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Abstract

This article is an outline of the first steps of formation of the discrete analytical approach
(DAA) of the theoretical pattern recognition (PR) founded by Yu. I. Zhuravlev [2,15]. The
“first step” time period covers 1965-75. The DAA domain is further developed into a large
number of models and algorithms [1-38]. Hundreds of candidate and tens of doctoral theses
were defended in the topic, and thousands of scientific papers were published since then.
The essence of DAA is that it is based on the well-developed theory of discrete
mathematical analysis and so it is interpretable in terms of input data structures and
relations. In parallel to this, several alternative directions such as statistical theory, neural
networks, and the structural recognition theory were under development. Today the term
machine learning integrates these directions and it appears more frequently. In addition, in
pattern recognition area appeared frameworks such as the Deep Learning and Meta-Learning
that address, correspondingly, the agile use of HPC and the learning of the learning issues.
Deep Learning is based on Deep (multilayer) Neural Networks and so it inherits hardness of
knowledge extraction and hardness of interpretability. Meta-Learning is a novel term but in
its essence it was addressed in several discrete DAA researches. It is attractive to stay on
analysis of the whole PR developments but the aim of our short essay is to compare two core
elements of DAA believing that the classic knowledge and theory are enduring and that any
further developments will use them in their constructions or in stages of evaluating the
result.
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1. Introduction

Pattern recognition research and development area has come a long way passing important stages
of development. More knowledge acquired - more questions posted. As a research area PR likely
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is not yet a classical mathematical science, - there are a number of sub disciplines inside, such as
— feature selection, object and feature ranking, analogy measure construction, supervised and
unsupervised classification models, mining, etc. The same time pattern recognition is indeed an
integrated theory studying object and class descriptions and designing and analysis of diverse
classification models. PR is a collection of mathematical, statistical, heuristic and inductive
techniques having a fundamental role in machine execution of intellectual tasks, tasks that are
typical for a human being.

Many applied domain problems with multidimensional experimental data analysis use object
descriptions that are given not exclusively in terms of only numerical or only categorical
features, but simultaneously by both kinds of values. Sometimes, the missing or unreliable
values are introduced, so that finally we deal with mixed and incomplete descriptions of objects
as elements of Cartesian product of feature value domains, without any algebraic, logical or
topological properties assumed in application area. How, then, do we select in these cases the
most informative features, classify a new object given a (training) sample or find the
relationships between all the objects based on a certain measure of similarity? Logic
Combinatorial Pattern Recognition (LCPR) is a research area formed since 70’s with the use of a
mix of discrete descriptors with similarities, separation technique, frequencies, integration,
corrections, and optimization, and solves in this way the whole spectrum of pattern recognition
tasks.

As it was mentioned, this approach is originated by Yu. Zhuravlev in the work [1] that
transfers the engineering domain technique of tests for electrical schemes [3] into the feature
selection and object classification area. In a parallel track a local LCPR similar fragment was
conducted by M. Bongard (see [4] and [6]). The applied task in [1] address prognosis of mineral
resources. In the basic LCPR model authors suppose that all features are Boolean. Later on,
formal extensions for different kinds of features appeared [7]. Consider the general form of
learning data (LD):

FEATURES
OBJECTS | x; X, .. | x, | CLASSES
aj aj; ai; a%n
a3 az az; a%n
Cy
aj, aly | aly || ain
art aft als . | afy
a ayt ays . | alh
Cn
ap  laly [ afr, | . [aln

Fig. 1. Learning set of m class recognition problem, with n features.

Features xq,x,, ..., x, are categorical or numerical properties represented by their domains
My, M,, ..., M,. Categorical features take values from sets H{ = {sy, S, ..., S¢}. Numerical
features are from metric spaces assuming the following two types:

a) H,ir ={k,k+1,..,7}, where k, r are nonnegative integers, and k < T

b) Hy, = {a:a € (k,1)}, where (k,r) is an interval on the real number line, k <
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Distances between the space elements are usual (numerical). This choice of primary/elementary attribute
spaces reflects the common/usual situation that exists in application areas of pattern
recognition/classification tasks. A space M in which feature domains M;,i = 1,...,n are of Hf, H,f_r
and/or Hy, - types, we call n dimensional attribute space.

2. Testor Theory

[1] is based on a “narrowing” concept of the features set — when the basic learning set property is
still preserved. A features subset T = {x;,X;,,...,X;, } is called a testor (or test) for LD, if
projection of LD on T keeps the classes nonintersecting (learning set property). Irreducible is the
testor, in which no one X;, may be eliminated with conservation of the learning set property.

Further, - a feature ranking is made taking into consideration the frequency of belonging xi; 10

the testors (irreducible testors). Testor-based supervised classification algorithms are constructed
by use of frequency-based similarity measures.

Which is the structural property used from the learning set? This is the pair-wise difference
of learning set elements from different classes (learning set property). We may suppose that this
is a consequence (or extension) of the well-accepted compactness hypothesis [5]. On formal
basis testor technology is well visible on binary tables. Now it is known that constructing all
irreducible testors by an algorithm is an NP hard problem. Algorithmic approximations are
studied as well. This domain introduces a high level similarity with association rule mining
models, especially in learning the monotone set structures — be it with frequent itemsets in
associative rule mining or irreducible tests and testors in the test theory.

3. KORA and Logic Separation

[6] introduced one of the typical concepts in LCPR — the KORA algorithm. KORA is
constructing elementary conjunctions C that intersects with only one class C; of learning set LD.
It is easy to imagine the corresponding interval I of n-dimensional binary cube E™. I does not
contain contradictory knowledge of the learning set L. Contrary, [12] considers all irreducible
conjunctive forms that intersect with only one class C; of the learning set LD. This is not the
generating idea of this work but it is the consequence of the Logic Separation (LS) Principle.
The work, factually for the first time, was considering learning set elements in a non-disjoint
manner. The generating idea uses the potential function concept [5] - an element spreads its
similarity that decreases with the increase of distance measure, which interrupts, facing the
different class object. An extension of this scheme may consider not only the pairs of learning set
elements — one spreading the similarity measure and the second interrupting that - but also the
arbitrary subsets/fragments of learning set.

Several comments: logically, it is evident that the best learning algorithm is well interrelated
to the learning set (at least the learning set is almost exactly reconstructable by the information
used by the algorithm). This also may use the recognition general hypothesis when available.
The learning set fragments play a crucial role in determining the best suited recognition
algorithm to the given learning data set.

The following framework is considered in LS: given a set of logical variables (properties)
X1, X, ..., Xn 10 code the studied objects, and let us have two types/classes for classification of
objects: K; and K,. Let B €K;, and y € K,, and a is an unknown object in sense of
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classification. We say, that y is separated by the information of S for « if f®y < fDa, where
@ is mod2 summation. Formally, after this assumption, the reduced disjunctive normal forms of
two complementary partially defined Boolean functions appear to describe the structure of
information enlargement of the learning sets. The idea used is in knowledge comparison. « is an
object of interest. Relation f@®y < @« informs that the descriptive knowledge difference of 8
and « is larger than the same difference of g and y. This is what we call the logic separation.
While the notion of similarity gives the measure of descriptive knowledge differences, the logic
separation describes areas which are preferable for classes and learning set elements. In general
the question is in better use of learning set.

The technical solution of Logical Separation (LS) is through Reduced Disjunctive Normal Forms
(RDNF) of partial Boolean functions, which answers to all issues - implementation, complexity,
interpretation. Further, it is important to mention that advanced data mining technique IREP
(Incremental Reduced Error Pruning) finds its theoretical interpretation in terms of LS
framework mentioned above [12].

4. Comparison Framework of Test and Logic Separation Recognition

Our intention is to demonstrate the similarities/dissimilarities of the models based on Tests and
Separation. In its base form tests are defined in terms of binary matrices. LS is given in terms of
n-cube geometry. The way of mapping the rows onto the n-cube vertex set is also well known.
Let us also introduce the concept of “direction” in E™. Given the subset t of variables we
consider all sub-vectors obtained by fixing the values of these t variables. The reminder
variables compose an n — t dimensional sub-cube and all 2¢ n — t -sub-cubes received in this
way we call intervals of direction t.

En
E;, Let the shade column set 1 compose a testorof 7,1 ,L,.

E splits the n-cube in a Cartesian product and let £ , denote the sub-cube by the set of

variables, complementary to ¢.

Fig. 2. Scheme of comparison of testors with logic separation.
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Consider an interval ® of E". We call ® feasible if it doesn't contain points from L, and L,
simultaneously. Now it is easy to check that the property for t to be a test is as follows:

> tisatestor iff all intervals of the direction t are feasible.

Irreducible test/testor can be defined in a similar way. In the same terminology LS considers all
feasible individual intervals, and the irreducible ones among them - that are the maximal
intervals.

> If t is an irreducible testor, then there exists at least one maximal feasible interval of direction t.

LS feasible interval is a decomposition ©; x 0, of the similarly feasible intervals extendable up
to ©; X 0,. Looking from the tests perspective, the LS procedure is as follows. Sub-cubes of the
test direction t are squissed to the one vertex of E{*. This is - let the 0 - in the above description.
Then 0, is a maximal feasible interval of the new E[* area. This proves that LS may consist of a
test procedure with a consecutive stage of maximal interval composition. Additionally, LS
doesn't require feasibility of all intervals of a considered direction. That is defining feasibility
Boolean function on E[* and then optimizes the function. General conclusion is that testors
address subsets of features while LS is analyzing proper sub-spaces and domains.

5. Conclusion

The description above is an attempt to interlink several basic ideas of Logic Combinatorial
Pattern Recognition. In the point of view given it appears that ideas are around the same
recovering of more valid relations in the learning set. Learning set (plus the global hypotheses on
classes if there is one) is the only information about the classes and its best use is related to
selecting its characteristic fragments, constructing the classification algorithms on base of this.
Two examples considered are the testor scheme with pair of elements from different classes that
are different, and logic separation with similarity spread and interruption fragments. These basic
ideas historically were further initiated as the association rule generation and incremental
reduced error pruning schemes in Data Mining theory. After this methodological discussion it is
worth to mention further developments with the voting algorithm, algorithmic correction
procedure and other approaches of advanced logic-combinatorial pattern recognition [2]. Our
main finding is that the two core ideas, tests and separation can be interpreted in the same terms.
The binary case (features) is interpreted in terms of the n-dimensional unit cube. The
generalization to the numerical and categorical features can be achieved by the use of technique
[29].
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Skunnpltp b npudwpwbuljut whgwwnmpsutp Yepwyupttph
Jhpdwtidub Uke

L. Uyjuiyui, 9. Muquiny b 2. Uwhwljjut
Udthnthnid

Ukpjw hnnpduép dh wunpunupd b Yepwwpubph JEpswidwb /99/ nbkunipjut
nhuljpbnn wuwhnhl dnnkgdwb /YUU/ dbwynpdwb wpwehtt pwykphl, pun tpw
hhdtwnhp 8nt. b. dninwynih: «Unwoht puyikp» dudwbwluopowtn pungplynud k
1965-75 pywluutbpp: ZEknmwquynud PUU whpnypp qupgugl] E npuybu ks pyny
Unpbkjutph b wygnphpdutph hwdwhinidp: Zupnipuynp phjuiwsniwljut b nuutyuy
nmiunpujui phqp b wwounwwuldl] wju  wppnypnid, hwqupuynp
bpuwwwpwlnidubp & Juunwpdl] wju dudwbujuwhwngdwsnid: YUU nhpnyph
Enipniip bpw Ynnuhg  qupqugus  nhuljpbn Jwpbdwnhulut  wbwihgh
nipnnipjul oginugnpddwt Uke L, htsp Untwnpuwyhtt ndjujubph jupnigwsputph b
hwpwpbpmipniuubph dEjtwpwtidwt juyt htwpwynpnipmiiibp £ wwjhu: Uju
wukhtt qniquhbn, Alwynpdl; G npny  wy  dninbgnmudubp,  huswhuhp  bu
Jhdwlugpuljwt  dnwnkgnudp, ubjpnbughtt gwugkph dUnpljp, Jupnigwspuwjht
Swhwsnnnipjut nbunipiniup b wyj: Ujuon wyju wdkup htnkgpynid k dbpbuwjuljut
niunignid Ukl punhwunip mbpdhth dke, npt wnwybt] hwdw L hwtunhwnid: b jpnudi
wdkuh, Yhpwwpubph Epdwtdwt whpnypnid dbwynpynud B unp dnnbgnudukp,
hlswbu, opptwl  funpp  numgmdp b Uknnw  nwunigndp,  npnip
huwdwywunwupwiwpwp  hnynud o FUZ /pupdp wppynmibudbnnipjub
hwoquplutph/ b niunigdwt niunigdwt  dtundbubbph Jpu: unpp nrunignidp
hhdtdnid k unpp /puquupbpu/ Ukjpnttwghtt Swugkph ypuw b upwing hulj dunwignid
E upw qhwbihph Unpquutt b pgpu  dEjuwpwbtdwt  hbkn juwydws hwynth
ndJupnipjniiibpp: Uknw niunignudp tnp wbpdht E puyg hp wpdwnnmd wyh
puquhgu wunpunupd b niukgh] P0U hbnwgnuumipnitbbpnid: @pudhs E jutg
wnbb] wpnh YEpwywpubph yEpswiudwt nne ninpunh JEpnisdw ypw, puyg ubplu
wohiwnwipp Up jupd wiunpunupd b hwdwnpbnt Gpyne hhdbwpuwp Y00
Uninbgnudubp, hnyu mukbuny, np puuwljut dnnbgmdubkpp b ghnbkihpp, npybu
dbuynith wpdtp U hknwgqu qupqugdut wpwpluw, Yoquugnpstu upwp hpkug
Junnigqusputipnid b wpyniuph quuwhwwndwt thnynid:



L. Aslanyan, V. Ryazanov and H. Sahakyan 41

TecTopbl U JIOTHYECKOE OT/IeIeHHe B PACIIO3HABAHNH 00Pa30B

JI. Acnansn, B. Pa3anoB u A. CaaksH
AHHOTANUA

OTO CTaThs IIOCBAIEHA AaHAJAW3y IEPBBIX IIArOB (OPMUPOBAHUA [JUCKPETHOTO
aHanutndeckoro moxaxoma (JAII) reopernueckoro pacmosHaBanus o6pasoB (PO),
ocrosanHoro lO. . XKypasnessim. "IlepBsre maru' oxsaTeIBaloT nepuof BpeMeHu 1965-
75. B mocnenytomewm, JJAIl monyuusn manbHeliniee passuTue B Buze OOIBUIOTO KOTHUIECTBA
Mogenelr u anroputMoB. COTHM KaHAMAATCKUX U [ECATKU JOKTOPCKUX AUCCEpTaLMii
3aIUINEHBI IO TeMe, THICIYHN HayYHBIX cTaTeil Op1iu omy6aukoBassl ¢ Tex mop. Cyrs JAII
B TOM, YTO OH OCHOBAaH Ha XOPOIIO PasBUTOH TEOPHH [JUCKPETHOTO MaTeMaTHUIeCKOTO
aHa/iM3a, XU II09TOMY OH HWHTEepIpeTHPyeM B TepMHHAX BXOZHBIX IAHHBIX U HX
coorHomeHwui. [lapajienpHO C 5TUM, HECKOJIBKO aJIbT€PHATHUBHBIX HAIpaBJIE€HUN, TaKUX
Kak cratuctuyeckas Tteopusa PO, Mozmenn HeHPOHHBIX ceTeif, CTPYKTYpHas TeOpHUL
pacIo3HaBaHHUA OBLIM Pa3BUTHI M BHeApeHbl. CeromHs TEePMUH MAaIIMHHOEe OOydYeHue
obo0LaeT STH HAmpaBIeHUA M BCTpedyaeTcs Hambosnee wyacro. Kpome TOro, B
pacIO3HaBaHUHU OOpas0B IOSBUWJINCH IIOAXOLBI, Takue Kak [ybokoe obyuenue u Mera
oOyueHue, HaIIpaBJIeHHbIE COOTBETCTBEHHO Ha MHTEHCUBHOE UCIoIb3oBaHue BIIB /Bbicoko
IIPOU3BOAUTEIBHBIX BBIYMCIEHWH/ X HAa KOHIENIuIo - obydeHHe obyueHuio. I'rybokoe
oOydJeHMe OCHOBBIBAETCS Ha ITyOOKMX (MHOTOC/IOMHBIX) HEHPOHHBIX CETSX, M IIOITOMY
HacJleyeT CJIOKHOCTh WU3BJIeYeHUA 3HAHWM M HHTEPIpPETUPYeMOCTH B IenoM. Mera-
oOy4yeHue ABJIAETCA HOBBIM TEPMUHOM, HO IIO CBOEHl CyTH OHO OBLIO a/ipeCOBAaHO B psAfe
HOAIl wnccnemoBanmit. KoHewHO IpHB/IeKaTeIbHO OCTAHOBUTHCSA HA aHaIM3e BCell
coBpemeHnHoM o6iactu PO, HO B HaleM KpaTKOM O4YepKe XO4YeTCs JIMIIb CPaBHUTH JBa U3
ocHOBHBIX dieMeHTOB JIAII, mosaras, 49TO KjaccMYecKue 3HAHUSI U Teopus OyAyT
KCIIOJIB30BATh STOT aHAJIM3 B CBOMX KOHCTPYKIMAX U B CTAJIUM OLIEHKU Pe3yJIbTaTOB.



