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Abstract

We study the models of rumor spreading and invasion bond percolation aimed at
the revelation of possible connections between them. Rumor spreading model describes
the dissemination of a rumor due to the periodical repetition of sequential phone calls,
whereas the invasion bond percolation refers to the spread of liquid in the porous
environment. During a round of the rumor spreading, each node performs a call only
once, meanwhile transmitting all the information that it knows at the moment of the
call to its neighbors. The rumor reaches the receiver node during one round if there
is a chain of successive calls between the source of the rumor and that node. The
sequence of calls is taken uniformly at random from the set of all possible sequences
(permutations of nodes). We compare the propagation of the rumor spreading with
the invasion bond percolation in order to put forth necessary improvements of the
percolation rules to map one model onto another, and vice versa.

Keywords: Gossip problem, Information dissemination, Invasion percolation.

1. Introduction and Models

The spreading of rumors and invasion percolation are core problems in two different fields:
the theory of dissemination of information [1]-[17] and the theory of flow in a porous media
[18]-[23]. Both problems concern with the stochastic growth of clusters: the cluster of
informed individuals in the first case and the cluster of invaded sites in the second one.
Here, we consider two models typical for each problem and establish a link between them.
Among the variety of formulations of the first problem, we choose the random phone call
model [19] defined on the so called communication graph G(V, E) with the set of vertices V'
and the set of edges E. Vertices V denote the set of players, the edges E denote possible
connections between the players by phone calls. Whenever a connection is established, the
rumor can be transmitted from one player (if she holds the rumor) to another player (if she
does not hold the rumor yet). In [19], the authors considered the model where the players
communicate in parallel during communication rounds. It means that any information re-
ceived in a round cannot be forwarded to another player in the same round. The aim is to

spread all rumors from all players to others. The problem was to find an algorithm using
only O(In|V|) rounds and O(|E|Inln |E|) calls.
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In this paper, we concentrate on kinetics of the rumor propagation on the communication
graph G(V, E). To this end, we investigate the effect of sequential communications when a
rumor can be translated through a chain of random calls during one round. Correspondingly,
each round in our model is a finite time interval containing all possible connectionse; € F, 1 =
1,2,...,|E|, which happen exactly once at moments (i), where (i) = t(e;) is the moment
of connection e; in the current round. We assume that all moments ¢(i),7 = 1,2,...,|E| are
distinct and uniformly distributed between the beginning and the end of each round. The
effect of sequential communications leads to a specific pattern of the cluster growth, which is
similar to the invasion percolation. However, the rules of growth of the clusters of informed
players and invaded sites in the percolation problem are not completely identical.

Let v* € V be a fixed player who is the origin of the rumor and P = (p1,pa, ..., pjg|) is
a permutation of numbers (1,2,...,|E|) such that ¢(p1) < t(p2) < -+ < t(pjg) in the first
round. Denoting by e;; € E the edge connecting adjacent vertices z € V and 8 7 € V, we
define an ordered path between the vertices 7; € V and i, € V' as the sequence of connections
€irins Cinigs - - - » Cin_yin- Lhe path between i1 and 5 conducts the rumor if t(e;,4,) < t(€ipi) <
.-+ < t(ej,_,i, ). Given the permutation of calls P, we will say that the rumor started from
v* reaches player v € V' in the first round if there exists a conducting path between v* and
.

The subset V; C V of vertices reachable from v* during the first round represents the
set of players getting informed due to permutation of calls P. The quantity of interest is
the number of informed players |V;|p and its average taken over all permutations (|V;]) =
> p|Vi|lpProb|Vi|p. A conducting path between two arbitrary vertices is not necessarily self-
avoiding. Indeed, the path may contain one or more loops, which appear if both adjacent
vertices ¢ and j in connection e;; belonging to the path are already informed before the
moment ¢(e;;). We can coin such a connection as non-informative in contrast to a informative
connection that conducts the rumor. The exclusion of non-informative connections from all
conducting paths removes all possible loops. Then, the remaining informative connections
form a connected graph, which is a tree spanning the subset of informed players V; and is
rooted at v*. By definition, the first round is complete if all possible connections e; € E, 7 =
1,2,...,|E| happened exactly once. Alternatively, we can say that the round is complete
only if subset V; contains all possible vertices reachable from v* for the given permutation
P.

When the first round is over, the next rounds start consecutively with the same sequence
of connections t(i),i = 1,2,...,|E|. Players receiving the rumor in the first round can
serve as origins of the same rumor for the second round. As above, the rumor is spreading
along the conducting paths started at the boundary vertices of subset V;. (As usual, we call
a vertex v € V the boundary vertex of a subset V; C V if v € V; and at least one of the
nearest neighbors of v in graph G(V, E) does not belong to V;). The collection of informative
connections in the second round forms a graph, which is a forest with roots at the boundary
vertices of Vj. The forest spans the subset of players V, being informed during the second
complete round.

Continuing the process round by round, we obtain a sequence of subsets of players V;,i =
1,2,... characterized by the size |V;|p and the average size (|V;|) for each round and by the
average correlations between the rounds. The process is finished when all players V' become
informed with the rumor. The question is the average number of rounds needed for the total
spreading of the rumor.

The associated problem, invasion percolation, has many formulations as well [20]. We
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choose from them a popular version, namely, the invasion bond percolation model [21].
Similar to the first problem, we start with the graph G(V, E') with sets of vertices and edges
V and E. We assign random numbers p;; € [0,1] to each edge e;; € E. Invasion percolation
is a process of successive occupation of the vertices and edges of G(V, E). At the first step,
one occupies a randomly chosen vertex v* € V. Then, one considers all edges adjacent to
v* and occupies the edge with the smallest p;; together with the second vertex belonging to
it. At subsequent steps, one finds the empty edge with the smallest p;; connected to the
occupied vertices, and checks whether this edge connects two occupied vertices or not. In
the former case, the edge is called trapped since it is situated between two occupied vertices.
If the edge is not trapped, it becomes occupied together with the empty vertex it connects
with the occupied cluster. In this way, one constructs a graph of occupied edges and vertices
T C G(V, E), which is a tree spanning the cluster of occupied vertices at the given stage.

The described model was introduced by Barabasi [22] and called the invasion bond perco-
lation model with a local trapping rule to distinguish it from the ordinary invasion bond per-
colation where the trapped edges can be occupied as well as the non-trapped ones. Barabasi
proved that the trapping rule does not affect the scaling and dynamic properties of growing
clusters of occupied vertices and,therefore, the two models belong to the same universality
class. Moreover, the construction of tree 7' in the Barabasi’s model coincides with the Prim’s
algorithm for finding the shortest spanning tree of a weighted random graph [23]. In the
next section, we consider a modification of the Prim’s algorithm to map it into the model
of transmission of rumors. The subsequent sections will be devoted to the exact solutions
of the latter model for simplified graphs G(V, E) and the comparison of cluster growth in
models of transmission of rumors and the invasion bond percolation.

2. The Modified Model of Invasion Percolation

The main difference between the models of transmission of rumors and the invasion bond
percolation is the monotonic character of the invasion process, which is not subdivided into
finite time periods appearing in the propagation of rumors. The invasion process continues
permanently and stops when all vertices of graph G(V, E) become occupied. The propagation
of rumors is intermitted at the end of each complete round when all players reachable for
the given permutation of calls become informed. To eliminate the difference, we introduce a
modified model of invasion percolation (or a modified Prim’s algorithm).

As before, we begin with the graph G(V, E) and the set of random weights p(i, j) € [0, 1]
assigned to each edge e;; € E. Again, we choose a vertex v* € V and consider it as the
starting point of a growing cluster. The cluster grows by successive adding new occupied
edges. The occupation of edge e;; means the occupation of adjacent vertices 7 and j as well.
The addition process yields two restrictions:

(a) Each new edge we are going to occupy connects two vertices, one of which belongs
to the cluster and the other does not.

This rule guaranties that the growing cluster is a tree. Of two connected edges of the
tree, we call a predecessor the edge that is closer to the starting point. The other edge is the
SUCCESSOT.

(b) Each new occupied edge being a successor, has the weight larger than its predecessor.

The edges yielding both rules (a) and (b) are called eligible for the growth. The modified
model of invasion percolation is defined by the following steps. The first step is the occupation
of the starting vertex v*. Given a connected cluster of edges and vertices C(i) obtained after
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isteps,i=1,2,..., weselect the set of edges E(i) eligible for the growth (for edges adjacent
to the starting point, the rule (b) is omitted). Choose in the set E(i) the edge e;; with
minimal weight p(i, 7) and add it to the cluster of occupied edges and vertices. In this way,
we obtain the cluster C(i + 1).

If, after some number of steps 1, there are no edges eligible for growth, we fix the cluster
C'(i1) and start the next round of growth. To this end, we take the same set of random
weights p(i,j) € [0,1] and consider the boundary vertices of the set C(i) as the starting
points for the next round. The cluster of edges and vertices obtained after i-th step of
the second round is denoted by C(iy,i). For each step of the second round, we define the
set E(iy,1) of edges eligible for growth and choose among them the edge e;; with minimal
weight p(i, 7). The second round continues during a number of steps i until one is able to find
edges eligible for growth. The set of edges and vertices occupied during the second round is
C'(i1,12). The process proceeds round by round until the set of vertices in C'(iy, 42, . . ., tmax)
coincides with that in G(V, E).

We get a modified model of invasion bond percolation displaying an intermittence of the
invasion process. In order to get the correspondence between the introduced model and the
random call model, we restrict the length of each round in the latter model to the unit time
interval. Then, we can identify the moments of calls t(7),i = 1,2, ..., |E| with the random
numbers p;; € [0, 1] assigned to each edge e;; € E. The condition that all p;; are distinct is
not essential since p;; are continuous variables. The condition of completeness of each round
is identical for both models if one takes into account the ability of a cluster to grow during
the round.

3. The One-dimensional Lattice

In this section, we illustrate the considered models with a simplified example, where the
communication graph G(V, E) is a finite one-dimensional lattice. The set of vertices V' C Z
representing the players consists of L + 1 lattice points ¢ € V,i = 1,2,..., L + 1. The set
of edges E represents L connections e; € F between the neighboring vertices j and j + 1,
ji=12,...,L.

The origin of the rumor is the first player ¢ = 1, and ¢(j) = t(e;) are the moments of calls
used by the connections e;, 7 = 1,2, ..., L. The order of calls corresponds to the permutation
P = (p1,p2,...,pr) such that t(p1) < t(p2) < --- < t(pr). The rumor reaches the player
k1 4+ 1 during the first round and does not propagate further if

H1) < £(2) < ... < t(ky),t(ky) > t(ky + 1). (1)

Consider k; + 1 numbers t(1),£(2),...,t(ky + 1). Among (k; + 1)! permutations of these
numbers, only one is ordered as

tH(1) < £(2) < ... < t(k1) < t(ky + 1) 2)

with probability 1/(k; + 1)!. The order (2) can be broken and converted into (1) in k; ways
by replacing any of k; first numbers with ¢(k; 4+ 1). Therefore, the probability of order (1)
is k1 times greater than that of (2) and we get

K

Prob(k,) = CE5k

(3)
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The rumor reaches the player k; + 1 during the first round and the player ky + ko + 1
during the second round but does not propagate further if

1) < #(2) < - < t(kr): 1+ 1) <tk +2) < -+~ < t(k1 + ko)
but

To find the probability Prob(ki, ks2), one has to exclude Prob(k; + kz) from the product of
two probabilities 1/k;! and Prob(ks):
ko k1 + ko

b _ _ )
rob(ky, k2) kil(ke + )0 (ky 4+ ko + 1)!

The calculation of further probabilities Prob(ki, ks, ..., k,) is a direct application of the
inclusion-exclusion principle. For instance,

Prob(ky, ko, kz) = ks/(kilka! (1 + k3)!) — ks /((k1 + ko)! (1 4 k3)!) —
(ko 4 ks)/(kaV(1 + ko + k3)!) + (kv + ko + ks) /(1 + k1 + ko + k3)!

Knowing the probabilities Prob(ky, ks, ..., k;), we can calculate the expected values (k;) in
the limit L — oo:

(ki)=Y kiProb(ky, ks, ... k)
k1=1,....k;=1
The first several results are:
(k1) =e—1
<k2> = 62 — 2e

2
(k4) = _ge + 4e? — 4e3 +¢*

5¢  10e?  15¢€3

<k5>:ﬂ_ 3 +T—5€4+€5
the numerical values of which are:
(k1) = 1.718281828.. ..
(ko) = 1.952492442 . ..
(ks) = 1.995791369 . ..
(k4) = 2.000038850. ..
(ks) = 2.000057578 . ..
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One can expect that (k,) — 2 when n — oo. To prove this conjecture, it is sufficient to find
the generating function (see Appendix )

1—2x

R(z) =Y (kp)a™

m=1

T 1- rexp(l — )
and verify that
R(z) ~2/(1—2)+O(z —1)

in the vicinity of the point x = 1.

4. Conclusion

In our works [24]-[29], toppling of grains at nodes (graph vertices in Abelian sandpile model)
was interpreted as a transmission of the full information accumulated in a vertex, activated
at the moment, to all its neighbors (k-broadcast). Taking into account that activation of
vertices is performed according to a predefined random order, and a single time tact is
defined to be a discrete time interval (equal to the number of vertices) of activation of all
the vertices, it is necessary to estimate the average number of tacts required for the full
information exchange/transmission.

The exact formula for the average number of tacts for (n,n) lattices has not yet been
derived. Nevertheless, based on the required number of experimental data, statistical curves
of the main characteristics have been obtained, the study of which made it possible to set up
a hypothesis (research methods and results are not included in this paper) that the average
number of tacts is 0.25n.

Study of the models of rumor spreading and invasion bond percolation, aimed at the
revelation of possible connections between them, is performed. It is shown that the rumor
reaches the receiver node during one round if there is a chain of successive calls between the
source of the rumor and that node. Given that the sequence of calls is taken uniformly at ran-
dom from the set of all possible sequences, analytical properties of information dissemination
have been investigated.

The results obtained make it possible to improve the percolation rules aimed at mapping
one model onto another, and vice versa. Future work will be dedicated to the comparative
analysis between rumor spreading and invasion bond percolation models.

5. Appendix

We define a set of all partitions P({k1, ka, ..., k,}) of a set of n integers {ki, ks, ... k,} as a
set of the following 2"~ ! subsets

P({kl}) = {{kl}}
P({k1, ko}) = { {{ka}, {k2}}, {{k1, ko)) }

In general, recursively, if the set of m subsets of {ki,ko,...  k,} Siyi = 1,2,...,m, is a
partition

{Sl,SQ,... ,Sm} E]P({kl,kg,... ,kn}) (4)
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then

{Sl, SQ, o ,Sm, {kn+1}} c P({kl, kQ, o ,kn+1}) and
{51,59, ..., Sm_1,Sm U{kni1}} € P{k1, ko, ...  kni1}) (5

~—

are also partitions. Each of S;;i = 1,2,... ,m in (4) and (5) is a set of k integers S
{li,la, ..., 1}, where [; e N, i =1,2,... k. We denote |S| =k and ||S|| =1+l +---
l;. Then, (using the inclusion-exclusion principle), we obtain a sum over all elements o
]P({kl, kQ, cee g kn})

: (~1)+ ISl

PI’Ob(kl,kQ,... ,kn) = .
| ... | |
2o 2 TR el TRl + D

= +

Therefore, the average value of k,, is

o0

(k) = Y i i k,Prob(ks, ks, ... k)
ki1=1ko=1 kn=1

= > (=1)" sy s, - s, 6)

Mm=1{S51,52,...,Sm }EP({F #,... ,x})

where «,,,n > 0 is the n-fold sum

[e's} 00 0o ]
_zﬁzlbzl.”,;l(kﬁkﬁerkn)! (7)

To calculate (7) with n = 1,2,..., we introduce the generating function

The derivative of f,(z) can be expressed in the following way

k1+k2+~~~+kn

(k1+/€2+ —i—kn)!.

HM8
\\Mg

d fn(m) i i i pkitketth,—1
- e — 1)
dx = knzl (k1 +ky+---+Fk, — 1)
i f: f: f: Rkt
ki=1 ko=1 /‘u‘n11k‘n:0 k1+k2+ +k>
= fa(@) + faa(@). (8)
We multiply both sides of the recursive differential equation (8) by 2™ and take the sum over
n=2,3,... . Introducing the generating function of the sequence of functions f,(x):

= Z fn(l.)zna
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and taking into account that
o] kq
— r— = o
fl (.T) = Z k—ll =€ 1,
k=1
we obtain a differential equation for F(z,x):

OF(z,x)
Ox

with initial conditions F'(z,0) = 0. The solution of (9) is

=(z+1)F(z,x)+2

F(z,x) = ﬁ (e"=tD — 1),

which can be expanded over variables x and z:

00 00 k 0o 00
2(z+ 1)1, xkzn
F(z0) =) F=>) =>.
k=1 k! k=1 n=1 (n = D!k —n)lk n=1 k=n (n—1
Therefore,
1 o n-+k 1 T
fn(z) = * = e T,

(n—=D! = kli(n+k)  (n—1),
Thus, we obtain an exact expression for a,

(p—
which allows one to calculate the values of «,, for various n:

04126_17 042:1’ Q3 =
ap =322 a5 =1(3e—18), as= (30— 1le).

Using the fact that

1 = (=1
g_z(p!)’

p=0

we obtain an alternative representation of «,:

oo _1)p
Oénzez ( ) _6 ¢ —+ e — ...

s (p+n)! Tl (n+ ) (n+2)!

Note that

ie.,

37
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Therefore, the asymptotics of «, for large n is

e
ap, >~ —, n> 1.

n!’
Now, we can rewrite the expression (6) for (k,) in the following form

- i\ im10i)!
SPIPIR ST 0 o)} (CHAREE e

01=002=0 on=0 i=1
The corresponding generating function is
1+ )7 A
=13 = 30 3 (T ) (o e
01=002=0 i=1
To calculate R(x), we introduce another generating function

i S <H );l a;)” ) SE o S

01=002=0 i=1

which can be rewritten as

D(z,2) = H(Z ((—1)l+i§¢) z"ﬂﬁ"’)

The function D(z, z) is the series

where

_ ;<_1+e;g?;,> :
- e ()
- xi1+1ix§;((jli_11;j
- xf1(1+el—x)
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On the other hand, the function R(x) can be expressed by G(z):

Riw) = Z Gla)” = 1- 1G(JU) 1 i;ef_“f '

R(z) ~ 2 +O0(z—1)

1l—x
Therefore,
Jim () =2
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Pwdipwuwlph nwpwonudp L Ghippwthwlgnnuljub ybhpynjughw

UniptiG U. Mnnnujwl L Jwhwqb U. NnnnujwG

<< QUU hGpnpiwwmplugh b wmniwnwgiwl wpnptiGhph hGunhmnn
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Udthnthnid

Utilp nuntdGwuhpmd tGlp pwipwuwlph nmwpwodiwl b YnqujhlG Gipputhwignnuiyu i
whpynjughwtph dnpbGbpp Gupunuwl mGkGwn] pugwhwjjnt; ngpubg hwjululwi
Juwywonipnilpn: Awdpwuwlph nwpwodwl vnpbp Gwpwgpmd £ gpu nmwpwonuip
hwonpnuwywl hbtnwjunuwqubqbph wuwppbpwpwnp YpyGadtm wpnyyniGpnid, huy YnnuyhlG
(hppwthwlgnnuyul whpynpughwltnh dnnbp Yytpwpbpnd L owlynnybG showywjpnid
htnniyh nmwpwodwln: Pwipwuwlph wnwpwodwl dnpbymd vkl wnwlwh plpwgpmu
jmpupwilsjnp hwGgniyg Juumwpmd b dhwyl dhy quiq qulquhwpbn wwhhG hp
wmhpuwtinwd nn9 wmtntynpjnilp thnfuwlgbmy hwplwGGtphG: CenushG pwipwuwlpp
utly thnyh ppwgpmd hwulnd E unwgnnhG pudpwuwph wnpjnph b uwnwgnnh Shol
hwonpnuyul qubqtph 2npwjh wenljwjnmpjuwl nhypnid: Qwlqbtph hwonpnuwlwlnipni Gt
pGunpynd t pnmnp  hGupwynp  hwonppuwmpmGiiph  wpphg  hwjwuwpwsut
wuwunwhwlwlnpjuwl uyqpnilpny (hwlqnygliph mtnuhnfumpjnil): Utlp hwitdwwmnid
tlp pwipwuwlph wmwpwoliwl vnnpbp YnnujhlG Ghppwhwlgnnuyjub wbpynjwghwjh
htin”  UnnhGbph  thnfuwnupé  wpnwuyunytpniGiph hpuuiugiul  Guumnwyng
whtnyniughwjh JulnGGtph wihpwdtym pwpbjwynudltn wnwownpbint hwiwn:

Pwlwh pwnhp pwipwuwlph fulnhp, hGInpiwghwih wmwpwomd, Ynnuwjhb
(hppwthwlgnnuyul ywtpynughw:

PaCHpOCTpaHeHI/Ie CIIAN€TE€H U MHBA3UWUBHAS II€PKOASIINSA

Cypen C. llorocan u Baaru C. [Torocsan

WHucTuryT npobaeM nHMoOpMaTUKU U aBToMaTn3anuu HAH PA
e-mail: psurenb5Q@yandex.ru, povahagn@gmail.com

AnHoTanus

MBI n3y4yaeM MOAEAM PAaCIpPOCTPAHEHUS CIAeTeH U peOepHOM WHBA3UBHOU
IIEPKOASAIIUU C IeAbI0 OOHApy’KeHUS BO3MOJKHOU CBSI3U MEKAY HUMHU. Mopeab
PAacIIpOCTPAHEHUs CIIAETEH OIMCBHIBAET pPACIPOCTPAHEHUE KaK BCAEACTBUE W3-
3@ NEPUOANYECKOIO IOBTOPEHUS IIOCAEAOBATEABHBIX TeAe(OHHBIX 3BOHKOB, B TO
BpeMs KakK pebOepHas WHBA3WBHAA IIEPKOAAUS OTHOCHUTCSH K PACIPOCTPAHEHUIO
JKUAKOCTA B IIOPUCTOU CpPEAe€. Bo Bpems opHOrO payHAQ pPacIpoOCTPaHEHUs
CAYXOB KaXKABIM y3€A BBIIOAHSET BBI30B TOABKO OAMH pa3, IIPU 3TOM IlepepaBas
BCIO MH(OPMAIAIO, AOCTYIIHYIO B MOMEHT BBI30Ba, CBOUM cocepaM. ChnaeTHs
AOCTUTAET Yy3Aa-IIOAyYaTeAs] B TeYeHHe OAHOTO PAyHAA IIPUM HAAWYUM IENOYKU
IIOCAEAOBATEABHBIX BBI30BOB MEJKAY HMCTOYHUKOM CIAETHU U Y3AOM-TIOAyYaTeAEM.
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[TocaepOBaTEABHOCTh BBI3OBOB BBIOMPAETCSI PAaBHOMEPHO CAy4YalHBIM 00pa3oM U3
Habopa BCEX BO3MOJKHBIX IIOCAEAOBATEABHOCTEHN (IepeCcTaHOBOK Y3AO0B). Mzl
CPaBHUBAeM MOAEAB PACIIPOCTPAHEHUS CIIAeTEH C peOepHOM NHBA3UBHOM IIE€PKOASAIIUEN
C IIeABIO BBIABUJKEHUS HEOOXOAWMOM ONTUMU3AIUN IIPABUA IEPKOASAIUN  AAS
AOCTVKEHUSI OTOOpa>keHusI OAHOM MOAEAU Ha APYTYIO, U, HAOOOPOT.

KaroueBele caoOBa: npoOAaeMa CHAETHH, PacIpoCTpaHeHue WHGOPMAILH,
pebepHas UHBA3UBHAs IEPKOAIIINA.



