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Abstract

We study the classical 1D spin glasses in the framework of Heisenberg model.
Based on the Hamilton equations we obtained the system of recurrence equations,
which allows performing node-by-node calculations of a spin-chain. It is shown that
the calculations from the first principles of classical mechanics lead to NP hard prob-
lem, that however, in the limit of the statistical equilibrium can be calculated by P
algorithm. For the partition function of the ensemble a new representation is offered
in the form of one-dimensional integral of spin-chains’ energy distribution.
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1. Introduction

A wide class of phenomena in physics, chemistry, material science, biology, nanoscience, neu-
ral network, evolution, organization dynamics, hard-optimization, environmental and social
structures, human logic systems, financial mathematics etc., are well described mathemati-
cally by models of spin glasses [1]-[10]. Despite of numerous studies there are still a number
of topical issues in the field of spin glasses and disordered systems as a whole, the solution
of which is extremely important and useful in terms of developing modern technology. We
can mention a few important ones;

a) The simulation of spin glasses far from thermodynamic equilibrium. Obviously, in such
cases, we cannot enter the ambient temperature and, respectively, write and use a standard
representation for partition function.

b) Even if it is assumed that spin glass is in the state of the thermodynamic equilibrium in
the frameworks of standard theoretical and numerical methods it remains an open research
question of metastable states. Recall that the Monte Carlo simulation methods allow us to
study the spin systems only in the ground state, at the time when the real statistical system,
moreover spin glasses, always are in metastable states, where parameters characterizing spin
glass have some distributions.
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c) At definition of the partition function, a priori is assumed that the total weight of
nonphysical spin configurations in the configuration space is a zero that in a number of cases
may be an incorrect assumption. Recall, that under the nonphysical spin configurations, we
mean spin-chains which are unstable from the point of view of basic principles of classical
mechanics.

d) The computational complexity of spin glasses often applies to the class of the NP hard
problems. This circumstance requires development of new efficient algorithms for a numerical
simulation of spin glasses that one way or another leads to the problem of reduction of the
NP to the PP problem.

As it was shown in works [11, 12, 13, 14], the problem of spin glasses even in the state of
the thermodynamic equilibrium often are NIP hard problems, whose source is in the diverging
equilibration at simulations by the Monte Carlo methods [15]. Recently in the statistical
physics a rapid growth of the number of works has accurred which are using combinatorial
optimization methods [16, 17, 18]. In particular, a number of disordered statistical systems
have been mapped onto combinatorial problems for which fast combinatorial optimization al-
gorithms are available [19, 20]. So, combinatorial methods and the corresponding algorithms
are often used for simulation of spin glasses especially when studying the phenomena such
as phase transitions where they have given valuable insights about questions that are hard
to study by traditional techniques, for example, by Monte Carlo simulations [11]). However,
the above-mentioned problems, for which we want to receive clear answers obviously require
the development of principally new approaches.

In this paper we will study the classical 1D spin glass problem suggesting that only the
nearest neighboring spins interact. Recall that despite the simplicity of the model, since
in a known sense it is an exactly solvable model [21], as it will be shown below, all the
aforementioned problems in considered model are present, if we solve the task from the first
principles of classical mechanics.

And lastly, one of the important purposes of this work is argumentation of the possibility
of reduction of the initial NP-hard problem to the IP problem, when the spin-chains’ ensemble
comes to the statistical equilibrium state.

2.  Definition of Model

The disordered 1D spin system, in the nearest-neighboring model is written as ([21]):
H=— Z Ji i+18iSit1, s; € R?, |[sil| = |[si+1]] = 1, (1)
ieN
where NV = (1,...,n) is the set of nodes on 1D lattice, the couplings J; ;11 are indepen-
dent random variables characterizing the power of interactions between the spatial spins.
The distribution of the coupling constants will be found below, in the result of numerical
modeling.
Since the norm of vector s; = (z;,¥;, z;) is equal to the unit, then the projection, z; can
be represented in the following form:
zi=qlul,  a=0—ai—y)?* >0, ¢ =sign(z). (2)
Substituting (1) into the Hamilton equations (see, for example, ([22])) we can find:
—&; = Jisi(wio1 — Tz 2in) + Jiiv1 (@i — ﬂfizi_lZHl),

—i; = Jic1,i(yio1 — yizi_lzi—l) + Jiiv1(Yisr — ini_IZiH)a (3)
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where the following notations are made, & = 02 JOt? and & = (z,y), in addition 7¢”

denotes the usual time. We will assume that near the nodes spins are localized and quasi-

periodic movements commit, &(t) = £2 4 65 (), where €2 and &;(t) denote the position of the

equilibrium and quasi-periodic function of the time, respectively. Below we will study the

statistical properties of the system, which are formed on time scales 7 >> 7y, where 7y is a

characteristic time of spins oscillation and obviously, in this case; (%), = (J)-, ~ 0.
Averaging equations (3) on the period 75 can be found:

—1 —1
Jicvi(®icy — w32 zic1) + i (Tipr — 22 2i1) = 0,
_0,

Jic1,i(Yio1 — yizflziq) + Ji i1 (Yig1 — Z/iZleiH)

(4)

where for simplicity in equations the index over of variables are omitted, i.e., 27 —

zi, ) — y; and 20 — z;. As it is easy to verify these equations define the condition at which
the Hamiltonian (1) in the i-th node takes an extremal value.
Solving the system of equations (4) with respect to variables x;,1 and y;,1 may be found:

909

Tit1 = Cx/Ji,i+17 Yi+1 = Cy/Ji,iJrla (5)
where the following notations are made:

Ax(y) - By(x)(c + \/5)
1+ B2+ B2 ’

C’I(y) = Ay = Wflzm — Ni—1, B, = Th‘Zfqul’

D=(1+B:+B—A2-A-C* >0, C=A4,B,—AB,, n=(z,y).

Now, for the Hamiltonian (1) the conditions of a local minimum can be set. It is obvious
1-th spin is in stable equilibrium if the following inequalities are satisfied:

Amimi(so) >0, Amizi(sQ)Ayiw(so) — A2 (80) > 0, (6)

7 7 % T;Y; \O1
where A, = 0°H/0n? and A,,,, = 0*H/0x;0y;; in addition s? denotes i-th spin which is
in a stable equilibrium.
Using (2), (4) and (6), the explicit forms of the second order derivatives can be calculated:
Apn, = (n? + 27)2° A, Ay, = Tz P, A= (Jict,izic1 + Jig1,i%i41), (7)
and taking into account (6) and (7) the conditions of a local minimum energy may be found:
A-Z’il’i = (1 - yf)ZZ_SAZ > O’ Al‘il‘iAyiyi o Aozcly, = 21_4A12 > 0. (8)
Since, at the z; > 0 both conditions in (8) are satisfied:

Ai = (Ji—l,izz‘_l + Ji+1,izi+1) > 0. (9)

Thus, in each node the solutions determining the orientation of the spin in the state of the
local equilibrium can be found. If there is such coupling constants J; ;+1, for which not only
the conditions (8) or (9) are satisfied, but also the following inequality holds:

i =2 Co+C > 0. (10)
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3. The Statistical Ensemble of 1D Disordered Spin-Chains

It is easy to show, that the solutions of equations (5) satisfying inequalities (8) can be of
two types:

a. If J;_ 1 iSi—1 -8 < 0and |J; ;41| > |Ji—1,4|, then there is only one solution, which we
denote by; s, (queen), and respectively,

b. If Ji_1 ;8218 > 0and |J; i+1| > |Joa| - |so % 81|, then 3;:1 is the solution, in addition
there is another solution, s;,; (drone) under the condition that, \Jl Z+1| < |Jiz1,4]-

Note that the solutions which are denoted with signs "*" and "~ are characterized as
follows, if the previous solution is the queen "+, up to two different solutions may be found;
sy, and s;,, while after the drone "~ the solution is only one s} ,. Taking into account

this we can construct solutions graphically in the form of separate Fibonacci subtrees (F/S\T i)
(see Fig. 2).

The mathematical expectation of branchings number depending on the height of @“Z
can be calculated as follows:

M(n) = M(n=1)[ (26,)] = [2™], n(n) =1+n"") log,(&) > 0, (11)
k=1

where M(n — 1) number of branchings at the height (n — 1) and ¢, denotes a random
coefficient which belongs to the interval [1/2,1]. For simplification in the expression (11)
the subtree’s number 7 is omitted. Since each FsT ; consists of the set of nodes and the
set of edges (the set of constants {J} = [J12, 23, ...Jn—14]), it can be represented as a
graph G;(n) = {g;(n),j € M}, where g;(n) denotes a random string by length n, which is
characterized by Kolmogorov’s complexity [23, 24].
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Fig. 1. Two different Fibonacci subtrees (graphs) each with the height 8. Both of graphs grow
from the same initial data (root) in the result of two independent numerical experiments. The
same symbols s; and J; ; on different graphs can have completely different values.

Thus, for calculations of different physical parameters of the statistical ensemble, it
is necessary to take into account the contribution of all independent graphs {G(n)} =
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With regard to the graph computation complexity, it is easy to prove that:
Kg(n) o< M(n)K4(n), (12)

where M (n) o 2" is the value of branching on the step n, K (n) denotes Kolmogorov’s com-
plexity of the string g;(n), while K¢(n) denote the complexity of the graph G;(n) C {G(n)}n.
The computational complexity of {G(n)}n obviously will be K¢,s oc NM(n)Ks(n), where
N is the total number of graphs in the ensemble.

The mathematical expectation of random variable f characterizing the ensemble {G(n)}n
can be calculated by the formula:

where N; and N denote the number of strings of the graph G;(n) and the total number of
strings in the ensemble, respectively, in addition f; = ZGi(n) f denotes the expectation of
random variable f in the G;(n), which is calculated similarly to formula (13).

Lemma. If statistical weights of all independent graphs G;(n) C {G(n)}n are approxi-
mately the same it can be shown that the statistical weights of all strings gj(n) C {G(n)}n
are equal exactly. In this case we can use the law of large numbers and simplify the expression
(18) writing it as:

r 1 = —1/3
f N; /)7 (14)

where fj = Zg]- f denotes the expectation of the random variable f on a randomly selected
string g;(n) C Gi(n).

Thus, the computation of statistical parameters of the disordered spin system by the
formula (13) is algorithmically equivalent to solving of NIP hard problem, while the simulation
by the formula (14) is the P problem.

4. The Numerical Experiments

As a rule the problems of spin glasses are studied in the framework of the partition function
representation by methods of Monte Carlo which, however, do not allow to answer many
important questions of the statistical ensemble. In particular an important problem is the
fact that the spin glass in the state of a statistical equilibrium generally speaking is in a
metastable state and has some distribution near the ground state. The system in this state,
obviously, cannot be studied using Monte Carlo methods, because these methods are adapted
only for calculating the ground state.

At first let us consider one set of initial data 2} (roots) which includes orientations of the
first two spins of the chain and the coupling constant between them, which are generated
randomly from the corresponding homogeneous distributions. Using the system of recur-
rence equations (5), with consideration of inequality conditions (8), we perform successive
calculations of spin-chain. Recall that this system of equations connects three consecutive
spins, so that knowing the configuration of two previous spins, we can generate from log-
normal distribution ([25]) a random constant J; ;41 and exactly to calculate the orientation
of spin in the subsequent node. Conducting the consecutive node-by-node calculations on
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the n-th step, we generate a random graph G;(n) C {G(n)}y at internal nodes of which the
spins are in local minima of energies. With regard to spins in the external nodes, then it is
supposed that they are in local minima of energies on the basis of other considerations.

We calculated the characteristic distributions and parameters of the 1D spin glass, which
is in the state of the statistical equilibrium using two algorithms which are based on for-
mulas (13) and (14), respectively. For the simulation of the problem, first of all we need

PO T L  chain
e e e e o = trees i— —63 62 0. 15 tree

014F 1m 35, 29 -142 3. 0351 - . - 15}
W 344 28 -142 3 o388 0 1

0.12f 0.301
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-25 -20 -15 -10 -5 &

Fig. 2. The distributions of energies and spin-spin coupling constant. The beige curves denote
the results of calculations using the algorithm with the complete enumeration of all branches of
graphs (conditionally we will call NP algorithm), while black curves are constructed in the result

of calculations by P algorithm.

to specify initial conditions in the form of a large number of independent configurations
(roots), i.e., the large set of the first two spins and coupling constants between them;
{1 = (s1, 515 Sl - Qv = (51,853 Jip)n} = .

The steps of simulation using the algorithm NP are as follows. Using the initial data,
Q we perform parallel calculations of all graphs G;(n) of the ensemble G;(n) € {G(n)}y.
Note that each of these graphs in terms of classical mechanics represents the set of classical
trajectories that go out from one initial value (root). The database which is obtained in
the result of simulation using NP algorithm allows to construct distributions of the main
parameters of the statistically equilibrium ensemble.

The simulation by P algorithm which is based on the formula (14), is performed in a
similar way but with the difference that in this case instead of the set of graphs {G(n)}y we
grow the set of strings {g(n)}y. In this case from each graph we choose only one string as a
representative. Note, that the string (branch) g;(n) C {G(n)}n we grow by way of randomly
selecting only one solution in each node. In the result of parallel simulation of the set of
strings, we get the database which allows to construct the distributions of main parameters
of the statistical equilibrium ensemble {G(n)}y with accuracy O(N—1/3).

We compared the results of numerical simulations on the example of the statistical ensem-
ble, {G(20)}5.10+ consisting from 5 - 10* graphs by heights 20 with the ensemble {g(20)}5.104
which consists of the 5 - 10* strings of lengths 20. As it can be seen from Fig. 2, the dis-
tributions of various parameters of the statistical ensemble that have been calculated in the
limit of statistical equilibrium using two NP and P algorithms coincide ideally.
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Thus, we have shown on the example of 1D Heisenberg spin glass, that the NP hard
problem with the given accuracy may be reduced to the PP problem.

5. Partition Function

Now we can return to the definition of the main object of statistical physics, i.e., the par-
tition function. As known the multiparticle classical system in the state of the statistical
equilibrium in the configuration space is described by the partition function of type:

2(8) = / / exp{—BH{D} [Foors [r, B=o00/5T, {1} = (fowrrn),  (15)

where H({r}) is the Hamiltonian of the system in the configuration space, kg and T" are the
Boltzmann constant and temperature of the system, respectively.

For the considered model the partition function is calculated exactly and has the following
form ([21]):

" sinh(a;
Z(B,{J}) = H #7 a; = BJ; it1, (16)
i=1 !
where the coupling constant J; ;11 € {J} = (J1,2, J2.3, ...Jn—1,n) is the random variable.
The average value of the partition function for the ensemble, can be found by way of aver-
aging over the distribution of the coupling constant. It is often assumed that the distribution
is Gaussian:

W) = — exp{—w}, (17)

2
oV 2T 20]

where o is the variance and J; is the average value of coupling constant.
Averaging of the partition function (16) by the distribution (17) can find:

20~ [ OOZ(@{J})W(J)dJ:% [ (B by, a8)

where © = J/o; and zy = Jy /o, in addition K () is the normalization factor:

=g [ 0= [ ) vev

with J > 0 and § = J. Recall that the coefficient K(f3) is constructed in such a way that
the Helmholtz free energy converges to zero in the limit of 8 — oo.
The Helmholtz free energy per one spin in chain is calculated by the following formula:

1 _

F(8) =~ Z(5). (19)
Since the integration in representation (15) is carried out over the complete configuration
space, then obviously we take into account also the contributions of physically unrealizable
spin configurations. Recall that usually the measure of a set of such spin configurations is
assumed to be equal to zero without any serious proof, that not only groundless, but in
some cases may be wrong. Taking into account the fact that a set of strings describing
the statistical ensemble in configuration space formally can be represented as a trajectory
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Fig. 3. The free energy of the ensemble. The red curve is obtained at using of the expression (20),
while the blue curve is obtained in the result of calculation by the expression (19). Note that
parameters of €9 and . are found by the way of simulation of problem from the first principles,
whereas parameters Jy and o are chosen for reasons of the best approximation to red curve.

of dynamical system, in the limit of ergodicity of system (see [26, 27]), for the partition
function the following representation may be written:

-n/B _ . 0
Z*(B):/ P(e)de, P(g) = c'P(e), c:/ P(e)de, (20)

neQ neo

where ¢ < 0 and g9 = 1 < 0 (see Fig. 2) denote the energy of 1D spin-chain and its average
energy, respectively, P(e) is the normalized energy distribution. If the energy distribution
(see Fig. 2) to approximate by Gaussian function (see expression (17)), then using the
representation (20), for the free energy attributable to a single spin we obtain the following

analytical expression:

F.(8) = —%111{%[1 —erf(%ﬂ}, (21)

where 0. denotes the variance of spin-chains energy distribution. Comparing Helmholtz’s
free energies F'(5) and F,(B) for the ensemble {g(20)}5.105s shows that these curves diverge
sharply already at finite temperatures (see Fig. 3 ). As we can see, near the temperature
B =~ 0.3, the ensemble of spin-chains exhibits a critical behavior, since the free energy tends
to infinity (the red curve) that is characteristic to the phase transitions of the first order. The
latter obviously is connected with the fact that in the expression (21), only the physically
realizable spin configurations are taken into account.
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6. Conclusion

We studied 1D spin glass in the framework of Heisenberg’s nearest-neighboring Hamiltonian
from the first principles of the classical mechanics. It was shown that in the framework
of the considered approach, even this simple task, which in a sense, is exactly solvable,
corresponds to the category of NP-hard (see the estimation of complexity (11)). It was
proved that in the limit of the statistical equilibrium the computational NP-hard problem,
with a given accuracy to the P problem is reduced. The developed method as opposed to
standard approach allows to calculate the statistical distributions of all parameters of the
ensemble, including the distribution of coupling constant (see Fig. 2).

In the paper, a new representation was suggested for the partition function in the form of
one dimensional integral from the spin-chains’ energy distribution (see the expression (20)).
We have compared the Helmholtz’s free energies which were calculated by using the usual
(19) and new (21) representations. As it is shown (see Fig. 3), the corresponding curves are
significantly different already at finite temperatures, moreover, near the value 5 ~ 0.3 the
ensemble of spin-chains demonstrates a critical property, that usually occurs at first-order
phase transitions. This is obviously due to the fact that in the formula (21), only such spin
configurations are presented which satisfy the basic principles of classical mechanics (see
expressions (4)-(9).

Thus, the main advantages of the developed approach are that we have received clear
answers to all the raised questions on the example of study 1D spin glass from the first
principles of the classical mechanics without using any additional assumptions.

The ideas lying in the base of the developed approach are enough universal and allow the
generalization of model for a multidimensional case and at presence of external fields ([28]).

Lastly, note that the new formulation of the problem of spin glasses and disordered
systems in general might become very useful for investigation of the more global problem:
namely, the problem of reduction of NP hard to the P problem.
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Qqupquynpywo uyhlwjhl hwiwlwpqtiph yhdwjuqpuyub
hwwnlnpniGatph hwyJwnpynp GGGy quuwlwl dtfuwGhlywjh

dlwnpwnp uyqpniGplGtnhg
U. Glunpgjul L 4. Uwhwljjwl

Udthnthnid

Utip htmwgnuty thp nuuwlwlG 1D uwyhlwjhlG wwwyhbtpp {wjqtlptipgh dnntih
now by Gtipnud: {pdGytinyg LwdhjunGh hwjwuwpnidGbh ypuw nnipu £ pipduwo nbyniptGum
hwjwuwpnuilGtiph hwdiwywpg, npp pnyy; tnmwhu hpwwbwglty vyhGwjhb ynpwltph
hwpqwpyp hwgniyyg wn hwlgnyg: 3Snyg L wnpjwo, npp guuwliul dhfuwGhlujh
hhiGwpwnp uyqpniGpGiph hhdwl Ypw hwpwpylbpp ppmd 66 NP pwpn  fuGnph,
npp uwyuw)l yhdwjugnuwl hwjwuwpwlppnpjul vwhiwlind mpjwd dunnipjudp
hwpyymd E P wygnphpdh dhongny: Uluwdpih yYhdwyugpululb gmiwph hwdwp
wnwownywo L dblyuhwlh  hGubgpupuyhG  Gapyuyugnid  uyhbGwjhl  pnpwGtph
tGtpghwjh pwpfudwl pnillghwjhg:

BeluucaeHUe CTaTUCTUYECKUE CBOMCTBA HEYIIOPSAOYEHHBIX
CIMHOBBIX CHCTEM M3 IIEPBLIX IIPUHIIUIIOB
KAAQCCUYECKON MeXaHUKU

A. I'eBopkaH u B. Caakan

AnHoTanuys

MBI nccaepOBaAM KAaCCHUUYECKHWe CIIMHOBBIE CTeKAaa B pamkax 1D mopean
leiizenOepra.  OCHOBBIBadICh Ha YpaBHeHUAX [aMUABTOHA, BBIBEA€HA CHUCTeEMa
PEKYPPEHTHBIX YPaBHEHUHN, KOTOPAs II03BOASET OCYIIECTBASATE BBIYNCAECHUE CITMHOBOM
IIelIOYKM y3eA 3a y3eAoM. [lokaszaHo, 4TO HpOBeAEHHBIE Ha OCHOBE OCHOBHBIX
IIPUHIUIIOB KAACCUYECKOM MEeXaHUKM PacyeThl CBOAATCS K NP TpypHOU 3apaue,
KOTOpasl, TeM He MeHee, B IIpeAeAe CTAaTUCTUYECKOTO PAaBHOBECHd C 3aAaHHOM
TOYHOCTBIO BBIUKCAdeTCcd P aaropuTMoM. AAS CTAaTUCTUYECKOUW CyMMBI aHCAMOAS
IIPEANOJKEHO OAHOMEPHOE MHTErPAABHOE IIPEACTABAEHHE OT PAaCIIpEAEAEHUS DJHEPTUU
CIOMHOBOU IIEIIOYKHU.
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