Mathematical Problems of Computer Science 41, 15-22, 2014.

Method of Local Interchange for the Investigation of
Gossip Problems: part 2

Vilyam H. Hovnanyan, Suren S. Poghosyan and Vahagn S. Poghosyan

Institute for Informatics and Automation Problems of NAS RA
williamhovnanyan@gmail.com, psurenb5@yandex.ru, povahagn@gmail.com

Abstract

The method of construction of Gossip graphs providing a full information exchange
with minimal number of calls in minimum time is described. The basis for the graphs
of the presented class is the subgraph of canonical form obtained from NOHO graphs
by applying the operation of local interchange on them developed by us in [19].
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1. Introduction

Gossiping is one of the basic problems of information dissemination in communication net-
works. The gossip problem (also known as a telephone problem) is attributed to A. Boyd (see
e.g. [1] for review), although to the best knowledge of the reviewers, it was first formulated
by R. Chesters and S. Silverman (Univ. of Witwatersrand, unpublished, 1970). Consider a
set of n persons (nodes) each of which initially knows some unique piece of information that
is unknown to the others, and they can make a sequence of telephone calls to spread the in-
formation. During a call between the given two nodes, they exchange the whole information
known to them at that moment. The problem is to find a sequence of calls with minimum
length (minimal gossip scheme), by which all the nodes will know all pieces of a information
(complete gossiping). It has been shown in numerous works [1]-[4] that the minimal number
of calls is 2n — 4 when n > 4 and 1, 3 for n = 2, 3, respectively. Since then many variations
of gossip problem have been introduced and investigated (see e.g. [5]-[15]).

Another variant of Gossip problem can be formulated by considering the minimum
amount of time required to complete gossiping among n persons, where the calls between
the non-overlapping pairs of nodes can take place simultaneously and each call requires one
unit of time ([16]-[18]).

Obviously, the gossip problem can be easily modeled as a graph, whose vertices represent
people in gossip scheme and edges represent calls between them (each of them has weight
which represents the moment when communication took place). So the graph is called a
complete gossip graph if there are ascending paths between all pairs of vertices of this graph.

In this paper we continue to consider the methods of local interchange on gossip graphs
which are particular cases of operations defined in [1] and are defined and described in [19].
In section 2 we present a new use case of these operations concerning the maximum number
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of vertices in minimum gossip schemes with a minimum gossiping time, also describe the
variations of gossip scheme depending on the size of basis.

2. Maximum number of vertices in minimum gossip graph with minimum
gossiping time

In this section we are going to introduce a new use case of operations of local interchange
which are described in [19]. It helps us to construct a gossip scheme with a minimum number
of edges and minimum gossiping time (w.l.o.g. minimum gossip scheme/graph). Particularly,
we will use them to obtain a canonical form of basis for minimum gossip scheme.

In [20] the class of NOHO graphs was described, which were gossip graphs with n vertices
and 2n — 4 calls, where no one from the participants of gossip process listens to its own
information. The minimum gossip graphs based on NOHO graphs were constructed first
in [20]. In [21], this problem was considered and a wrong inference was made about the
structure of the minimum gossip scheme. According to it, all minimum gossip schemes
consist of a cube and eight minimum broadcast trees attached to its corner points. Later in
8], this statement was negated and it was shown that it was the only particular case of the
structure of minimum gossip graphs. In general, the inner kernel of the gossip graph with
2n — 4 calls, which were presented in [8] as a poset of the edges of graph and represents their
relations (lateral graph), could be isomorphic to cube, ”twisted” cube and p-grid-kernel. In
the current section we are going to present different ways of construction of the minimum
gossip schemes. In [21] and [8] it was shown that the time required to perform gossiping
with minimum number of calls and minimum time (in other words - with minimum number
of rounds) is at least 2 [log, n] — 3. The methods that allow to construct minimum gossip
schemes were also considered that have an underlying basis (a minimum gossip graph) for
gossiping, and new vertices participate in gossiping by forming the attached trees which are
connected to basis. It is obvious, that if the basis has a minimum number of edges, then the
full graph also would have the same. Hence, the main problem here is to perform gossiping
in minimum time. In other words, the time in which the basis performs gossiping should
be minimal and the corresponding attached trees should not affect it. So, our goal is to
construct such gossip schemes with variety of size of the basis.

As was mentioned above, we will start from the application of operation A' defined in
[19] on the NOHO graphs. Here are some definitions from [19].

Definition 1: The permute higher operation PT(e) on a selected edge e € E(G) connecting
vertices u and v is called a modification of G, which moves the edges of G adjacent to e as

follows:

Eu(P*(e)G) = 9 (.G) U pl (e, G), 1)
and

E,(PT(e)G) = p, (e,G) Upy (e, G). (2)

Correspondingly, the permute lower operation P~ (e) moves the edges of G adjacent to e as

follows:
Eu(P™(e)G) = py (e, G) U p, (e, G), (3)

and
E,(P~(e)G) = p, (e,G) U p, (e, G). (4)
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Definition 2: Let us define an operation on gossip graphs AT(ei,es,...,e,) =
(Pt (e1)PT(e2)... Pt (ep)) (A (e1,€2,...,€,) = (P (e1)P (e2)... P (ep))) is the sequence
of permute higher (lower) operations on edges e;, i = 1,...,p.

e

Fig. 1. NOHO graph.

Application of operations At (ey, e, ...,¢e,) and AT (], €}, ..., e)) on NOHO graphs (Fig.

’p
1) gives as new ”canonical” form of minimum gossip graph, which is a more convenient form

of basis (Fig 2). Here p = 3 and the edges ey, es,e3 (€], €}, €4) are highlighted in red.

Fig. 2. Minimum gossip graph in “canonical” form.

After this transformation the obtained graph will be used as a basis with size k = n’/2,
where n’ is the number of vertices of the basis. Now consider the new set of vertices with
the same size that communicates with the given set by incoming and outgoing calls. Let the
number of rounds by which such a communication takes place be denoted by r. Obviously,
the number of rounds to perform gossiping will be at least 2r + k. This estimate will be
reached only if the attached trees would not affect gossiping process of basis. It means,
that the process of involving new vertices in gossiping should be in parallel with the main
gossiping process of the basis. Hence, we have to modify the form of the basis such that
we could make in-calls and out-calls with the attached trees in process of gossiping of the
basis. For that, we should reorder the calls of basis, in such a way that it will be possible to
make such in-calls and out-calls. In other words the calls between two parts of gossip scheme
should have an increasing and decreasing order. An additional note is that depending on r
the number of attached vertices increases exponentially. Such gossiping process for n = 24
is demonstrated in Fig. 3, where r = 2 and k = 3.
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Fig. 3. Minimum gossip graph (n =24,k = 3,r = 2).

Obviously, the number of rounds required to perform gossiping is 7/ = 2r + k which
coincides with the minimum possible number of rounds for some values of n, but this scheme
is not the only possible one to perform gossiping in minimum time. By changing the size
of the basis (k) and number of rounds of the ”"batch” calls (r) a new minimum gossiping
scheme will be obtained (see Fig. 4).

Fig. 4. Minimum gossip graph (n =24,k ="7,r =0).

From these examples it is obvious that in each round new vertices are included in com-
munication, but the number of these vertices is limited. So, taking these into account the
following lemma could be formulated.

Lemma 1: The number of vertices in minimum gossip graph with the size of basis k and
the number of rounds of the "batch” calls r is limited by the following estimates:

n < M2t ks even, (5)

n <3 x 2D/t ks odd. (6)
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Proof.  To prove these estimates let us consider the process of gossiping more detailed.
The number of vertices that could be involved in gossiping consists of two components n;
and ngy, where ny is the number of vertices which are involved in gossiping process due to
"batch” calls and n, is the amount of vertices involved in gossiping through the attached
trees. The dependency between the number of rounds of the "batch” calls r and the n;

number of vertices is obvious - n; < 2" x 2k. On the other side, it is easy to note that the
k1l g

2 .

number of vertices involved in the attached trees is no < 2" x (2 3 (k — 20)272) and it
i=2

also depends on r in exponential rule. Altogether, by considering that n = n; + ns for the

number of vertices of the minimum gossip graph we get the following estimate:

n<2'(2k+2 Y (k—2i)27?). (7)

=2

So, from this expression the estimates mentioned in lemma immediately follow. B

However, in case of even k it is possible by changing the structure and gossiping time of
basis to reach more vertices involved in gossiping. The example given in Fig. 5 demonstrates
this for £ = 8. According to lemma the number of vertices in this case is n < 32, but we
increase the number of rounds of basis by one and change the direction of the "middle”
calls and it gives us the opportunity to involve 8 new vertices in gossiping. In fact, our
modification has changed the structure of the standard p-grid-kernel to one of it’s linear
extension (see. [§]) and the number of new vertices involved in gossiping process after this
modification is 25+71.
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Fig. 5. Minimum gossip graph (n =40,k = 8,r = 0).

Now let us consider the number of rounds which are necessary to perform gossiping
with minimum number of calls. Let it be denoted by 7. As it was already mentioned
T = 2[logyn]| — 3. Our goal is to show the dependency between T" and n depending on the
construction of gossiping scheme. In other words, we offer the method of construction of
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minimum gossip graphs for the particular values of n, where the values of k£ and r can vary.
Let T" be the minimum number of rounds of the gossip scheme with 2n — 4 calls, the size of
the basis k£ and the number of rounds of "batch” calls 7.

Theorem 1: In gossiping scheme with the size of the basis k and the number of rounds of
the “batch” calls r the number of rounds necessary to complete gossiping among n nodes is:

T" =2 [logyn] — 2,if k is even, (8)

T =2 [log2 %W +1,4f k is odd. 9)

Proof. In case of even k we have n < 25+7+1 = 2%/“, since T" = 2r + k, it follo:vs that
—1
when n has the form as above then 7" = 2 [logyn] — 2. When kisodd n <3 x 27z 7" =

3 X 2%, hence 7" = 2 [log2 %W -+ 1. Moreover, by considering the "extended” values of n

obtained after modification described above (when it is even) we have n < 25+r—1 4 95+r-1,
Since, here T" =k + 1+ 2r and 7" = 2 [log2 %W + 3 follows immediately. It is obvious, that
for some values of n 7" coincides with minimum possible number of rounds 2 [log, n] — 3.
Hence, in these ranges of n the values of k£ and r can vary and give different construction
options of minimum gossip graphs. In Fig. 6 some of these ranges are demonstrated, the
construction is minimum in the highlighted ranges.

® o—@ o———@
8

16 24 32 48

Fig. 6. Ranges in which the construction is minimal

3. Conclusion

As a conclusion we can say, that in this paper the method of construction of minimum gossip
graphs was presented, based on ”canonical” form basis graph with size k, which is in turn
obtained from NOHO graphs by applying operations of local interchange.

Assuming that the calls between non-overlapping pairs of nodes can take place simulta-
neously, the minimum amount of time 7'(n) required to complete gossiping is [log,n]| for
even n and [log,n] + 1 for odd n. So, our further studies concern to the "reverse” problem
of finding the minimum number of calls of a gossip scheme with time (rounds) 7'(n).

We also find it interesting to use the operations of local interchange in fault-tolerant
broadcast schemes when at most k line faults are possible in the communication process (see
24, 25]). It can be a valuable tool in order to determine more tie estimates for By (n) - the
number of minimum necessary lines to perform k-fault-tolerant broadcasting.
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Gossip ulnhpGtph htnmwgnunnudp “Colw; infuwGupdwG”
utipnnh vhongny. dwu 2

€. <nybwGjub, U. Mnannuyu L 9. MnnnujwG
Udthnthnid

LVwpugnjwo E dhGhdw; qulqbpny dhGhiw] dudwlwymy pGhnpdwghnb nphy
thnfuwluwynd  wywhnynn Gossip qpudbltiph npnpwih nwuph Juwnnigiwl btnwGwly:
‘Uhpjuwjwgynn nuwuh qpudltiph hwdwp, npubtiu pwqujhl GGpwgpud Gl hwlnhuwgby
NOHO qpu$ltpp Yypw [19]-md dtp Yynnihg Suwyguo “Lojw) infuwbGuliwl” dtpngh
dhongny JwlnGhy wmbtuph pipwo GGpwqpudltinp:

UccaepoBanue Gossip 3apa4 METOAOM
"AOKanbBHOTO OOMeHa'": 4acThb 2

B.OBuausan, C. INTorocsau u B. INorocsn

AnHoTanuys

OmnucaH MeTopA IIOCTPOEHUS OIIpeAeAeHHOIo Kaacca Gossip rpadoB, o6ecrieqnBaronux
IIOAHBIM WH(POPMAIIMOHBEIM OOMEH C IMOMOIIBI0 MWHUMAABHOIO YHCAA 3BOHKOB 3a
MUHUMaAbHOE BpeMsa. AAS IPEeACTaBAEHHOTO KAaacca IrpadoB, 6a30BBIMU HoArpacdamu
SABASIOTCS rpadbl KAHOHUYECKOI'O BUAQ, IIOAyUYeHHBIe ITyTeM IIpeoOpa3oBanusg NOHO
rpadoB C MOMOIIBIO pa3zpadboTaHHOTO B [19] HaMmu MeTOoA@ /AOKAABHOIO OOMEHa.



