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Abstract

We study the models of rumor spreading and invasion bond percolation aimed at
the revelation of possible connections between them. Rumor spreading model describes
the dissemination of a rumor due to the periodical repetition of sequential phone calls,
whereas the invasion bond percolation refers to the spread of liquid in the porous
environment. During a round of the rumor spreading, each node performs a call only
once, meanwhile transmitting all the information that it knows at the moment of the
call to its neighbors. The rumor reaches the receiver node during one round if there
is a chain of successive calls between the source of the rumor and that node. The
sequence of calls is taken uniformly at random from the set of all possible sequences
(permutations of nodes). We compare the propagation of the rumor spreading with
the invasion bond percolation in order to put forth necessary improvements of the
percolation rules to map one model onto another, and vice versa.
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1 . In t r o d u c t io n a n d Mo d e ls

Th e s p r e a d in g o f r u m o r s a n d in va s io n p e r c o la t io n a r e c o r e p r o b le m s in t wo d i®e r e n t ¯ e ld s :
t h e t h e o r y o f d is s e m in a t io n o f in fo r m a t io n [1 ]{ [1 7 ] a n d t h e t h e o r y o f ° o w in a p o r o u s m e d ia
[1 8 ]{ [2 3 ]. B o t h p r o b le m s c o n c e r n wit h t h e s t o c h a s t ic g r o wt h o f c lu s t e r s : t h e c lu s t e r o f
in fo r m e d in d ivid u a ls in t h e ¯ r s t c a s e a n d t h e c lu s t e r o f in va d e d s it e s in t h e s e c o n d o n e .
H e r e , we c o n s id e r t wo m o d e ls t yp ic a l fo r e a c h p r o b le m a n d e s t a b lis h a lin k b e t we e n t h e m .

A m o n g t h e va r ie t y o f fo r m u la t io n s o f t h e ¯ r s t p r o b le m , we c h o o s e t h e r a n d o m p h o n e c a ll
m o d e l [1 9 ] d e ¯ n e d o n t h e s o c a lle d c o m m u n ic a t io n g r a p h G ( V; E ) wit h t h e s e t o f ve r t ic e s V
a n d t h e s e t o f e d g e s E. V e r t ic e s V d e n o t e t h e s e t o f p la ye r s , t h e e d g e s E d e n o t e p o s s ib le
c o n n e c t io n s b e t we e n t h e p la ye r s b y p h o n e c a lls . W h e n e ve r a c o n n e c t io n is e s t a b lis h e d , t h e
r u m o r c a n b e t r a n s m it t e d fr o m o n e p la ye r ( if s h e h o ld s t h e r u m o r ) t o a n o t h e r p la ye r ( if s h e
d o e s n o t h o ld t h e r u m o r ye t ) . In [1 9 ], t h e a u t h o r s c o n s id e r e d t h e m o d e l wh e r e t h e p la ye r s
c o m m u n ic a t e in parallel d u r in g c o m m u n ic a t io n r o u n d s . It m e a n s t h a t a n y in fo r m a t io n r e -
c e ive d in a r o u n d c a n n o t b e fo r wa r d e d t o a n o t h e r p la ye r in t h e s a m e r o u n d . Th e a im is t o
s p r e a d a ll r u m o r s fr o m a ll p la ye r s t o o t h e r s . Th e p r o b le m wa s t o ¯ n d a n a lg o r it h m u s in g
o n ly O ( ln jV j) r o u n d s a n d O ( jEj ln ln jEj ) c a lls .
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In t h is p a p e r , we c o n c e n t r a t e o n kin e t ic s o f t h e r u m o r p r o p a g a t io n o n t h e c o m m u n ic a t io n
g r a p h G ( V; E ) . To t h is e n d , we in ve s t ig a t e t h e e ®e c t o f sequential c o m m u n ic a t io n s wh e n a
r u m o r c a n b e t r a n s la t e d t h r o u g h a c h a in o f r a n d o m c a lls d u r in g o n e r o u n d . Co r r e s p o n d in g ly,
e a c h r o u n d in o u r m o d e l is a ¯ n it e t im e in t e r va l c o n t a in in g a ll p o s s ib le c o n n e c t io n s ei 2 E; i =
1 ; 2 ; : : : ; jEj, wh ic h h a p p e n e xa c t ly o n c e a t m o m e n t s t ( i) , wh e r e t( i ) ´ t( ei ) is t h e m o m e n t
o f c o n n e c t io n ei in t h e c u r r e n t r o u n d . W e a s s u m e t h a t a ll m o m e n t s t( i ) ; i = 1 ; 2 ; : : : ; jEj a r e
d is t in c t a n d u n ifo r m ly d is t r ib u t e d b e t we e n t h e b e g in n in g a n d t h e e n d o f e a c h r o u n d . Th e
e ®e c t o f s e qu e n t ia l c o m m u n ic a t io n s le a d s t o a s p e c i¯ c p a t t e r n o f t h e c lu s t e r g r o wt h , wh ic h is
s im ila r t o t h e in va s io n p e r c o la t io n . H o we ve r , t h e r u le s o f g r o wt h o f t h e c lu s t e r s o f in fo r m e d
p la ye r s a n d in va d e d s it e s in t h e p e r c o la t io n p r o b le m a r e n o t c o m p le t e ly id e n t ic a l.

L e t v¤ 2 V b e a ¯ xe d p la ye r wh o is t h e o r ig in o f t h e r u m o r a n d P = ( p1; p2; : : : ; pjEj ) is
a p e r m u t a t io n o f n u m b e r s ( 1 ; 2 ; : : : ; jEj ) s u c h t h a t t( p1 ) < t ( p2 ) < ¢ ¢ ¢ < t( pjEj ) in t h e ¯ r s t
r o u n d . D e n o t in g b y eij 2 E t h e e d g e c o n n e c t in g a d ja c e n t ve r t ic e s i 2 V a n d 8 j 2 V , we
d e ¯ n e a n o r d e r e d p a t h b e t we e n t h e ve r t ic e s i1 2 V a n d ik 2 V a s t h e s e qu e n c e o f c o n n e c t io n s
ei1i2; ei2i3 ; : : : ; eik¡1ik . Th e p a t h b e t we e n i1 a n d ik c o n d u c t s t h e r u m o r if t ( ei1i2 ) < t ( ei2i3 ) <
¢ ¢ ¢ < t( eik¡1ik ) . Give n t h e p e r m u t a t io n o f c a lls P , we will s a y t h a t t h e r u m o r s t a r t e d fr o m
v¤ r e a c h e s p la ye r v 2 V in t h e ¯ r s t r o u n d if t h e r e e xis t s a c o n d u c t in g p a t h b e t we e n v¤ a n d
v.

Th e s u b s e t V1 ½ V o f ve r t ic e s r e a c h a b le fr o m v¤ d u r in g t h e ¯ r s t r o u n d r e p r e s e n t s t h e
s e t o f p la ye r s g e t t in g in fo r m e d d u e t o p e r m u t a t io n o f c a lls P . Th e qu a n t it y o f in t e r e s t is
t h e n u m b e r o f in fo r m e d p la ye r s jV1jP a n d it s a ve r a g e t a ke n o ve r a ll p e r m u t a t io n s hjV1ji =P

P jV1jPProbjV1jP . A c o n d u c t in g p a t h b e t we e n t wo a r b it r a r y ve r t ic e s is n o t n e c e s s a r ily s e lf-
a vo id in g . In d e e d , t h e p a t h m a y c o n t a in o n e o r m o r e lo o p s , wh ic h a p p e a r if b o t h a d ja c e n t
ve r t ic e s i a n d j in c o n n e c t io n eij b e lo n g in g t o t h e p a t h a r e a lr e a d y in fo r m e d b e fo r e t h e
m o m e n t t( eij ) . W e c a n c o in s u c h a c o n n e c t io n a s non-informative in c o n t r a s t t o a informative
c o n n e c t io n t h a t c o n d u c t s t h e r u m o r . Th e e xc lu s io n o f n o n -in fo r m a t ive c o n n e c t io n s fr o m a ll
c o n d u c t in g p a t h s r e m o ve s a ll p o s s ib le lo o p s . Th e n , t h e r e m a in in g in fo r m a t ive c o n n e c t io n s
fo r m a c o n n e c t e d g r a p h , wh ic h is a t r e e s p a n n in g t h e s u b s e t o f in fo r m e d p la ye r s V1 a n d is
r o o t e d a t v¤. B y d e ¯ n it io n , t h e ¯ r s t r o u n d is c o m p le t e if a ll p o s s ib le c o n n e c t io n s ei 2 E; i =
1 ; 2 ; : : : ; jEj h a p p e n e d e xa c t ly o n c e . A lt e r n a t ive ly, we c a n s a y t h a t t h e r o u n d is c o m p le t e
o n ly if s u b s e t V1 c o n t a in s a ll p o s s ib le ve r t ic e s r e a c h a b le fr o m v¤ fo r t h e g ive n p e r m u t a t io n
P .

W h e n t h e ¯ r s t r o u n d is o ve r , t h e n e xt r o u n d s s t a r t c o n s e c u t ive ly wit h t h e s a m e s e qu e n c e
o f c o n n e c t io n s t ( i ) ; i = 1 ; 2 ; : : : ; jEj. P la ye r s r e c e ivin g t h e r u m o r in t h e ¯ r s t r o u n d c a n
s e r ve a s o r ig in s o f t h e s a m e r u m o r fo r t h e s e c o n d r o u n d . A s a b o ve , t h e r u m o r is s p r e a d in g
a lo n g t h e c o n d u c t in g p a t h s s t a r t e d a t t h e b o u n d a r y ve r t ic e s o f s u b s e t V1. ( A s u s u a l, we c a ll
a ve r t e x v 2 V t h e b o u n d a r y ve r t e x o f a s u b s e t V1 ½ V if v 2 V1 a n d a t le a s t o n e o f t h e
n e a r e s t n e ig h b o r s o f v in g r a p h G ( V; E ) d o e s n o t b e lo n g t o V1 ) . Th e c o lle c t io n o f in fo r m a t ive
c o n n e c t io n s in t h e s e c o n d r o u n d fo r m s a g r a p h , wh ic h is a fo r e s t wit h r o o t s a t t h e b o u n d a r y
ve r t ic e s o f V1. Th e fo r e s t s p a n s t h e s u b s e t o f p la ye r s V2 b e in g in fo r m e d d u r in g t h e s e c o n d
c o m p le t e r o u n d .

Co n t in u in g t h e p r o c e s s r o u n d b y r o u n d , we o b t a in a s e qu e n c e o f s u b s e t s o f p la ye r s Vi; i =
1 ; 2 ; : : : c h a r a c t e r iz e d b y t h e s iz e jVijP a n d t h e a ve r a g e s iz e hjViji fo r e a c h r o u n d a n d b y t h e
a ve r a g e c o r r e la t io n s b e t we e n t h e r o u n d s . Th e p r o c e s s is ¯ n is h e d wh e n a ll p la ye r s V b e c o m e
in fo r m e d wit h t h e r u m o r . Th e qu e s t io n is t h e a ve r a g e n u m b e r o f r o u n d s n e e d e d fo r t h e t o t a l
s p r e a d in g o f t h e r u m o r .

Th e a s s o c ia t e d p r o b le m , in va s io n p e r c o la t io n , h a s m a n y fo r m u la t io n s a s we ll [2 0 ]. W e
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c h o o s e fr o m t h e m a p o p u la r ve r s io n , n a m e ly, t h e in va s io n b o n d p e r c o la t io n m o d e l [2 1 ].
S im ila r t o t h e ¯ r s t p r o b le m , we s t a r t wit h t h e g r a p h G ( V; E ) wit h s e t s o f ve r t ic e s a n d e d g e s
V a n d E. W e a s s ig n r a n d o m n u m b e r s pij 2 [0 ; 1 ] t o e a c h e d g e eij 2 E. In va s io n p e r c o la t io n
is a p r o c e s s o f s u c c e s s ive o c c u p a t io n o f t h e ve r t ic e s a n d e d g e s o f G ( V; E ) . A t t h e ¯ r s t s t e p ,
o n e o c c u p ie s a r a n d o m ly c h o s e n ve r t e x v¤ 2 V . Th e n , o n e c o n s id e r s a ll e d g e s a d ja c e n t t o
v¤ a n d o c c u p ie s t h e e d g e wit h t h e s m a lle s t pij t o g e t h e r wit h t h e s e c o n d ve r t e x b e lo n g in g t o
it . A t s u b s e qu e n t s t e p s , o n e ¯ n d s t h e e m p t y e d g e wit h t h e s m a lle s t pij c o n n e c t e d t o t h e
o c c u p ie d ve r t ic e s , a n d c h e c ks wh e t h e r t h is e d g e c o n n e c t s t wo o c c u p ie d ve r t ic e s o r n o t . In
t h e fo r m e r c a s e , t h e e d g e is c a lle d trapped s in c e it is s it u a t e d b e t we e n t wo o c c u p ie d ve r t ic e s .
If t h e e d g e is n o t t r a p p e d , it b e c o m e s o c c u p ie d t o g e t h e r wit h t h e e m p t y ve r t e x it c o n n e c t s
wit h t h e o c c u p ie d c lu s t e r . In t h is wa y, o n e c o n s t r u c t s a g r a p h o f o c c u p ie d e d g e s a n d ve r t ic e s
T ½ G( V; E ) , wh ic h is a t r e e s p a n n in g t h e c lu s t e r o f o c c u p ie d ve r t ic e s a t t h e g ive n s t a g e .

Th e d e s c r ib e d m o d e l wa s in t r o d u c e d b y B a r a b a s i [2 2 ] a n d c a lle d t h e in va s io n b o n d p e r c o -
la t io n m o d e l wit h a lo c a l t r a p p in g r u le t o d is t in g u is h it fr o m t h e o r d in a r y in va s io n b o n d p e r -
c o la t io n wh e r e t h e t r a p p e d e d g e s c a n b e o c c u p ie d a s we ll a s t h e n o n -t r a p p e d o n e s . B a r a b a s i
p r o ve d t h a t t h e t r a p p in g r u le d o e s n o t a ®e c t t h e s c a lin g a n d d yn a m ic p r o p e r t ie s o f g r o win g
c lu s t e r s o f o c c u p ie d ve r t ic e s a n d ,t h e r e fo r e , t h e t wo m o d e ls b e lo n g t o t h e s a m e u n ive r s a lit y
c la s s . Mo r e o ve r , t h e c o n s t r u c t io n o f t r e e T in t h e B a r a b a s i's m o d e l c o in c id e s wit h t h e P r im 's
a lg o r it h m fo r ¯ n d in g t h e s h o r t e s t s p a n n in g t r e e o f a we ig h t e d r a n d o m g r a p h [2 3 ]. In t h e
n e xt s e c t io n , we c o n s id e r a m o d ī c a t io n o f t h e P r im 's a lg o r it h m t o m a p it in t o t h e m o d e l
o f t r a n s m is s io n o f r u m o r s . Th e s u b s e qu e n t s e c t io n s will b e d e vo t e d t o t h e e xa c t s o lu t io n s
o f t h e la t t e r m o d e l fo r s im p li¯ e d g r a p h s G ( V; E ) a n d t h e c o m p a r is o n o f c lu s t e r g r o wt h in
m o d e ls o f t r a n s m is s io n o f r u m o r s a n d t h e in va s io n b o n d p e r c o la t io n .

2 . Th e Mo d i¯ e d Mo d e l o f In va s io n P e r c o la t io n

Th e m a in d i®e r e n c e b e t we e n t h e m o d e ls o f t r a n s m is s io n o f r u m o r s a n d t h e in va s io n b o n d
p e r c o la t io n is t h e m o n o t o n ic c h a r a c t e r o f t h e in va s io n p r o c e s s , wh ic h is n o t s u b d ivid e d in t o
¯ n it e t im e p e r io d s a p p e a r in g in t h e p r o p a g a t io n o f r u m o r s . Th e in va s io n p r o c e s s c o n t in u e s
p e r m a n e n t ly a n d s t o p s wh e n a ll ve r t ic e s o f g r a p h G( V; E ) b e c o m e o c c u p ie d . Th e p r o p a g a t io n
o f r u m o r s is in t e r m it t e d a t t h e e n d o f e a c h c o m p le t e r o u n d wh e n a ll p la ye r s r e a c h a b le fo r
t h e g ive n p e r m u t a t io n o f c a lls b e c o m e in fo r m e d . To e lim in a t e t h e d i®e r e n c e , we in t r o d u c e a
m o d i¯ e d m o d e l o f in va s io n p e r c o la t io n ( o r a m o d ī e d P r im 's a lg o r it h m ) .

A s b e fo r e , we b e g in wit h t h e g r a p h G ( V; E ) a n d t h e s e t o f r a n d o m we ig h t s p ( i; j ) 2 [0 ; 1 ]
a s s ig n e d t o e a c h e d g e eij 2 E. A g a in , we c h o o s e a ve r t e x v¤ 2 V a n d c o n s id e r it a s t h e
s t a r t in g p o in t o f a g r o win g c lu s t e r . Th e c lu s t e r g r o ws b y s u c c e s s ive a d d in g n e w o c c u p ie d
e d g e s . Th e o c c u p a t io n o f e d g e eij m e a n s t h e o c c u p a t io n o f a d ja c e n t ve r t ic e s i a n d j a s we ll.
Th e a d d it io n p r o c e s s yie ld s t wo r e s t r ic t io n s :

( a ) E a c h n e w e d g e we a r e g o in g t o o c c u p y c o n n e c t s t wo ve r t ic e s , o n e o f wh ic h b e lo n g s
t o t h e c lu s t e r a n d t h e o t h e r d o e s n o t .

Th is r u le g u a r a n t ie s t h a t t h e g r o win g c lu s t e r is a t r e e . Of t wo c o n n e c t e d e d g e s o f t h e
t r e e , we c a ll a predecessor t h e e d g e t h a t is c lo s e r t o t h e s t a r t in g p o in t . Th e o t h e r e d g e is t h e
successor.

( b ) E a c h n e w o c c u p ie d e d g e b e in g a s u c c e s s o r , h a s t h e we ig h t la r g e r t h a n it s p r e d e c e s s o r .
Th e e d g e s yie ld in g b o t h r u le s ( a ) a n d ( b ) a r e c a lle d e lig ib le fo r t h e g r o wt h . Th e m o d i¯ e d

m o d e l o f in va s io n p e r c o la t io n is d e ¯ n e d b y t h e fo llo win g s t e p s . Th e ¯ r s t s t e p is t h e o c c u p a t io n
o f t h e s t a r t in g ve r t e x v¤. Give n a c o n n e c t e d c lu s t e r o f e d g e s a n d ve r t ic e s C ( i ) o b t a in e d a ft e r
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i s t e p s , i = 1 ; 2 ; : : : , we s e le c t t h e s e t o f e d g e s E ( i ) e lig ib le fo r t h e g r o wt h ( fo r e d g e s a d ja c e n t
t o t h e s t a r t in g p o in t , t h e r u le ( b ) is o m it t e d ) . Ch o o s e in t h e s e t E ( i ) t h e e d g e eij wit h
m in im a l we ig h t p ( i; j ) a n d a d d it t o t h e c lu s t e r o f o c c u p ie d e d g e s a n d ve r t ic e s . In t h is wa y,
we o b t a in t h e c lu s t e r C ( i + 1 ) .

If, a ft e r s o m e n u m b e r o f s t e p s i1, t h e r e a r e n o e d g e s e lig ib le fo r g r o wt h , we ¯ x t h e c lu s t e r
C ( i1 ) a n d s t a r t t h e n e xt r o u n d o f g r o wt h . To t h is e n d , we t a ke t h e s a m e s e t o f r a n d o m
we ig h t s p ( i; j ) 2 [0 ; 1 ] a n d c o n s id e r t h e b o u n d a r y ve r t ic e s o f t h e s e t C ( i1 ) a s t h e s t a r t in g
p o in t s fo r t h e n e xt r o u n d . Th e c lu s t e r o f e d g e s a n d ve r t ic e s o b t a in e d a ft e r i-t h s t e p o f
t h e s e c o n d r o u n d is d e n o t e d b y C ( i1; i ) . Fo r e a c h s t e p o f t h e s e c o n d r o u n d , we d e ¯ n e t h e
s e t E ( i1; i) o f e d g e s e lig ib le fo r g r o wt h a n d c h o o s e a m o n g t h e m t h e e d g e eij wit h m in im a l
we ig h t p( i; j ) . Th e s e c o n d r o u n d c o n t in u e s d u r in g a n u m b e r o f s t e p s i2 u n t il o n e is a b le t o ¯ n d
e d g e s e lig ib le fo r g r o wt h . Th e s e t o f e d g e s a n d ve r t ic e s o c c u p ie d d u r in g t h e s e c o n d r o u n d is
C ( i1; i2 ) . Th e p r o c e s s p r o c e e d s r o u n d b y r o u n d u n t il t h e s e t o f ve r t ic e s in C ( i1; i2; : : : ; imax )
c o in c id e s wit h t h a t in G( V;E ) .

W e g e t a m o d i¯ e d m o d e l o f in va s io n b o n d p e r c o la t io n d is p la yin g a n in t e r m it t e n c e o f t h e
in va s io n p r o c e s s . In o r d e r t o g e t t h e c o r r e s p o n d e n c e b e t we e n t h e in t r o d u c e d m o d e l a n d t h e
r a n d o m c a ll m o d e l, we r e s t r ic t t h e le n g t h o f e a c h r o u n d in t h e la t t e r m o d e l t o t h e u n it t im e
in t e r va l. Th e n , we c a n id e n t ify t h e m o m e n t s o f c a lls t ( i) ; i = 1 ; 2 ; : : : ; jEj wit h t h e r a n d o m
n u m b e r s pij 2 [0 ; 1 ] a s s ig n e d t o e a c h e d g e eij 2 E. Th e c o n d it io n t h a t a ll pij a r e d is t in c t is
n o t e s s e n t ia l s in c e pij a r e c o n t in u o u s va r ia b le s . Th e c o n d it io n o f c o m p le t e n e s s o f e a c h r o u n d
is id e n t ic a l fo r b o t h m o d e ls if o n e t a ke s in t o a c c o u n t t h e a b ilit y o f a c lu s t e r t o g r o w d u r in g
t h e r o u n d .

3 . Th e On e -d im e n s io n a l L a t t ic e

In t h is s e c t io n , we illu s t r a t e t h e c o n s id e r e d m o d e ls wit h a s im p lī e d e xa m p le , wh e r e t h e
c o m m u n ic a t io n g r a p h G( V;E ) is a ¯ n it e o n e -d im e n s io n a l la t t ic e . Th e s e t o f ve r t ic e s V ½ Z
r e p r e s e n t in g t h e p la ye r s c o n s is t s o f L + 1 la t t ic e p o in t s i 2 V; i = 1 ; 2 ; : : : ; L + 1 . Th e s e t
o f e d g e s E r e p r e s e n t s L c o n n e c t io n s ej 2 E b e t we e n t h e n e ig h b o r in g ve r t ic e s j a n d j + 1 ,
j = 1 ; 2 ; : : : ; L.

Th e o r ig in o f t h e r u m o r is t h e ¯ r s t p la ye r i = 1 , a n d t ( j ) ´ t ( ej ) a r e t h e m o m e n t s o f c a lls
u s e d b y t h e c o n n e c t io n s ej; j = 1 ; 2 ; : : : ; L. Th e o r d e r o f c a lls c o r r e s p o n d s t o t h e p e r m u t a t io n
P = ( p1; p2; : : : ; pL ) s u c h t h a t t( p1 ) < t( p2 ) < ¢ ¢ ¢ < t( pL ) . Th e r u m o r r e a c h e s t h e p la ye r
k1 + 1 d u r in g t h e ¯ r s t r o u n d a n d d o e s n o t p r o p a g a t e fu r t h e r if

t ( 1 ) < t( 2 ) < ::: < t ( k1 ) ; t ( k1 ) > t ( k1 + 1 ) : ( 1 )

Co n s id e r k1 + 1 n u m b e r s t ( 1 ) ; t ( 2 ) ; : : : ; t ( k1 + 1 ) . A m o n g ( k1 + 1 ) ! p e r m u t a t io n s o f t h e s e
n u m b e r s , o n ly o n e is o r d e r e d a s

t ( 1 ) < t( 2 ) < ::: < t ( k1 ) < t( k1 + 1 ) ( 2 )

wit h p r o b a b ilit y 1 =( k1 + 1 ) !. Th e o r d e r ( 2 ) c a n b e b r o ke n a n d c o n ve r t e d in t o ( 1 ) in k1 wa ys
b y r e p la c in g a n y o f k1 ¯ r s t n u m b e r s wit h t( k1 + 1 ) . Th e r e fo r e , t h e p r o b a b ilit y o f o r d e r ( 1 )
is k1 t im e s g r e a t e r t h a n t h a t o f ( 2 ) a n d we g e t

Prob ( k1 ) =
k1

( k1 + 1 ) !
: ( 3 )
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Th e r u m o r r e a c h e s t h e p la ye r k1 + 1 d u r in g t h e ¯ r s t r o u n d a n d t h e p la ye r k1 + k2 + 1
d u r in g t h e s e c o n d r o u n d b u t d o e s n o t p r o p a g a t e fu r t h e r if

t( 1 ) < t ( 2 ) < ¢ ¢ ¢ < t( k1 ) ; t( k1 + 1 ) < t( k1 + 2 ) < ¢ ¢ ¢ < t ( k1 + k2 )

b u t

t ( k1 ) > t( k1 + 1 ) ; t ( k1 + k2 ) > t( k1 + k2 + 1 )

To ¯ n d t h e p r o b a b ilit y Prob( k1; k2 ) , o n e h a s t o e xc lu d e Prob ( k1 + k2 ) fr o m t h e p r o d u c t o f
t wo p r o b a b ilit ie s 1 =k1! a n d Prob ( k2 ) :

Prob( k1; k2 ) =
k2

k1!( k2 + 1 ) !
¡ k1 + k2

( k1 + k2 + 1 ) !
:

Th e c a lc u la t io n o f fu r t h e r p r o b a b ilit ie s Prob ( k1; k2; : : : ; kn ) is a d ir e c t a p p lic a t io n o f t h e
in c lu s io n -e xc lu s io n p r in c ip le . Fo r in s t a n c e ,

Prob ( k1; k2; k3 ) = k3= ( k1!k2!( 1 + k3 ) !) ¡ k3=( ( k1 + k2 ) !( 1 + k3 ) !) ¡
( k2 + k3 ) = ( k1!( 1 + k2 + k3 ) !) + ( k1 + k2 + k3 ) =( 1 + k1 + k2 + k3 ) !

K n o win g t h e p r o b a b ilit ie s Prob( k1; k2; : : : ; ki ) , we c a n c a lc u la t e t h e e xp e c t e d va lu e s hkii in
t h e lim it L ! 1:

hkii =
1X

k1=1;:::;ki=1

kiProb ( k1; k2; : : : ; ki )

Th e ¯ r s t s e ve r a l r e s u lt s a r e :

hk1i = e ¡ 1

hk2i = e2 ¡ 2 e

hk3i =
3 e

2
¡ 3 e2 + e3

hk4i = ¡ 2 e

3
+ 4 e2 ¡ 4 e3 + e4

hk5i =
5 e

2 4
¡ 1 0 e2

3
+

1 5 e3

2
¡ 5 e4 + e5

t h e n u m e r ic a l va lu e s o f wh ic h a r e :

hk1i = 1 : 7 1 8 2 8 1 8 2 8 : : :

hk2i = 1 : 9 5 2 4 9 2 4 4 2 : : :

hk3i = 1 : 9 9 5 7 9 1 3 6 9 : : :

hk4i = 2 : 0 0 0 0 3 8 8 5 0 : : :

hk5i = 2 :0 0 0 0 5 7 5 7 8 : : :



Su. Poghosyan and V. Poghosyan 3 5

On e c a n e xp e c t t h a t hkni ! 2 wh e n n ! 1. To p r o ve t h is c o n je c t u r e , it is s u ± c ie n t t o ¯ n d
t h e g e n e r a t in g fu n c t io n ( s e e A p p e n d ix )

R( x ) =
1X

m=1

hkmixm =
1 ¡ x

1 ¡ x e xp ( 1 ¡ x)

a n d ve r ify t h a t

R ( x) » 2 =( 1 ¡ x) + O ( x ¡ 1 )

in t h e vic in it y o f t h e p o in t x = 1 .

4 . Co n c lu s io n

In o u r wo r ks [2 4 ]{ [2 9 ], t o p p lin g o f g r a in s a t n o d e s ( g r a p h ve r t ic e s in A b e lia n s a n d p ile m o d e l)
wa s in t e r p r e t e d a s a t r a n s m is s io n o f t h e fu ll in fo r m a t io n a c c u m u la t e d in a ve r t e x, a c t iva t e d
a t t h e m o m e n t , t o a ll it s n e ig h b o r s ( k-b r o a d c a s t ) . Ta kin g in t o a c c o u n t t h a t a c t iva t io n o f
ve r t ic e s is p e r fo r m e d a c c o r d in g t o a p r e d e ¯ n e d r a n d o m o r d e r , a n d a s in g le t im e t a c t is
d e ¯ n e d t o b e a d is c r e t e t im e in t e r va l ( e qu a l t o t h e n u m b e r o f ve r t ic e s ) o f a c t iva t io n o f a ll
t h e ve r t ic e s , it is n e c e s s a r y t o e s t im a t e t h e a ve r a g e n u m b e r o f t a c t s r e qu ir e d fo r t h e fu ll
in fo r m a t io n e xc h a n g e / t r a n s m is s io n .

Th e e xa c t fo r m u la fo r t h e a ve r a g e n u m b e r o f t a c t s fo r ( n; n) la t t ic e s h a s n o t ye t b e e n
d e r ive d . N e ve r t h e le s s , b a s e d o n t h e r e qu ir e d n u m b e r o f e xp e r im e n t a l d a t a , s t a t is t ic a l c u r ve s
o f t h e m a in c h a r a c t e r is t ic s h a ve b e e n o b t a in e d , t h e s t u d y o f wh ic h m a d e it p o s s ib le t o s e t u p
a h yp o t h e s is ( r e s e a r c h m e t h o d s a n d r e s u lt s a r e n o t in c lu d e d in t h is p a p e r ) t h a t t h e a ve r a g e
n u m b e r o f t a c t s is 0 : 2 5 n.

S t u d y o f t h e m o d e ls o f r u m o r s p r e a d in g a n d in va s io n b o n d p e r c o la t io n , a im e d a t t h e
r e ve la t io n o f p o s s ib le c o n n e c t io n s b e t we e n t h e m , is p e r fo r m e d . It is s h o wn t h a t t h e r u m o r
r e a c h e s t h e r e c e ive r n o d e d u r in g o n e r o u n d if t h e r e is a c h a in o f s u c c e s s ive c a lls b e t we e n t h e
s o u r c e o f t h e r u m o r a n d t h a t n o d e . Give n t h a t t h e s e qu e n c e o f c a lls is t a ke n u n ifo r m ly a t r a n -
d o m fr o m t h e s e t o f a ll p o s s ib le s e qu e n c e s , a n a lyt ic a l p r o p e r t ie s o f in fo r m a t io n d is s e m in a t io n
h a ve b e e n in ve s t ig a t e d .

Th e r e s u lt s o b t a in e d m a ke it p o s s ib le t o im p r o ve t h e p e r c o la t io n r u le s a im e d a t m a p p in g
o n e m o d e l o n t o a n o t h e r , a n d vic e ve r s a . Fu t u r e wo r k will b e d e d ic a t e d t o t h e c o m p a r a t ive
a n a lys is b e t we e n r u m o r s p r e a d in g a n d in va s io n b o n d p e r c o la t io n m o d e ls .

5 . A p p e n d ix

W e d e ¯ n e a s e t o f a ll p a r t it io n s P( fk1; k2; : : : ; kng) o f a s e t o f n in t e g e r s fk1; k2; : : : kng a s a
s e t o f t h e fo llo win g 2 n¡1 s u b s e t s

P( fk1g ) = ffk1gg

P ( fk1; k2g ) = f ffk1g; fk2gg; ffk1; k2gg g
In g e n e r a l, r e c u r s ive ly, if t h e s e t o f m s u b s e t s o f fk1; k2; : : : ; kng Si; i = 1 ; 2 ; : : : ; m, is a
p a r t it io n

fS1; S2; : : : ; Smg 2 P( fk1; k2; : : : ; kng ) ( 4 )
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t h e n

fS1; S2; : : : ; Sm; fkn+1gg 2 P( fk1; k2; : : : ; kn+1g ) a n d

fS1; S2; : : : ; Sm¡1; Sm [ fkn+1gg 2 P( fk1; k2; : : : ; kn+1g ) ( 5 )

a r e a ls o p a r t it io n s . E a c h o f Si; i = 1 ; 2 ; : : : ;m in ( 4 ) a n d ( 5 ) is a s e t o f k in t e g e r s S =
fl1; l2; : : : ; lkg, wh e r e li 2 N, i = 1 ; 2 ; : : : ; k. W e d e n o t e jSj = k a n d kSk = l1 + l2 + ¢ ¢ ¢ +
lk. Th e n , ( u s in g t h e in c lu s io n -e xc lu s io n p r in c ip le ) , we o b t a in a s u m o ve r a ll e le m e n t s o f
P( fk1; k2; : : : ; kng ) :

P r o b ( k1; k2; : : : ; k n ) =

nX

m =1

X

fS 1; S 2;::: ; S mg2P(fk1;k2;::: ;kng)

( ¡ 1 ) n +m

k S 1k! k S 2k! ¢ ¢ ¢ k S m ¡1k!
kS m k

( kS m k + 1 ) !
:

Th e r e fo r e , t h e a ve r a g e va lu e o f kn is

hkni =
1X

k1=1

1X

k2=1

: : :
1X

kn=1

kn P r o b ( k1; k2; : : : ; k n )

=
nX

m=1

X

fS1;S2;::: ;Smg2P(f1;2;::: ;ng)
( ¡ 1 ) n+m®jS1j®jS2j ¢ ¢ ¢®jSmj; ( 6 )

wh e r e ®n; n > 0 is t h e n-fo ld s u m

®n =
1X

k1=1

1X

k2=1

¢ ¢ ¢
1X

kn=1

1

( k1 + k2 + ¢ ¢ ¢ + kn ) !
( 7 )

To c a lc u la t e ( 7 ) wit h n = 1 ; 2 ; : : : , we in t r o d u c e t h e g e n e r a t in g fu n c t io n

fn ( x ) =

1X

k1=1

1X

k2=1

¢ ¢ ¢
1X

kn=1

xk1+k2+¢¢¢+kn

( k1 + k2 + ¢ ¢ ¢ + kn ) !
:

Th e d e r iva t ive o f fn ( x) c a n b e e xp r e s s e d in t h e fo llo win g wa y

d fn ( x )

dx
=

1X

k1=1

1X

k2=1

¢ ¢ ¢
1X

kn=1

xk1+k2+¢¢¢+kn¡1

( k1 + k2 + ¢ ¢ ¢ + kn ¡ 1 ) !

=

1X

k1=1

1X

k2=1

¢ ¢ ¢
1X

kn¡1=1

1X

kn=0

xk1+k2+¢¢¢+kn

( k1 + k2 + ¢ ¢ ¢ + kn ) !

= fn ( x ) + fn¡1 ( x ) : ( 8 )

W e m u lt ip ly b o t h s id e s o f t h e r e c u r s ive d i®e r e n t ia l e qu a t io n ( 8 ) b y zn a n d t a ke t h e s u m o ve r
n = 2 ; 3 ; : : : . In t r o d u c in g t h e g e n e r a t in g fu n c t io n o f t h e s e qu e n c e o f fu n c t io n s fn ( x ) :

F ( z; x ) =
1X

n=1

fn ( x ) zn;
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a n d t a kin g in t o a c c o u n t t h a t

f1 ( x ) ´
1X

k1=1

xk1

k1!
= ex ¡ 1 ;

we o b t a in a d i®e r e n t ia l e qu a t io n fo r F ( z; x ) :

@F ( z; x )

@x
= ( z + 1 ) F ( z; x) + z ( 9 )

wit h in it ia l c o n d it io n s F ( z; 0 ) = 0 . Th e s o lu t io n o f ( 9 ) is

F ( z; x) =
z

z + 1

¡
ex(z+1) ¡ 1

¢
;

wh ic h c a n b e e xp a n d e d o ve r va r ia b le s x a n d z:

F ( z; x) =

1X

k=1

z ( z + 1 ) k¡1

k!
xk =

1X

k=1

kX

n=1

xkzn

( n ¡ 1 ) !( k ¡ n) !k
=

1X

n=1

1X

k=n

xkzn

( n ¡ 1 ) !( k ¡ n ) !k
:

Th e r e fo r e ,

fn ( x) =
1

( n ¡ 1 ) !

1X

k=0

xn+k

k!( n + k )
=

1

( n ¡ 1 ) !

x

0

¿n¡1e¿ ¿:

Th u s , we o b t a in a n e xa c t e xp r e s s io n fo r ®n

®n = fn ( 1 ) = ( ¡1 ) n + e
nX

p=1

( ¡ 1 ) n+p

( p ¡ 1 ) !
;

wh ic h a llo ws o n e t o c a lc u la t e t h e va lu e s o f ®n fo r va r io u s n:

®1 = e¡ 1 ; ®2 = 1 ; ®3 = 1
2
( e ¡ 2 ) ;

®4 = 3¡e
3

; ®5 = 1
8
( 3 e¡ 8 ) ; ®6 = 1

30
( 3 0 ¡ 1 1 e) :

U s in g t h e fa c t t h a t

1

e
=

1X

p=0

( ¡ 1 ) p

p!
;

we o b t a in a n a lt e r n a t ive r e p r e s e n t a t io n o f ®n:

®n = e
1X

p=0

( ¡ 1 ) p

( p + n) !
=

e

n!
¡ e

( n + 1 ) !
+

e

( n + 2 ) !
¡ ¢ ¢ ¢ :

N o t e t h a t
e

n!
¡ e

( n + 1 ) !
< ®n <

e

n!
;

i.e .,
n

n + 1

e

n!
< ®n <

e

n!
:
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Th e r e fo r e , t h e a s ym p t o t ic s o f ®n fo r la r g e n is

®n ' e

n!
; n À 1 :

N o w, we c a n r e wr it e t h e e xp r e s s io n ( 6 ) fo r hkni in t h e fo llo win g fo r m

hkni =
1X

¾1=0

1X

¾2=0

¢ ¢ ¢
1X

¾n=0

±

Ã
nX

i=1

i¾i; n

!
nY

i=1

¡
( ¡ 1 ) 1+i®i

¢¾i (
Pn

i=1 ¾i ) !

¾1! ¾2! ¢ ¢ ¢ ¾n!
:

Th e c o r r e s p o n d in g g e n e r a t in g fu n c t io n is

R ( x) = 1 +
1X

n=1

hknixn =
1X

¾1=0

1X

¾2=0

¢ ¢ ¢
Ã 1Y

i=1

( ( ¡ 1 ) 1+i®i )
¾i

¾i!

! Ã 1X

i=1

¾i

!
! x
P 1

i=1 i¾i:

To c a lc u la t e R( x ) , we in t r o d u c e a n o t h e r g e n e r a t in g fu n c t io n

D ( x; z ) =

1X

¾1=0

1X

¾2=0

¢ ¢ ¢
Ã 1Y

i=1

( ( ¡ 1 ) 1+i®i )
¾i

¾i!

!
z
P 1

i=1 ¾i x
P 1

i=1 i¾i ;

wh ic h c a n b e r e wr it t e n a s

D ( x; z ) =
1Y

i=1

Ã 1X

¾=0

( ( ¡1 ) 1+i®i )
¾
z¾xi¾

¾!

!

=
1Y

i=1

e xp
©
( ¡ 1 ) 1+i®ix

iz
ª

= e xp

(
z

1X

i=1

( ¡ 1 ) 1+i®ix
i

)

Th e fu n c t io n D ( x; z ) is t h e s e r ie s

D ( x; z ) =
1X

p=0

G ( x) p

p!
zp;

wh e r e

G( x ) =

1X

i=1

( ¡1 ) 1+i®ix
i

=
1X

i=1

Ã
¡ 1 + e

iX

j=1

( ¡ 1 ) j¡1

( j ¡ 1 ) !

!
xi

=
x

x ¡ 1
+ e

1X

j=1

Ã
( ¡ 1 ) j¡1

( j ¡ 1 ) !

1X

i=j

xi

!

=
x

x ¡ 1
+

e

1 ¡ x

1X

j=1

( ¡ 1 ) j¡1xj

( j ¡ 1 ) !

=
x

x ¡ 1

¡
1 + e1¡x

¢
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On t h e o t h e r h a n d , t h e fu n c t io n R ( x) c a n b e e xp r e s s e d b y G( x ) :

R ( x ) =

1X

p=0

G( x ) p =
1

1 ¡G ( x)
=

1 ¡ x

1 ¡ xe1¡x
:

R ( x ) ' 2

1 ¡ x
+ O ( x¡ 1 )

Th e r e fo r e ,

lim
n!1

hkni = 2 :
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Àííîòàöèÿ

Ìû èçó÷àåì ìîäåëè ðàñïðîñòðàíåíèÿ ñïëåòåí è ðåáåðíîé èíâàçèâíîé
ïåðêîëÿöèè ñ öåëüþ îáíàðóæåíèÿ âîçìîæíîé ñâÿçè ìåæäó íèìè. Ìîäåëü
ðàñïðîñòðàíåíèÿ ñïëåòåí îïèñûâàåò ðàñïðîñòðàíåíèå êàê âñëåäñòâèå èç-
çà ïåðèîäè÷åñêîãî ïîâòîðåíèÿ ïîñëåäîâàòåëüíûõ òåëåôîííûõ çâîíêîâ, â òî
âðåìÿ êàê ðåáåðíàÿ èíâàçèâíàÿ ïåðêîëÿöèÿ îòíîñèòñÿ ê ðàñïðîñòðàíåíèþ
æèäêîñòè â ïîðèñòîé ñðåäå. Âî âðåìÿ îäíîãî ðàóíäà ðàñïðîñòðàíåíèÿ
ñëóõîâ êàæäûé óçåë âûïîëíÿåò âûçîâ òîëüêî îäèí ðàç, ïðè ýòîì ïåðåäàâàÿ
âñþ èíôîðìàöèþ, äîñòóïíóþ â ìîìåíò âûçîâà, ñâîèì ñîñåäÿì. Ñïëåòíÿ
äîñòèãàåò óçëà-ïîëó÷àòåëÿ â òå÷åíèå îäíîãî ðàóíäà ïðè íàëè÷èè öåïî÷êè
ïîñëåäîâàòåëüíûõ âûçîâîâ ìåæäó èñòî÷íèêîì ñïëåòíè è óçëîì-ïîëó÷àòåëåì.
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Ïîñëåäîâàòåëüíîñòü âûçîâîâ âûáèðàåòñÿ ðàâíîìåðíî ñëó÷àéíûì îáðàçîì èç
íàáîðà âñåõ âîçìîæíûõ ïîñëåäîâàòåëüíîñòåé (ïåðåñòàíîâîê óçëîâ). Ìû
ñðàâíèâàåì ìîäåëü ðàñïðîñòðàíåíèÿ ñïëåòåí ñ ðåáåðíîé èíâàçèâíîé ïåðêîëÿöèåé
ñ öåëüþ âûäâèæåíèÿ íåîáõîäèìîé îïòèìèçàöèè ïðàâèë ïåðêîëÿöèè äëÿ
äîñòèæåíèÿ îòîáðàæåíèÿ îäíîé ìîäåëè íà äðóãóþ, è, íàîáîðîò.

Êëþ÷åâûå ñëîâà: ïðîáëåìà ñïëåòíè, ðàñïðîñòðàíåíèå èíôîðìàöèè,
ðåáåðíàÿ èíâàçèâíàÿ ïåðêîëÿöèÿ.


