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Abstract

From practical point of view the codes over Z,,, or Z,,,., are interesting,
because they can be used in 22™ —QAM (Quadrature amplitude modulation)
schemes. In this paper a construction of encoding and decoding procedures for
double +1 error correcting optimal(12,8) linear code over ring Zs is presented.
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1. Introduction

Codes over finite rings, particularly over integer residue rings and their applications in coding
theory have been studied for a long time. Errors happening in the channel are basically
asymmetrical; they also have a limited magnitude and this effect is particularly applicable to
flash memories.There are many constructed codes capable to correct up to two errors of value
+1 .The earliest paper discussing the codes over the ring Z, of integers modulo A are due to
Blake [1], [2].

The optimality criteria for the linear code over fixed ring Z,, was considered in 2 ways in
[3]. First of all, recall that the code of the length n is optimal-1 if it has a minimum possible
number of parity check symbols. Secondly, optimality-2 criteria for the code is that for a given
number of parity check symbols it has a maximum possible length. Here, we propose to
construct encoding and decoding algorithms for the optimal codes. The code presented in this
paper satisfies the optimality criteria-1([3]). At this point we do not know any codes that satisfy
the optimality criteria-2. There have been encoding and decoding procedures for the (4, 2) code
over ring Zy in [4]. Implementation of codes over large alphabets is much more difficult
compared with small alphabets. In this paper a construction of encoding and decoding
procedures of (12, 8) linear code over ring Zs correcting double 1 errors is presented.
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2. Presentation of the Code
Let a linear (12, 4) code over ring Zs be given by the following parity check matrix H:

111110123 411
H:012342222211
32 4 4 2 3 2 4 4 2 11
1 11113 2 4 4 2 0 4

A linear code over Zs given by the parity check matrix H can correct up to two errors of the type
+1, because H has a property according to which all the syndromes resulting from adding and
subtracting operations between any two columns of the matrix H are different (+hit+ h;j and
hi=h;)(proof of this you can see in [3]).

In this case the number of combinations for each code word that can be corrected is (1 + 12 *
2 + (12 choose 2) * 4) = 289.

For encoding every vector in Zs we should have the generator matrix G. For this we should
construct a combinatorial equivalent matrix H' from matrix H.

10 003 103 4 3 40
H’=0 1 0 0 2 2 4 4 0 2 4 3
0 01 000 2 42131
0 001 13 2 0 4 4 3 3

In this matrix all 289 possible syndromes will be different, too.
From [5] we know, that

GH'T =0. (1)
If H = [-PT|I,,_], then G = [I,|P] (the reverse statement is also true), where I,, is a k * k

identity matrix and P isa k * (n — k) matrix[5].
Thus, we can construct the generator matrix G:

2 3 0410 0 0 0 0 0 O
4 3 02 010 0 O0O0OO0OO
0133 0010O0O0TO0TO0
G = 21100 0010000
10 3100 0 01 0 0O
23 4100000100
112 2 00 0 0 0 O0 1O
0 2 4 2 0 0 0 0 0 0 0 1
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3. Encoding and Decoding Procedures

3.1 Encoding Procedure

In our scheme the message was presented by 8-tuples in Zs. Let G be a generator matrix for
(12,8) linear code. v = (a4, a,, as, ..., ag) is an arbitrary 8-tuple, and consider the vector u that
is the linear combination of columns G with a; is the i*" coefficient.

U =06 = (€q1,Cy,C3,C4,a4,0a5,0a3, ...,ag),

where the first 4 components of the code vector are the check symbols, the next 8 components
are information symbols and

¢ = (Ti-; a;pij)mods. 2)

Example.
Let (3400211 4)bethe message vector in Zs. From (2) we can obtain check symbols.
For example, the first check symbol is c1:

g = B3*2)+ (4+4)+ (0x0)+ (0+2)+ 2*D+ (1+2)+ A+*xDH+ (4%0) =

=6 +16+0+0+2+2+1+0 = 27mod5 = 2.

Similarly, we can find other 3 check symbols:

C2=3, C3=3, C4_=3.

After performing other multiple operations with matrix G we obtain this encoded vector:
(233334002114).

3.2 Decoding Procedure

In this section we describe the decoding procedure:

1.

2.

Receiver multiplies the vector with every column of matrix H’ and gets the syndrome
S =vH'. If S = (0,0,0,0) then there were not any errors in the received vector.

If the calculated syndrome S is a nonzero vector, then there are some errors. This
(12,8) code can correct only up to two errors with magnitude 1. We know that all
possible syndromes of matrix H' are different (+h;, £h; and h; # h;) (the number of
them is 288 and syndrome (0,0,0,0)). After calculating the syndrome the receiver knows
from which two columns of the matrix H' the syndrome was resulted, consequently, he
can find the two corresponding components of the vector, where the error was occurred
and the direction of the error (if +h;, then upward direction or if —h; downward
direction). On the other hand, if in the table of syndromes we do not have the resulted
syndrome, then we cannot correct this kind of errors.

After finding the error components the receiver adds or subtracts 1 from them
(he adds if downward, else subtracts) and obtains the sent code vector
(€c1,€3,€3,€4,a4,05,a3,...,ag). SO (a4, a,, as, ..., ag) is our message vector.
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Example.

(233334002114) is an encoded vector from the previous example. Let there
occur 2 errors in the channel, and the receiver get the vector (23333404221 4).
After performing multiple operations with rows of matrix H' the receiver obtains the
syndrome (0 3 2 4). Next from the table of syndromes he finds the corresponding columns,
now they are -8 and 10. Hence, the syndrome (0 3 2 4) was resulted from adding a negated
column 8 of matrix H to column

—3 43 0
—4 42 _—2 _

T4 1q = _g(modS) = (0324),
0 +4 4

(because in Z;,0 = 5, =1 = 4, =2 = 3, =3 = 2, —4 = 1).

Hence, the error positions of encoded vector are 8 and 10 (in 8t downward direction and in
10" upward).

So, he adds 1 to 8 component and subtracts 1 from 10" of vector
(233334042214) and obtains the sent encoded vector(233334002114).
Consequently, the message vectoris (3400211 4).

Conclusion

In this paper a construction of encoding and decoding procedures of optimal-1 (12,8) linear code
over ring Zs correcting double +1 errors is presented. We propose that this approach can be
extended for constructing similar procedures for the optimal codes over other rings Z,, and the
research in this direction will follow.
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Unnuynpdut b wywlnnuynpdwt wygnphpup Zs onujnid +1
Ubkdnipyjudp Ypluwlh vppwy ninnnn Ynnbph hwdwp

Z. vuswnput
Udthnthnid

Mpuwlwnhl  wnhuwblniuhg Ukd  hbhwwppppmipnit G wnwowgnd
Zym Yud Zyp 14 onuiljubiph Jpu ghinwplpjws Ynnbpp, pwbh np bpubp bkl juju
Jhpwpnipnih 22™ —~QAM uUnpnijjughnt ujubdwibpnid: Uju hngdush opowbwbpnid
tbpuyugyws t Ynpudnpuutt b wwwlnquynpdwt  wignphpdp s
onuinid +1 dbkdnipju Uhtish 2 ujuwy ninnnn oywnhdwy (12, 8) gduyht Ynnh hwdwnp:

AJITOPUTM KOAVPOBAaHUA U JeKOAWPOBAHUA B KOJIbIle Zs5 i1 KOJOB
VICIIPaBJIAIONIVX IBOMHBIE OIIMOKY pa3mepa +1

I'. XauaTpan

AHHOTAIUA

C mpakTUYecKol TOYKM 3peHHs  OOJBIION WHTEpEC BBI3BIBAIOT KOABI HA  KOJbBIAX
Zoym Y Zym+1, TAK KaK OHH MMEIOT IIMPOKOe NpumeHeHne B 22™ —-K A M MOy /IALIMOHHBIX
cxemax. B JaHHOI cTaThe MPeICTaBlIeH alrOpUT™M KOAMPOBAHKS U JEKOAUPOBAHMS B Kouble Zs5

171 onTuManbHOro (12,8) MMHEHHOro Koa, HCIPABIISIOIETO 0 ABYX OIIMOOK pasmepa =1.
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