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Abstract

In the present paper new bounds for increase of the growth rate of stock market
(when an erroneous probability distribution is used) are obtained applying the matrix
of reliabilities of optimal tests.
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1. Introduction

The model of stock market considered in this paper is presented in [1], where the bound
for the increase of the growth rate of stock market in case of continuous distributions is
constructed. This model and the corresponding optimal portfolio problems were deeply in-
vestigated in [1] — [8].

The application of results on the hypothesis of logarithmically asymptotically optimal
(LAO) testing ([9] — [13]) in portfolio theory is introduced in [11], where using error prob-
abilities and raliabilities, new, more exact bounds are found for the increase of the growth
rate of stock market. Using the existence theorem of LAO test [10] bounds obtained in [11]
are refined in the present paper.

We study a stock market with K(> 1) stocks defined by a random vector X =
(X1, Xo,..., Xk), Xx > 0, k = 1, K, where the price relatives (the ratio of the price at
the end of the day to the price at the beginning of the day) X, k = 1, K, are independent
random variables (RVs) with unknown probability distributions (PDs) defined on the finite
set X.

We assume that M distinct PDs G,,, m = 1, M, are given on X which are possi-
ble PDs for RVs Xj, k = 1,K. If the right PD of the RV X} is G, k = 1, K, then

-----

x = (1,79, ...,7x) € XK.
Portfolio vector b = (b1, ba,...,bk), by > 0, k = 1, K, > by = 1, is an allocation of the
wealth across the stocks, where by, is the fraction of one’s wealth invested in stock & [1].
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When an investor uses a portfolio b for stock market X, then the wealth relative will be
S =b'X (b is the transposed vector of b). And if the investor invests in the stock market
for N consecutive days and uses the same betting strategy b each day, then the wealth at

the end of N days is given by Sy = H b'X,,, where the stock market vectors X;, X, ... are

independent and identically dlstrlbuted with PD Gy iy e (X)-
The optimal growth rate is W*(G) = max W(b,G), where W (b, G) = E(logb’X) is the

growth rate of a stock market at portfolio b = (by, bs, ..., bx) with respect to a stock PD
77777 my (if the logarithm is to base 2, the growth rate is called a doubling rate [1]).
Then a portfolio b* = Arg(ml;ax W(b,q)), is called a log — optimal portfolio or a growth

optimal portfolio.

In this paper we assume that PD G, m,....m, is unknown and must be determined on the
base of sample (results of N independent observations) x,, = (21, 2., -+, Txn), n =1, N,
where zy,, is a result of the n — th realization of the price relative X, k = 1, K. With the
sample xV = (x1, Xy, ..., X)) we can consider the empirical PD of the stock market after N
days:

mi,Mma,..., mg (X ) - H M1,MmM2;...y mK (Xn) - H H :Ek“ n
n=1 n=1k=1

We consider the case, when each PD from the given PDs G,, can be adopted for some
price relatives simultaneously.

The procedure of decision making is a non-randomized test ¢™), which can be defined
by a division of the sample space XXV into M¥ disjoint subsets

= {XN : SO(N)(XN) = (l17l27 7lK)}7lk = 17M7k = 17K

The probabihty of the erroneous acceptance of hypothesis Hj, 4,
Hm1 M2,y M is true for (ll,lg, ,ZK) 7é (ml,mg,... mK) is [9]

N
Oé( ) - G(N) (Ah la,... l )

l1,l2,. ol ma,ma,...;mk M1,m2,...

-----

provided that

----- Ik

For the probability of rejection of hypothesis H,,, m,
following definition is adopted:

(N) _ (N)
mi,ma,...,mg|mi,ma,...mg Z Al Ik |m1,ma,...mg "
(I1,l2,..lK)#(m1,ma,...,m k)

m, when it is true the

-----

For the sequence ¢ of tests we will consider error probability exponents which are called
reliabilities:

w1 (N) 7
—J&EEON log Al lc|m1,ma,.omx EllJ? ----- lx|mi,mz,..,mx > 0, my, e = L, M.
It is known, that
Em1,m2 ----- me|my,ma,...,mg = min E11J2 ----- lg|m1,ma,...;m -

(1,02, 5l )#(m1,ma,...,mK)

m } 18 @ matrix of reliabilities of the sequence of tests

-----

©.

We call the test sequence ¢* LAO if for the given positive values of certain part of
elements of the matrix of reliabilities E(¢*) the procedure provides maximal values for all
the other elements of it.
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2. Problem Statement

-----

the corresponding log — optimal portfolio by, m,..m, and let by, o, (e, 0 lk) #
(my, ma,...,mi) be a log — optimal portfolio corresponding to some other, wrong PD

When the incorrect portfolio by, 4,
of the growth rate is the following:

is used instead of by, m,...my, then the increase

----- Ik

-----

AW = W(bm1 ma,..., MK Gm1 ma,..., K) - W(b11712 ----- lK7Gm17m2 ----- mK) > 0.

The investor can use the same incorrect portfolio for the next period and have some
financial losses. The bounds for AW will show the maximal possible amount of losses.
Consider the following quantities:

b! x
I1,lo,..., l mi,ma,...,MKg K
qrrIL12m2,..}.(,mK (X) - bt Gll 2,y I (X)7 X € X
l1,l2,..lK

l1,l2,. 1k
G e (

l1,l2, WK _
gm1 m2,..., mKg Z Gm17m2 ----- mg (X) log G
mi,mso

As a direct consequence of the Kuhn — Tucker conditions, it was proved in [1] and [3]
that ESi < 1, for all S, where S* = b**X is the random wealth resulting from the log —
optimal portfolio b*, and S = b’X is the wealth resulting from any other portfolio b. From
inequality E-2 & <1 and the fact that by, ;, ;. is a log — optimal portfolio for Gy, 4,
have

----- Iy WE

Gt s () <D0 @ (%) < 1.
XEXK
Let D(R||P) = = R(2)log 22 < o0 by (Kullback - Leibler) divergence for PDs

P(z)
by Rand P, z € Z.
Theorem 1 [11]: If (Iy,la, ..., k) # (M1, Mo, ...,mk), then

AW = D(Gml,mg ,,,,, mi H Gh,lg ..... IK) + gf’:hl%:’-z;l}( s

-----

where gi}zll%;fﬁ <0 with equality if and only if qﬁ}zll%;_ﬁmK(x):Gmhmg 77777 e (X),

for all x € XK.
Corollary 1: The analog of the bound exposed in [1] in the case of discrete PDs is

AW < D(Gm17m2 ----- mg H GllJz ----- lK)‘

From Theorem 1 it follows that for each pair (l1,ls,...,lx) # (m1,ma,....,mK)
the investor first must check the condition ¢ % (X) = Gy mg,...my (X), for all
x € X¥. In such cases his losses will be maximal.

All other cases (l1,ls,....,lg) # (mq,ma,...,mg) (and the corresponding portfolios
b toiie F Puyma.. my) We will call cases (portfolios) of “nonmazimal losses” and will

assume that the following condition is fulfilled:

-----

gi}zllQr’r.z;leK > _D(th ----- 1355 H Gm17m2 ----- mK)‘ (1)

-----
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3. New Bound for Growth Rate

Let N(z|x) be the number of repetitions of the element z € X in the vector x € XV,
and let

Q ={Q(z) = N(z|x)/N,z € X}
be the empirical distribution (type) of the sample x.

For the given positive diagonal elements E1 1, Eya, . . ., Ear—1ja—1 of the reliability matrix
we consider sets of PDs

Ri = {Q : D(QHGI) < El|l}7 [ = 17M - 17 (2)

RM:{QD(QHGI) >El|17 [ = 17M_1}7 (3)
and define the values for the elements of the future reliability matrix of the LAO tests
sequence as follows:

El*|l = El*Il(ElU) = EW? =M —1, (4)
Bi, = Eij(Ey) = d0f D(QI|Grn), m =1, M,m#1, I =1,M -1, (5)
€Ry
Mim = B (Brjps -+ By 1) = o D(Ql|G), m= 1M — 1, (6)
QERM
Mivr = E}kmM(ElH"“’EM—lIM—l) = min_FEj. (7)
I=1,M—-1

The LAO test existing theorem concerning one object is the following [10]:
Theorem 2 [10]: If the distributions G,, are different, that is all divergences D(G||G,,),
l#m,l,m=1,M, are strictly positive, then two statements hold:

a) when the given numbers By, By, ..., Envi—1j—1 satisfy the conditions
0 < By < min D(G||Gh), (8)
1=2,M
0 < Eppn <min[ min_Ej (Ey), min _ D(G||Gy)],m =2,M — 1, 9)
1=1,m—1 l=m+1,M

then there exists a LAO sequence of tests p*, the elements of the reliability matriz of which
E(y*) = {E},.} are defined in (4)-(7) and all of them are strictly positive;

b) even if one of the conditions (8) or (9) is violated, then the reliability matriz of any such
test includes at least one element equal to zero.

Theorem 3: When the first M-1 diagonal elements of reliability matriz are fived so that the
numbers Evj1, Eaja, ..., Ex—1jm—1 satisfy the conditions (8)-(9), then in case of condition (1),
for portfolios by, 1y 1. 7 Bimyms...mu, (1,lo, . lx) # (M1, ma,...,mg), of non - maximal
losses the following bound is true:

AW < D(Gmhmz ----- my H G11J2 ----- IK)_El*l,lg ..... I |m1,ma,...,mg"

where

* _ *
Eh,lz ----- lg|mi,ma,...,mg — _Z Elk|mk (SOk)
k=1,K: mp#l

Proof: By Corollary 1 from [11] in case of condition (1), for portfolios by, 4, 1. #
by ma.mies (L1512, lc) # (ma, ma, ..., mg), of non-maximal losses we have

AW < D(Gmhmz ----- mg H G11J2 ----- IK)_E11J2 ----- I |mi1,ma,...,mg -
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Therefore the best bound for the increase of the growth rate will be in case of maximal
values of reliabilities.

When the first M-1 diagonal elements of one dimensional reliability matrix are fixed
corresponding to the conditions (8)-(9) then from Theorem 2 it follows that there exists a
LAO sequence of tests ¢*, the elements E(¢*) = {E]j,,} of one dimensional reliability matrix
of which are defined in (4) — (7) with maximal values.

The compound test o) for K stocks can be represented as a collection of K individual
tests go(lN), go(QN), e go(lév) for each of K stocks [12], then the infinite compound test ¢ is
a collection of infinite tests ¢1, ¢a,..., k. By the Lemma from [12] if elements Ej,,,, ("),
mg,l; =1, M, i =1, K, are strictly positive, then for ¢ = (¢1, Y2, ..., Px)

Eh,lz ..... lK|m1,m2 ..... mg ((10) = Z Ell|ml ((101)

i=1,K: m;#l;

-----

also be maximal.
Theorem is proved.
The following example illustrates the result of the Theorem 3.
Example: Consider the set X = {1;2} and two PDs G; = {1/2;1/2} and
Gy ={1/3;2/3} defined on X. Corollary 1 gives the following bounds:

and

Applying Theorem 3 we shall improve the bounds. For two hypothesis we can
take Ej; = 0.05. Let @ = {qi;q2} be the type of the vector x € XN, where
¢ = N(1]x)/N and ¢ = N(2|x)/N.

[e.es

Fig. 1. qlog2q+ (1 —q)log2(1 —q)
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Fig. 2. qlog3q+ (1 —q)log(3(1 — q))

We need to calculate (5) and (6)

3
Yo = inf D Gsy) = inf log 3 log(=
12 D(QIIg})SE1\1 (@lIG2) il 10g2q1+;2nlog2q2§E1\1(q1 080 + ¢ og(2q2))
and
B, = inf D Gp) = inf log 2 log(2 .
2|1 D(Q||1GI1)>E1‘1 (Q[lG1) o 10g2q1+£110g2q2>E1‘1(Q1 0g2q1 + ¢210g(2¢2))

Taking into account that ¢ +¢qo =1, from the expression ¢ log2q + q2log2q =
0.05 we obtain the equation g¢log2q+ (1 —¢q)log2(1—¢q) = 0.05. The approximate
solutions of this equation are ¢_ =~ 0.34322 and ¢~ ~ 0.65678. In Fig. 1 and Fig. 2
the graphs of the functions glog2¢+(1—¢)log2(1—q) and g¢log3q+(1—q)log(2(1—q))
are represented. The solution of the inequality g¢log2¢+(1—q)log2(l1—gq) < Eyp =
0.05 is ¢ € [q—; ¢"]. Therefore, now it is easy to see that

3
e = [ inf ](qlogi’)q +(1—9q) log(§(1 —q))) ~ 0.00022.
4-3q~

It is also obvious that

opn = inf  (qlog2q+ (1 —q)log(2(1 —q))) = 0.05.
[0;¢-)U(g ;1]
Thus, new bounds are
AW (G, || G5) < 0.00889,

AW (Gs || G1) < 0.05641.

4. Conclusion

This paper represents the application of coefficients of the reliability matrix of LAO
tests in Stock Market portfolio theory. Investors can use the obtained formula for bound to
evaluate the future risks, minimal incomes and do necessary corrections in current portfolio.
Choosing some PD from the given set of PDs, the investor will have some errors. The
existing empirical data allow to estimate statistically the probabilities of those errors. And
the reliability coefficients of the corresponding error probabilities are used for obtaining of
new bounds. It is shown that the bounds can be minimized using LAO tests. Fixing values
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for diagonal elements of reliability matrix the LAO test allows to obtain maximal values for
all other elements which enables obtaining of lesser bounds for increase of growth rate of the
stock market. The derived bound can be effective in modeling of stock market. Evaluating
with new bound the investor having historical data can minimize his losses more than the
investor without using the historical data.
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Undtipnpbiph pnijujh dtowgiwl wpwgnipjul wdh qGuhwwmwlwih
Junnigdwln pwqiwyh Jupwottnh Guundwdp
owwmhiw] mbtumbph Jhpwnmpjub dwuhb

G. {wpnipjniGyub, U. Uwpwmppnuywb L U. Guwywd
Udthnthnid

Owwhdw] wmbtunmtph hnuwhnpmniGGtph Jwnphgh Jhpundwdp vnwgjwo L oujuwg
hwjwlwlwlwihG puwpudwl Yhpwndwl nhypmy wpdbpnptiph pnijwjh wmnynuwjhl wdh
(inp qGwhwwnmwyu:

O npuMeHeHUM ONTHUMAABHEIX TECTOB OTHOCUTEABHO MHOT'UX
TUIIOTE3 AN IIOCTPOEHUS OLIEHKU YBEeAWYEHUsI CKOPOCTU POCTa
PHIHKA LIeHHBIX OyMar

E. Apytionas, A. Maptupocss u A. Ecasgn

AnHoTanuys

HYTQM HUCIIOAB30BAHUSA MATpPUILI HaAe}KHOCTefI OIITUMAABHBIX TeCTOB IIOAYYE€HA
HOBasd OL€HKa YBEeAWUYEeHUd CKOPOCTH POCTAa PBIHKA IEeHHbIX 6YMal" IIpu IIpuMeHeHNn
OIIMOOYHOTO pacipepeAeHUsa BepOHTHOCTefI.



