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Abstract

The notion of generalized primitive recursive string function is introduced and
relations between such functions and primitive recursive string functions in the
usual sense ([1], [2]) are investigated. It is proved that any generalized primitive
recursive string function is everywhere defined if and only if it is a primitive
recursive string function in the usual sense.
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1. Introduction

The notion of primitive recursive string function ([1], [2]) is generalized in the following sense:
string functions are considered which are defined similar to the definition of primitive recursive
string functions, however, such functions are in general not everywhere defined. Namely, the
definition of generalized primitive recursive string function is obtained from the definition of
primitive recursive string function in the usual sense by adding the everywhere undefined one-
dimensional string function to the set of basic functions. It is proved that any generalized
primitive recursive string function is everywhere defined if and only if it is a primitive recursive
string function in the usual sense.
Similar problems concerning arithmetical functions are considered in [3].

2. Generalized Primitive Recursive String Functions

The notion of many-dimensional primitive recursive string function is given in [1], [2]. For the
convenience of the reader let us recall the corresponding definitions.

Let A be an alphabet, i.e. a list of different symbols, A = {a,,a,, ... ,a,} (p > 1).By
A* we denote the set of all words in A (including the empty word A). The symbols ay, a,, ... , a,
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we call letters in A. The length of aword a;, a;,, ... , a;, is the number k (the length of the empty

word Ais0).

We say that the function F is an n-dimensional string function (n = 1) in the alphabet A
if for any n-tuple (P, P,, --+, P,) where all P; are words in A, the value F (P, P,, -+, P,) is either
undefined, or is a word in A. By !F(P,, P, --,P,) we denote the statement: the value
F(Py, Py, -, B,) is defined.

Below we consider only the string functions in the fixed alphabet A.

Basic string functions are defined as functions of the following kinds.

1. One-dimensional function D (P)such that D(P) =A for any word P in A.
2. One-dimensional function S;(P), where 1 < i < p such that S;(P) = Pa;, for any word P

in A

3. n-dimensional  functions I} (P, P,,--,B,)where n>1, 1<m<mn, such that

(P, Py, -+, B,) = B, forany n-tuple (Py, P,, -+, B,) of words in A.

The operator S of superposition is defined as follows. If G is an n-dimensional string
function, G, G,, -+, G,, are m-dimensional string functions, then the m-dimensional string
function f = §(G, G4, G,, -+, G,) is defined by the following equality:

f(Pl'PZ""er) = G(Gl(PerZJ""Pm); GZ(Pl;PZJ""Pm);"" Gn(Pl;PZr"')Pm))'

where P;, P,, -+, B, are any words in A.

The operator R of alphabetic primitive recursion is defined as follows. If G is an n-
dimensional string function, H,, H,,---, H, are (n+2)-dimensional string functions, then the
(n+1)-dimensional string function f = R(G, Hy, Hyp, -+, H,) is defined by the following
equalities:

f(Pl'PZ""rPn' A) = G(P1'P2"”1Pn):

f(P11P21“'iPanai) = HI:(P1’P21..-IPn’P)f(PllPZI--.)Pnlp)))

where1 <i <pandP,,P,,, P, P are any words in A.

We say that a string function is a primitive recursive string function (PRSF), if it can be
obtained from basic functions by the operators of superposition and alphabetic primitive
recursion.

The notion of generalized primitive recursive string function (GPRSF) is defined similar to
the notion of PRSF with the only difference: one-dimensional everywhere undefined U(P)
function is added to the set of basic functions.

Below the statements “F is a primitive recursive string function in the usual sense”, “F is a
generalized primitive recursive string function”, will be denoted correspondingly by F €
PRSF and F € GPRSF. As it is known ([1]. [2]) every function F € PRSFis everywhere
defined.

Clearly, any primitive recursive string function in the usual sense is a generalized primitive
recursive string function, and, on the other side, the set of generalized primitive recursive string
functions is wider than one of primitive recursive string functions in the usual sense. However,
the following theorem (which will be proved below) takes place.

Theorem 1: Any everywhere defined string function is a generalized primitive recursive string
function iff it is a primitive recursive string function in the usual sense.
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The proof of Theorem is based on Lemma 1 which will be considered below. We will use
primitive recursive string functions which are defined by the following equalities (where
P, P,, -+, Py, Py, P, Q are any words in A).

1. The function P—-a, is defined as follows:

A—a; = A,

Pa;—a, = P,

Pa;,—a; = A, (where 2 <i <p).

2. The function Sg(P) is defined as follows:

Sg(A) = A,

Sg(Pa;) = a, (where 1 <i < p).

3. The function Sg(P) is defined as follows:
Sg(A) = ay,
Sg(Pa;) = A, (where 1 <i <p).

4. The functions I1x(Py, Py, -+, Py ) for k > 2 are defined as follows:
HZ(Pl,A) = A,
I1,(P;,Qa;) = P; (wherel < i <p),

H3(P1,P2,A)=A,
Hg(Pl, P2, Qal) = HZ(Plr Pz) (Where 1 S l S p),

Hm+l(P1’ PZ’ e, Pm’A) =A (Where m 2 1)1
Hm+l(P1; PZJ Y Pm, Qal) = Hm(Pl’ PZ' T Pm) (Wherel = L = p)'

It is easily seen that ITx(Py, P,, -+, Pr) = A when one of the words P,, ---, P, is equal to the empty
word A: otherwise TTx(Py, P,, -+, P;) = P;.

A generalized primitive recursive string functionBR (P, Q)(“Branching function™) is
defined by the following conditions: (1) BR(P, A)=P:(2) BR(P,Q) is undefined when Q # A. .
Such a function is obtained by the operator of alphabetic primitive recursion using the
everywhere undefined basic function U(P):

BR(P, A) =P,
BR(P,Qa;) = U(IX(P,Q,BR(P,Q)))(where 1 <i < p).

Now let us introduce the notion of standard image (or S-image) of string function F in A.
Namely for any n-dimensional string function F in A its S-image is defined as a function F* such
that for any words Py, P,, -+, B, In A:

SI(F(PI’PZJ“"PTI))' When !F(Pl,Pz,"',Pn),

F*(Py, Py, By) = { A otherwise.

(let us recall thatS; (Q) = Qa,for any word Qin A). Obviously, for any string function F in A the
function F* is an everywhere defined string function.

Lemma 1: Any string function F in A is a generalized primitive recursive string function if and
only if its S-image F* is a primitive recursive string function in the usual sense.
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Proof: Let F be an n-dimensional generalized primitive recursive string function. We will prove
that its S-image F* is a primitive recursive string function in the usual sense. The proof will be
implemented using the induction on the process of constructing F from the basic functions by the
operators of substitution and alphabetic primitive recursion.

If F is a basic function then it has one of the forms D(P), I} (P;, P,, -+, B,), (Where
n>1,1<m<n)S;(P)(where 1 <i <p), U(P) which is everywhere undefined. It is easily
seen that in these cases F* has correspondingly the following forms
D*(P) = a4, (I})"(Py, Py, -+, B) = Ppaq, S;(P) = Pa;aq, U"(P) =A.So F* is a primitive
recursive string function in the usual sense.

Now if a function F € GPRSF is obtained by the operator S of superposition from
functions G, H,, H,, -+, Hy, and the functions G*, H{, H;, -, Hy are primitive recursive string
functions in the usual sense, then the S-image F* of the function F satisfies the following
equation:

F*(PerZI“"Pn) =
i1 (G*(H1 (P, Py, o+, By)=aq, Hy(Py, Py, oo, B)=aq, -+, Hy(Py, Py, -+, By)—aq),
Hy(Py, Py, o, ) =aq, Hy(Py, Py, oo, Py) =y, , H(Py, Py, -+, By)—a4),

where Iy, is the function described above. It is easily seen that F* € PRSF.

Finally, if a function F € GPRSF is obtained by the operator R of alphabetic primitive
recursion from functions G, H,,H,,---,Hy, and the functions G*, Hj, H;,---, H,, are primitive
recursive string functions in the usual sense, then the S-image F* of the function F satisfies the
following equalities:

F*(Py, Py, -, By A) = G* (P, Py, -+ By),
F*(Py, Py, v, P, Pay) = Hy"(Py, P, v, P, P F7(Py, Py, o, By, P)),

F*(Pl,Pz,"',Pn,Pap) = H;*(Pl,Pz,"‘,Pn,P,F*(Pl,Pz,"',Pn,P)),
where for any i suchthat 1 <i < p,

H;*(PIJ PZ""'PnJ P, Q) = HZ(H;(PIJ PZ"":PnJP' Q;a1); Q)'

and G, H, 1 <i <p, are S-images correspondingly, of G, H;; the function Il is defined
above. It is easily seen that F* € PRSF.

So, it is proved that S-image of any generalized primitive recursive string function is a
primitive recursive string function in the usual sense.

Now let us suppose that the S-image F* of some n-dimensional string function F is a
primitive recursive string function in the usual sense. Clearly, F* € GPRSF. Then the function F
satisfies the following equality:

F(PIJ PZJ ""Pn) = BR(F*(Pl'PZI "'JPn);al'g(F*(Pl'PZ' ---,Pn))),
were BR is the function defined above. This completes the proof of Lemma.

The proof of Theorem 1 is obtained now as follows. If F is an n-dimensional everywhere
defined string function such that F € GPRSF. then F* € PRSF. and F(Py,P,,--,B,) =
F*(Py, Py, -+, B,)—a,, for any words P,,P,,-:-, B, in A. Hence, F € PRSF. On the other side, if
F € PRSF. then clearly F is an everywhere defined string function such that F € GPRSF. This
completes the proof of Theorem.
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Cunhwipugyws ywupqugniyt jupgplipug punuht
dniuljghwibph dwmupte

U. vuswnpjut
Udthnihnid

Uwhdwiynd  E  pughwbpugwé wuwpqugnyu  Jupgpipwug punwjht
dnmujghuyh hwuljugnipinip, htsywhu twwb  hEknwgnuynd Bt wynuhuh
dniujghwibph  thnpjpwntympmnitutpp  unynpujut dbind uwwhdwiqws ([1], [2])
wupquqgnylt Jupgplpwg pwnwjhtt $niuljghwtttiph htn: Uwywugnigynmd E, np
gutjuguws punhwbpugws wwpqugnytt  Jupgpupwg  pwnughtt  Pniuljghwm
wdkunipbp npnodws £ wytt b dhuytt wyt nphypnud, Epp wytt unynpuljumtt hdwuwnny
wwpqugnyl jupgppwug punuht $nibljghw t:

O06 06001 eHHBIX IPUMUTHBHO PeKYPCUBHBIX CIOBAPHBIX QYHKITUIX
M. XauaTpsax
Annoranus

Ompepensercs mnoOHATHE OGOOIEHHON IPUMUTUBHO PEKYPCHUBHOM CJIOBapHOI
GYyHKIMM ¥ HCCIeLYIOTCS  B3aMMOOTHOUIEHUS TaKUX (QYHKIUH C IPUMUTUBHO
PEKypPCHUBHBIMU CIOBapHBIMH PYyHKIuaMu ([1], [2]) B OOBIYHOM CMBICIE STOTO HOHATHA.
JloxassIBaeTcsa, 4TO 00OOLIEHHAs IPUMHTHBHO PEeKyPCHBHAs CJIOBapHas (PYHKIIUSA BCIOLY
olpeziesleHa TOTZAa M TOJBKO TOTAA, KOTJA OHA SABIAETCA IPUMUTHUBHO PeKypPCHBHOU
CJIOBApHOI QyHKIHEH B OOBIYHOM CMBICJIE STOTO ITIOHATHUS.



