod. Then it induces the radical
R in As and radicals Ry in each category Mod — U, U € As such that the system of radicals
{R,Ry | U € As} is matched. Conversely, every matched system of radicals {R, Ry | U €
As} specifies a completely determinate radical v in Mod such that r(A,U) = (Ry(A), R(U))
for each (A,U) € Mod. There exists a one-to-one correspondence between all the radicals of
Mod and all the matched systems of radicals.

Proof. Assume that r is a radical in Mod and {R, Ry | U € As} is a completely determined
system of preradicals. Obviously, if r is a radical in Mod, R is a radical in As. Moreover,
(Rusmw) (A/ Ry (A)), ROU/R(U))) = r((A,U)/r(A, D)) = (0,0), ie. Ruymu(A/Ry(A)) = 0
for each (A,U) € Mod. Hence, as it follows from condition (P2) Ry(A/Ry(A)) = 0 for
every U-module A.

Let 7 : U — U/R(U) be a natural epimorphism and A an arbitrary U/R(U)-module.
Consider U-module A, in which a ou = a* (u + R(U)), a € A, u € U by definition.
Obviously, every submodule of U-module A, is a submodule of U/R(U)-module A. Since
Ao R(U) = 0, the reverse conversion, i.e. conversion to operation a * (u + R(U)) = a o u,
a € A, u € U also holds. Therefore U-module A, is transformed into a U/R(U)-
module A, and the submodules and factormodules of U-module A, are transformed into
submodules and factormodules of U/R(U)-module A. Consider a natural U-epimorphism
0 : A, — A, /Ry(A;). Obviously, for transfer to * operation the mapping 6 becomes
an U/R(U)-homomorphism. Thus, because Ry rw) is a preradical of Mod — U/RU we
have Ry pw)(A)0 € Ruy/rw)(Ar/Ru(Az)). On the other hand, as r is a radical of Mod,
then in view of assertion above Ry rw)(Ar/Ru(Az)) = 0. Hence Ry/rw)(A)f = 0,
ie. Ryrw)(A) € Ry(Ax) for each U/R(U)-module A. Therefore, by condition (P2)
Ry (Ar) € Ryyrw)(A) for each U/R(U)-module A.

Conversely, let (A,U) be a random module of Mod. Since R is a radical of As, then
r((A,U)/r(A,U)) = (Rurwy(A/Ry(A),0)). An application of condition (P3) to U/R(U)-
module A/Ry(A) yields Ry rw)(A/Ru(A)) = Ry(A/Ry(A)) = 0, as Ry is a radical of
Mod — U. The third assertion in this theorem follows from Theorem 1:. The theorem is
proved.

Definition 5: A preradical r of Mod is called idempotent, if r(r(A,U)) = r(A,U) for each
module (A, U).

Theorem 3: The matched system of preradicals {R; Ry | U € As} defines an idempotent
preradical of the category Mod if and only if all preradicals of that system are idempotent
and the condition

(P4) Ry (A) = Rrw)(4)
holds for each U-module A.
Proof. Assume that r is an idempotent preradical of Mod and {R; Ry | U € As} is the

corresponding matched system of preradicals. Because r(0,U) = (0, R(U)) for any (0,U) €
Mod(As) and r is idempotent, R will be also idempotent. Therefore, the idempotence of r
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means that (Ry(A), R(U)) = (Rrw) (Ru(A)), R(U)), i.e. Ry(A) = Rrw)(Ru(A) for each
module (A4, U) of Mod.

On the other hand, it follows from (P2) that Rpw)(Ru(A)) € Ry(Ry(A)). Hence
Ry(A) = Rrun(Ru(A)) € Ry(Ry(A)) € Ry(A), ie. Ry(Ry(A)) = Ry(A) for each U-
module A.

As we have already seen if r is idempotent, Ry (A) = Rrw)(Ry(A)) for each U-module
A. On the other hand for each U-module A, Ry (A) is a R(U)-submodule of R(U)-module
A, because Ry(A) - R(U) € A- R(U) € Ry(A) by condition (P1). Hence Rrw)(Ru(A)) C
Rpw)y(A). We obtain that Ry(A) € Rrw)(A). But in view of (P2) Rgw)(A) € Ry(A).
Hence Ry (A) = Rpw)(A) for each U-module A.

Conversely, assume that {R; Ry | U € As} is a matched system of idempotent preradicals
which satisfy the condition (P4) and (A, U) is a module of the category Mod. From (P4),
which is used for U-module Ry (A), it follows that Rg(Ry(A)) = Ry(Ru(A)) = Ry(A)
because Ry is an idempotent preradical in Mod-U. Thus, the proof of the theorem is
completed as R(R(U)) = R(U) for each U € As.

Definition 6: The radical v of the category Mod is called ideally hereditary if r(A',U’) =
r(A,U)N (A, U") for all ideals (A", U") of (A,U) € Mod [2], [5].

Remark 2 The radical Ry of the system {R; Ry | U € As} is a radical of the category of
Abelian group Ab. Since Ro(A)n C Ry(A) for every Abelian group A and every endomor-
phism 7 of A, the subgroup Ry(A) will be an U-submodule for each U-module A. Thus, it
is easy to prove that Ry is a radical in all the categories Mod — U (U € As). The system of
radicals {R; Ry | U € As}in which Ry = Ry for all U € As turns to a pair of {R; Rp}. As
in such systems the conditions (P2) and (P3) are executed automatically, then they will be
matched if they satisfy the only condition: A- R(U) C Ry(A) for each U-module A, i.e. the
only condition (P1).

Theorem 4: Assume that r is an ideally hereditary radical in Mod. Then in As it induces
an ideally hereditary radical R and in Ab it induces a torsion Ry, such that the pair { R, R}
of radicals is matched. Conversely, every matched pair of radicals {R, Rap}, where R is an
ideally hereditary radical in As and Rap is a torsion in Ab, specifies a completely determinate
ideally hereditary radical v in Mod whose radical class includes all modules (A,U) such that
U= RU) and A = Rap(A). There exists a one-to-one correspondence between all ideally
hereditary radicals of Mod and all such matched pairs.

Proof. Let r be an ideally hereditary radical in Mod and let {R; Ry |U € As} be its
matched system of radicals. We will prove that this matched system, which in particular,
satisfies the condition (P1) will be a pair of { R; Ry}, where R is an ideally hereditary radical
in As and Ry is a torsion in Ab.

Let U be an associative ring and A be any U-module. Consider the module (A, 0). It is
easy to prove that (A,0) is an ideal of module (A, U). Therefore, as r is an ideally hereditary
radical in Mod, (Ro(A),0) = r(A,0) = (A,00Nr(A,U) = (ANRy(A),0) = (Ry(A),0),
i.e. Ry(A) = Ry(A) for each U-module A, where U € As. Thus Ry = Ry for each U € As.

Now let U be an associative ring and V' be any ideal of U. It is obvious that the module
(0,V) is an ideal of the module (0,U). Therefore, as r is an ideally hereditary radical in
Mod, (0,R(V)) = r(0,V) = (0,V)(\r (0,0)) = (0,V A R(U)). Hence R(V) = VR(U),
i.e. R is an ideally hereditary radical in As.
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Similarly, considering the modules (A, 0), we can prove that Ry is a torsion in Ab.

Conversely, let the pair of radicals {R; Ro} satisfy the condition of the theorem. As this
pair satisfies condition (P1), it will be a matched system of radicals according to the remark
above. Therefore, the considered system will define a completely determinate radical r in
Mod.

Now show that r is an ideally hereditary radical. Let (A, U) be a module of Mod and
(B, V) be an ideal of (A,U). Since V is an ideal of the ring U, B is a subgroup of Abelian
group A, R is an ideally hereditary radical in As and R, is a torsion in Ab, R(V) = VN R(U)
and Ryo(B) = BN Ry(A). Thus r(B,V) = (Ry(B),R(V)) = (BNRy(A),VNRWU)) =
(B,V)Nr(A,U).

The third assertion of the theorem follows from the first two since the expressions given
there are mutually inverse.

Definition 7: The radical r in the sense of Kurosh [1] is called strict if r-radical v(A,U) of
any module (A,U) contains all r-submodules of (A,U).

Definition 8: The radical v of the category Mod is called strongly hereditary if r(Ay,U;) =
(A, U)N (A1, Ur) for all submodules (Ay,Uy) of (A,U) € Mod.

It is easy to prove that every strongly hereditary radical is a strict radical. In the same
way we may prove the following theorem.

Theorem 5: Assume that the strongly hereditary radical v is specified in Mod. Then in As
it induces a strongly hereditary radical R and in Ab it induces a torsion Ra, such that the
pair {R, Rap} of strongly hereditary radicals is matched. Conversely, every matched pair of
strongly hereditary radicals {R, Rap} specifies a completely determinate strongly hereditary
radical r in Mod whose radical class includes all modules (A, U) such that U = R(U) and A =
Ray(A). There exists a one-to-one correspondence between all strongly hereditary radicals of
Mod and all matched pairs of strongly hereditary radicals.
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rwunhuwGbpp L dhGsnwnhluwGtpp pninp onuijGtph ypw dnnniGtph
Juwwumbtignphwjnid

Q.. EuhG-Stpywl
Udthnthnid

SQGhunwpyynid £ pninp - onuiylGtph  Yypw  dnpmiGtph Mod YJuwbtignphwG: Ujn
Juwwbgnphwyh opjtywmGtpn pnnp wyGuhuh (A, U) qnuygbpG &G, npnbn U -G wunghwwunhy
onuwl bt L wlwwjydwb sk, np mGhGw vhwynp, huy A-G° we U -dnnpnip : CGnudhd,
(A,U) unnmihg nbwh (B,V) dnnmy dnpbhquGtiph puqinpymbp punyugwd b (pa, ou)
qniyqtinhg, nputn @4-6 wpbpwl A fudph hndndinpbhqd L nbyh B fumdp, ¢p-G6 U
onwyh hnindnpbhqd L nhwh V onuy L (a - w)pa = apa - upy, a € A, u € U:
Uptpwl hwdptph Ab JuwubtignphwlG L wunghwwnpy onuwylGtph As Juwwmbgnphwl Mod-
h 1nhy GGpwyuwwmbgnphwbbp GG, shGntn Mod — U JuwbtignphwG Shpuqwo U onuyp
Jypw we dnnpniGiph Ywuwbtgnphw6 E, npntn U -G guwlGiugwd wunghwwnhy onuwly
L' Mod-h tipwljumtignphw: Oquugnpotiing Mod Juwmtignphwjh pujuwntignphwGtpht
“nun ptpnbiph” Gipuwjugdwl htnhGuyh Ynnihg wnwowpyywd dhpnnp, hGwpuynp
nupdwy GQupwgpt]p wyn unbtgnphwjh pwnhfunGhpp b dhGpwnhyuGhpp: “Hpulp
(upugpyuwo Gl wunghwwnphy onuwlltph U  $hpujwd onwyh yYpw dnnnyGhph
nwnhlw)Gbph, hwiwwwwnwufuwlwpwp, dhGnunhywitph hwiwdwjitguo, wjuhlpl,
hwdwwwunwufuwl ywjdwaibiphG pujwpupnn hwiwupqbph oqlnipjwip:

PapuKaAbl M IPpeAPAAUKAALL B KATETOPUU
MOAYA€M Hap BCEMU KOABLLIAMU

I'. Omun-TepbsH (OMUH)

AnHoTanuys

PaccmaTrpuBaerca kareropusa Mod MopyAael Hap BceMHM KOAbIIaMU.  OOBEKTH
9TOM KaTeropuu - BceBo3MoskHBIe maphl (A,U), rae U - acconuaTUBHOE KOABIIO, He
00s13aTeAbHO ¢ epuHuned, A-npaBbiti U-MOAyAb. MHOKeCTBO MOP(PU3MOB MOAYAS
(A,U) B MoAyAB (B, V) cocrout u3 nap (va,pu), TAE @a - ToMoMOpdu3M abereBour
rpynnel A B abeaeBy rpynny B, a ¢y - romoMopdu3M Koablla U B KoaAbIlO V, mpudeM
(a-u)pa=aps-upy, a€A uel.

Kareropusi abeaeBbIX rpynmn Ab v KaTeropust aCCOIMaTUBHBIX KOAel] As SBASIOTCS
IIOAHBIMM MOAKATeropusaMu Kareropum Mod. AAs AFOOOTO aCCOIIMATUBHOTO KOABIIA
U kateropusi Mod — U mipaBBIX MOAYAEM Hap PUKCHUPOBAHHBIM KOABIIOM U gBASETCA
noApKaTeropuent kareropum M od.

C NoMOLIBIO IIPEAANOKEHHOI'O aBTOPOM MeETOAA ''TIOCAOMHOTO" IPEACTaBAEHUSA
HCCAEAYEMBIX MTOAKaTeropuii kareropuu Mod onrcaHbl paAUKaAbl U IPEAPAAUKAABI
9TOM KaTEeropuu. OHM omnmcaHbl C TIOMOIIBIO COTAQCOBAHHBIX, TO €CTbh,
YAOBAETBOPSIIOIINX HEKOTOPHIM YCAOBHUSM CUCTEM PAAUKAAOB, COOTBETCTBEHHO,
IIpeAPAAUKAAOB KaTeropui aCCOITUATUBHBIX KOAEI] U MOAYAeM Hap (PUKCUPOBAHHBIM
KOABITOM.



