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Abstract

In this paper a class of systems of equations with partial (not everywhere de¯ned)
Boolean functions is investigated. The asymptotic estimate of the number of solutions
of systems of equations is determined for the \typical" case.
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1 . In t r o d u c t io n

Ma n y p r o b le m s o f d is c r e t e m a t h e m a t ic s , in c lu d in g p r o b le m s wh ic h a r e t r a d it io n a lly c o n -
s id e r e d t o b e c o m p le x, le a d t o t h e s o lu t io n s o f t h e s ys t e m s o f B o o le a n e qu a t io n s o f t h e
fo r m ½

fi ( x1; : : : ; xn ) = 1 ;
i = 1 ; :::; l;

( 1 )

o r t o t h e r e ve a l o f t h o s e c o n d it io n s , u n d e r wh ic h t h e s ys t e m ( 1 ) h a s a s o lu t io n . In g e n e r a l
p r o b le m o f r e a liz in g wh e t h e r t h e s ys t e m ( 1 ) h a s a s o lu t io n o r n o t is N P -c o m p le t e [1 ]. Th e r e -
fo r e , it is o ft e n n e c e s s a r y t o c o n s id e r s p e c ia l c la s s e s o f t h e s ys t e m s o f e qu a t io n s , u s in g t h e ir
s p e c ī c it y, o r e xp lo r e a n u m b e r o f s o lu t io n s fo r t h e " t yp ic a l" c a s e .

2 . D e ¯ n it io n s a n d R e s u lt Fo r m u la t io n

L e t fM ( n) g1n=1 b e t h e c o lle c t io n o f s e t s , s u c h t h a t jM ( n) j ! 1 wh e n n ! 1, ( jM j is t h e
p o we r o f t h e s e t M ) , a n d Ms ( n ) is t h e s u b s e t o f a ll t h e e le m e n t s fr o m M ( n) , wh ic h h a ve
t h e p r o p e r t y S. W e s a y, t h a t a lm o s t a ll t h e e le m e n t s o f t h e s e t M ( n) h a ve t h e p r o p e r t yS, if¯̄
MS ( n)

¯̄
= jM ( n) j ! 1 , wh e n n ! 1.

W e d e n o t e b y Sn;l t h e s e t o f a ll t h e s ys t e m s o f t h e fo r m ( 1 ) , wh e r e fi ( x1; : : : ; xn ) ; i =
1 ; :::; l¡ p a ir wis e d i®e r e n t B o o le a n fu n c t io n s o f va r ia b le s x1; x2; :::; xn. It is e a s y t o s e e , t h a t
jSn;lj = C l

22n .

L e t fM ( n ) g1n=1 b e t h e c o lle c t io n o f s e t s , s u c h t h a t jM ( n) j ! 1 wh e n n ! 1, ( jM j is
t h e p o we r o f t h e s e t M ) , a n d Ms ( n) is t h e s u b s e t o f a ll t h e e le m e n t s fr o m M ( n) , wh ic h h a ve
t h e p r o p e r t y S. W e s a y, t h a t a lm o s t a ll t h e e le m e n t s o f t h e s e t M ( n) h a ve t h e p r o p e r t y S,
if

¯̄
MS ( n)

¯̄
= jM ( n) j ! 1 , wh e n n ! 1.

1 4



E. Yeghiazaryan 1 5

W e d e n o t e b y Sn;l t h e s e t o f a ll t h e s ys t e m s o f t h e fo r m ( 1 ) , wh e r e fi ( x1; : : : ; xn ) ; i =
1 ; :::; l¡ p a ir wis e d i®e r e n t B o o le a n fu n c t io n s o f va r ia b le s x1; x2; :::; xn. It is e a s y t o s e e , t h a t
jSn;lj = Cl

22n .
L e t B = f 0 ; 1 g,Bn = f ~®= ~® = ( ®1; ®2; :::; ®n ) ; ®i 2 B; 1 · i · ng. Th e ve c t o r ~®i =

( ®1; ®2; :::::; ®n ) 2 Bn is c a lle d a s o lu t io n o f ( 1 ) , if

½
fi ( ®1; ®2; :::::; ®n ) = 1 ;
i = 1 ; :::; l:

W e d e n o t e b y t ( S ) t h e n u m b e r o f t h e s o lu t io n s o f t h e s ys t e m S. In [2 ,3 ] t h e a s ym p t o t ic s
o f t h e n u m b e r o f t h e s o lu t io n s t ( S ) is s h o wn fo r a lm o s t a ll t h e s ys t e m s S o f t h e s e t Sn;l t h e
wh o le r a n g e o f p a r a m e t e r l c h a n g e s , wh e n n ! 1.

In t h is wo r k a c la s s o f s ys t e m s o f e qu a t io n s wit h p a r t ia l ( n o t e ve r ywh e r e d e ¯ n e d ) B o o le a n
fu n c t io n s is c o n s id e r e d . Th e a s ym p t o t ic b e h a vio r o f t h e n u m b e r o f s o lu t io n s o f s ys t e m s o f
e qu a t io n s is fo u n d fo r a \ t yp ic a l" c a s e .

P a r t ia l B o o le a n fu n c t io n f ( x1; : : : ; xn ) o n t h e ve c t o r ~® = ( ®1; ®2; :::::; ®n ) 2 Bn o r is n o t
d e ¯ n e d , o r is 0 o r 1 . L e t Q ( n) d e n o t e t h e s e t o f a ll p a r t ia l B o o le a n fu n c t io n s , d e p e n d in g o n
va r ia b le s x1; x2; :::; xn. Ob vio u s ly, jQ ( n) j = 3 2n

.
L e t R( n; l ) d e n o t e t h e s e t o f a ll s ys t e m s o f l e qu a t io n s o f t h e fo r m ( 1 ) , wh e r e

fi ( x1; : : : ; xn ) ; i = 1 ; :::; l a r e p a ir wis e d i®e r in g p a r t ia l B o o le a n fu n c t io n s o f t h e va r ia b le s
x1; x2; :::; xn ( fi 6= fj if i 6= j c o n d it io n p e r s is t s ) . It is e a s y t o s e e , t h a t jRn;lj = C l

32n .
Fo r t h e n u m b e r s o f t h e s o lu t io n s t( S ) o f a lm o s t a ll t h e s ys t e m s S o f t h e s e t R ( n; l ) t h e

fo llo win g s t a t e m e n t is t r u e :

T heor em 1:
1. If n¡` lo g 3 ! 1 when n ! 1, then for almost all the systems Sof the set R( n; l ) occurs
t ( S ) » 2 n 3 ¡l.
2. If n ¡ ` lo g 3 ! ¡1 when n ! 1, then almost all the systems Sof the set R( n; l ) have
no solutions.
3. If n¡` lo g 3 is restricted when n ! 1, then for almost all the systems of the set R ( n; l; m )
the number of the solutions t ( S ) is restricted from above by an arbitrary function '( n) , sat-
isfying the condition '( n) ! 1, when n ! 1.

H e r e a n d fu r t h e r f ( n) » g ( n) ; if f ( n) =g ( n) ! 1 wh e n n ! 1, f ( n) = o ( g ( n) ) if
f ( n) =g ( n) ! 0 wh e n n ! 1. E ve r ywh e r e t h e lo g is r e g a r d e d a s a lo g a r it h m t o t h e b a s e 2 .

3 . P r o o f o f Th e o r e m 1

Th e fo llo win g kn o wn o r e a s ily c h e c kin g in e qu a lit ie s h o ld :
1 ) Th e ¯ r s t Ch e b ys h e v in e qu a lit y ( [4 ]) . L e t t h e r a n d o m va r ia b le » t a ke t h e n o n -n e g a t ive
va lu e s a n d h a ve m a t h e m a t ic a l e xp e c t a t io n M». Th e n fo r a n y t > 0 r ig h t ly

P ( » ¸ t) · M»=t:

2 ) Th e s e c o n d Ch e b ys h e v in e qu a lit y ( [4 ]) . L e t t h e a b o ve r a n d o m va r ia b le » h a ve a d is p e r s io n
D». Th e n fo r a n y t > 0 r ig h t ly

P ( j» ¡ M»j ¸ t) · D»=t2:
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3 ) Fo r a n y x > 1 µ
1 ¡ 1

x

¶x

< e¡1 :

4 ) Fo r a n y n a t u r a l n a n d m2 = o( n)

C
m
n » nm

m!
:

5 ) Fo r a n y n a t u r a l n a n d 1 · m · n

Cm
n <

³en

m

´m

:

6 ) L e t b ( k;n; p ) = Ck
n pkqn¡k, wh e r e 0 < p; q < 1 ; p + q = 1 . Th e n fo r r > np

n¡rX

j=0

b( r + j; n; p) < b( r; n; p) ( r + 1 ) q= ( r + 1 ¡ ( n + 1 ) p)

( t h e e s t im a t e o f t h e \ t a il" o f t h e b in o m ia l d is t r ib u t io n ( [4 ]) ) .

L e t S b e a s ys t e m in R ( n; l ) . A r r a n g in g ( t r a n s p o s it io n s b y a ll t h e va r ia t io n s ) t h e e qu a -
t io n s in S , we o b t a in ! n e w s ys t e m s , d i®e r in g fr o m e a c h o t h e r b y t r a n s p o s it io n o f t h e e qu a -
t io n s . Th u s , fr o m t h e s e t R ( n; l ) we o b t a in a n e w s e t R0 ( n; l ) o f o r d e r e d a n d n o n r e p e t it ive
( n o t c o n t a in in g t h e e qu iva le n t e qu a t io n s ) s ys t e m s . It 's e vid e n t t h a t

jR0 ( n; l ) j = jR ( n; l ) jl!: ( 2 )

L e t a lm o s t a ll t h e s ys t e m s o f t h e s e t R0 ( n; l ) h a ve t h e p r o p e r t y E , wh ic h is in va r ia n t fo r
a n y t r a n s p o s it io n o f t h e e qu a t io n s o f t h e s ys t e m . It 's e a s y t o s e e , t h a t a lm o s t a ll t h e s ys t e m s
o f t h e s e t R( n; l ) will a ls o h a ve t h e p r o p e r t y E . Th u s , fo r t h e p r o o f o f t h e Th e o r e m it will b e
e n o u g h t o c o n s id e r t h e s e t R0 ( n; l ) in s t e a d o f R ( n; l ) .

N e xt , we d e n o t e b y R
00
( n; l ) e xp a n s io n o f t h e s e t R0 ( n; l ) - in t h e s ys t e m s fr o m R0 ( n; l )

a llo we d a s a m e e qu a t io n s . It is e a s y t o s e e , t h a t

jR00 ( n; l ) j = 3 l2n

: ( 3 )

Fr o m ( 2 ) , ( 3 ) a n d 4 ) we o b t a in , t h a t

jR0 ( n; l ) j
jR00 ( n; l ) j =

l!Cl
32n

3 l2n ! 1 ;

wh e n l2 = o
¡
3 2n¢

( n ! 1 ) . Th u s , if l2 = o
¡
3 2n¢

, a n y a s s e r t io n fo r a lm o s t a ll s ys t e m s o f
t h e s e t R00 ( n; l ) is t r u e fo r a lm o s t a ll t h e s ys t e m s o f t h e s e t R0 ( n; l ) .

W e c o n s id e r R00 ( n; l ) a s a s p a c e o f e ve n t s , wh e r e e ve r y e ve n t S 2 R00 ( n; l ) t a ke s p la c e
wit h t h e p r o b a b ilit y 1 =jR00 ( n; l ) j = 3 ¡l2n

.
Co n s id e r t h e r a n d o m va lu e »S ( ~®) , wh ic h is c o n n e c t e d wit h S 2 R0 ( n; l ) a s fo llo ws :

»S ( ~®) = 1 ; if ~® is t h e s o lu t io n o f t h e s ys t e m S , a n d »S ( ~® ) = 0 in a n o t h e r c a s e .
Fr o m t h e d e ¯ n it io n it fo llo ws , t h a t t h e n u m b e r o f t h e s ys t e m S 2 R0 ( n; l ) , fo r wh ic h ~® is

a s o lu t io n , e qu a l t o 3 l(2n¡1). Fr o m t h is a n d ( 3 ) it fo llo ws , t h a t P ( »S ( ~®) = 1 ) = 3 ¡l.
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Co n s id e r a n o t h e r r a n d o m va lu e v =
P

~®2Bn

»S ( ~® ) . R a n d o m va lu e v h a s a b in o m ia l d is t r i-

b u t io n , b e c a u s e
p ( v = j ) = Cj

2n 3 ¡lj ( 1 ¡ 3 ¡l ) 2n¡j :

H e n c e , Mv = 2 n 3 ¡l a n d Dv = 2 n 3 ¡l
¡
1 ¡ 3 ¡l

¢
, wh e r e Mv a n d Dv a r e t h e m a t h e m a t ic a l

e xp e c t a t io n a n d d is p e r s io n o f t h e r a n d o m va lu e v, a c c o r d in g ly.
L e t n ¡ ` lo g 3 ! 1 wh e n n ! 1. It m e a n s , t h a t Mv = 2 n 3 ¡l = 2 n¡l log 3 ! 1

wh e n n ! 1. U s in g t h e Ch e b is h e v's in e qu a t io n 2 ) wh e n t = Mv=
p

n ¡ l lo g 3 , we o b t a in ,
P

¡
jv ¡Mvj ¸ Mv=

p
n ¡ l lo g 3

¢
· ( n¡ l lo g 3 ) ( 1 ¡ 3 ¡l ) = 2 n¡l log 3 ! 0 wh e n n ! 1. H e n c e

a n d fr o m t h e d e ¯ n it io n o f r a n d o m va lu e v it fo llo ws , t h a t a lm o s t a ll t h e s ys t e m s o f t h e s e t
R00 ( n; l ) h a ve t h e n u m b e r o f s o lu t io n s , wh ic h a s ym p t o t ic a lly e qu a ls Mv.

S in c e u n d e r n ¡ ` lo g 3 ! 1 is p e r fo r m e d l2 = o
¡
3 2n¢

, a lm o s t a ll t h e s ys t e m s o f t h e
s e t R( n; l ) h a ve a ls o n u m b e r o f s o lu t io n s , a s ym p t o t ic a lly e qu a l t o Mv = 2 n 3 ¡l. Th e ¯ r s t
s t a t e m e n t o f t h e Th e o r e m is p r o ve d .

L e t n ¡ ` lo g 3 ! ¡1 wh e n n ! 1. Th e n Mv = 2 n 3 ¡l = 2 n¡l log 3 ! 0 ( n ! 1) .
U s in g Ch e b is h e v's ¯ r s t in e qu a t io n wh e n t =l, we o b t a in P ( v ¸ 1 ) ! 0 wh e n n ! 1 a n d
t h e r e fo r e , P ( v = 0 ) ! 1 wh e n n ! 1. H e n c e it fo llo ws , t h a t a lm o s t a ll t h e s ys t e m s S
o f t h e s e t R00 ( n; l ) h a ve n o s o lu t io n . Th e r e fo r e , wh e n l2 = o

¡
3 2n¢

t h e s e c o n d s t a t e m e n t
o f t h e Th e o r e m is p r o ve d . It is e a s y t o s e e , t h a t fo r t h e g r e a t e r va lu e s o f t h e p a r a m e t e r l
t h e s t a t e m e n t o f t h e Th e o r e m a ls o h o ld s ( t h e n u m b e r o f s o lu t io n s o f t h e s ys t e m d o e s n o t
in c r e a s e wit h t h e n u m b e r o f e qu a t io n s ) .

N o w le t n ¡ ` lo g 3 b e r e s t r ic t e d , wh e n n ! 1. Th e n Mv = 2 n 3 ¡l = 2 n¡l log 3 is a ls o
r e s t r ic t e d wh e n n ! 1. U s in g t h e in e qu a t io n s 6 ) , 5 ) a n d 3 ) , we o b t a in

P ( v > r ) =
2n¡rX

i=0

Cr+i
2n 3 ¡l(r+i) ( 1 ¡ 3 ¡l ) 2n¡r¡i · Cr

2n 3 ¡lr ( 1 ¡ 3 ¡l ) 2n¡r£

£ ( r + 1 )
¡
1 ¡ 3 ¡l )

± ¡
r + 1 ¡ ( 2 n + 1 ) 3 ¡l

¢
· ( e 2 n 3 ¡lr¡1 ) r ·

µ
eMv

r

¶
! 0 ;

wh e n r ! 1 , b e c a u s e Mv is r e s t r ic t e d . Th e r e fo r e , fo r a lm o s t a ll t h e s ys t e m s o f t h e
s e t R00 ( n; l ) t h e t h ir d s t a t e m e n t o f t h e Th e o r e m h o ld s . S in c e n ¡ ` lo g 3 is r e s t r ic t e d , t h e n
l2 = o

¡
3 2n¢

is p e r fo r m e d , a n d , t h e r e fo r e , fo r a lm o s t a ll t h e s ys t e m s o f t h e s e t R ( n; l ) t h e
t h ir d s t a t e m e n t o f t h e Th e o r e m h o ld s . Th e o r e m is c o m p le t e ly p r o ve d .
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