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Abstract

In this paper we consider the gossiping process implemented on several modifica-
tions of Knodel graphs. We show the ability of Knodel graphs to remain good network
topology for gossiping even in case of cyclic permutation of its edge weights. The re-
sults shown in this paper could help us to construct edge-disjoint paths between any
pairs of vertices of the Knodel graph.
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1. Introduction

Gossiping is one of the basic problems of information dissemination in communication net-
works. The gossip problem (also known as a telephone problem) is attributed to A. Boyd (see
e.g., [4] for review), although to the best knowledge of the reviewers, it was first formulated
by R. Chesters and S. Silverman (Univ. of Witwatersrand, unpublished, 1970). Consider
a set of n persons (nodes) each of which initially knows some unique piece of information
that is unknown to the others, and they can make a sequence of telephone calls to spread
the information. During a call between the given two nodes, they exchange the whole in-
formation known to them at that moment. The problem is to find a sequence of calls with
a minimum length (minimal gossip scheme), by which all the nodes will know all pieces of
the information (complete gossiping). It has been shown in numerous works [1]-[4] that the
minimal number of calls is 2n — 4 when n > 4 and 1, 3 for n = 2, 3, respectively. Since then
many variations of gossip problem have been introduced and investigated (see e.g., [5]-[10],
13]-[17).

Another variant of Gossip problem can be formulated by considering the minimum
amount of time required to complete gossiping among n persons, where the calls between
the non-overlapping pairs of nodes can take place simultaneously and each call requires one
unit of time ([11], [12],[18]).

Obviously, the gossip problem can be easily modeled as a graph, the vertices of which
represent people in gossip scheme and edges represent calls between them (each of them
has weight which represents the moment when communication took place). So the graph is
called a complete gossip graph if there are ascending paths between all the pairs of vertices
of this graph. A path between two vertices is an ascending path if each next edge has higher
weight than the previous one.
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Knddel graphs are one of the 3 well-known network topologies for gossiping/broadcasting
(alongside with hypercube and recursive circulant graphs).

Definition 1: The Knddel graph onn > 2 vertices (n even) and of maximum degree A > 1
is denoted by Wa ,,. The vertices of Wa ,, are the pairs (i, 7) withi = 1,2 and0 < j < n/2—1.
For every j, 0 < j<n/2—1andl =1,...,A, there is an edge with the label (weight)
between the vertez (1,7) and (2, (j + 271 — 1) mod n/2). The edges with the given label | are
said to be in dimension l.

Note that W, consists of n/2 disconnected edges. For A > 2, W, is connected.

In this paper we give some new observations, mostly in terms of gossiping, concerning
a slight modification of Knddel graphs, obtained by a cyclic permutation of the dimensions
of edges. For the graph under consideration, the modification looks as follows: dimension
of the edge connecting the vertices (1,7) and (2, (j + 2!=! — 1) mod n/2), is replaced by
(I+p) mod [logyn] where p =1,...,[A]. We first consider the case of n = 2¥ —2 and show
the ability of Knodel graphs to preserve gossiping properties for the operation described.
Then we try to generalize the above statement about Knodel graphs for all generic n # 2F.
At the end we show the inability of these graphs to preserve gossiping properties in the case
of n = 2%, except for one specific case.

2. Modified Knodel Graphs With n = 2¥ — 2 Vertices

In this section we are going to consider the modified Knodel graphs with the number of
vertices equal to 2F — 2, where k is any integer with & > 3. The definition of modified
Knodel graph is as follows:

Definition 2: The modified Knddel graph onn > 2 vertices (n even) and of maximum degree
A > 1 is denoted by Ma n(p). The vertices of Ma »(p) are the pairs (i,7) with i = 1,2 and
0 <j<n/2—1, respectively. For every j, 0 <j<n/2—1andl=1,...,A, there is an edge
with the label (I + p) mod [log, n] between the vertices (1,3) and (2, (j +2"1 — 1) mod n/2)
where p 1s a fized integer for that graph with possible values p = 1,...,A. The edges with
the given label I + p are said to be of dimension | + p.

According to the above definition, there exist A — 1 modifications for each Wa ,. In
this paper we consider only the case, when A = [log,n|, and this value is assumed for all
references of A onwards.

Definition 3: Consider two graphs G, = (V, Ey) and Gy = (V, E2) with the same set of
vertices V' and labeled edge sets Ey and E, respectively. The edge sum of these graphs is
a graph G1 + Gy = G = (V, E) with E = E; U E,, whose edges e € E are labeled by the
following rules:

t 1(6)7 if@GEl,
fole) = { tenle) + maxte, (), ife € Ba @

where tg(e) is tha label of the edge e in the resulting graph G.

It is known that if G = Wa,, + Wy, then G is a complete gossip graph.
Let us first consider the graph G' = Ma ,(A) + M; ,(A).

Theorem 1: The graph G’ is a complete gossip graph.
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Proof: Since this graph is symmetric, it is enough to show that there exists an ascending
path from any other vertex to the vertex (0,1). Let us consider the subgraph of G/, SU Ba
that includes the vertices (i, 7), where ¢ = 1,2 and 1 < j < A. Let us particularly focus on
the vertices, for which ¢ = 0 and 1 < 7 < A, and consider the call in dimension 1. There is
an edge in dimension 1 between these and (1, j) vertices, where 22 < j’ < n/2. The same is
true about the vertices (1,7) and (0, "), where 1 < j < 22 and 2° < j' < n/2. It is obvious
that these edges connect all the remaining 2% — 2 — 24 = 28+ 24 _ 9 — 28 _ 2 vertices
to the SUBg. On the other hand, we have that SUB¢ is a tree rooted at the vertex (0, 1).
Thus, there exist ascending paths between every vertex of SUBg and the vertex (0,1).
Considering the fact that each edge in the SU By has dimension greater than 1, it follows
that there exists an ascending path between any other vertex and the vertex (0, 1). The two
facts that the choice of the vertex (0, 1) was arbitrary, also the modified Knédel graph being
symmetric by construction, point out to complete gossiping of G'. W

Corollary 2: Since the graph G’ is a gossip graph, we can claim that Ma ,(p), where 0 <
p <A, is also a gossip graph.

Proof. It is an easy exercise to verify that G’ is isomorphic to Wa, (for detailed proof
refer to [23]). Hence, we can repeat this procedure, and each time we will obtain a new
Ma,(p), p=A—1,A—2,.. 1, that is isomorphic to initial Wx ,. Thus, there is no need
to add Wy, in order to obtain a complete gossip graph. W

3. Modified Knodel Graphs With n = 2F Vertices

In this section we consider modified Knodel graphs with 2% vertices. Knodel graphs with 2%
vertices are different in terms of gossiping since Wa ,, is actually a gossip graph. Hence, in
this case there is no need to add W, to get a complete gossip graph.

To start with, let us consider Ma ,,(2).

Theorem 3: The graph Ma ,(2) is a complete gossip graph.

Proof:  Let’s start our proof by doing the following transformation on the vertex set of
this graph V. The elements of this set are the pairs (i, j). In case of i = 1, if j is odd, then
Jnew = [7/2] and Jpew = n/2 + j/2, otherwise. If i = 2, the rules are as follows: J,e = j/2
in case j is even, and jnew = n/2 + |j/2] in case of odd j.

We obtain two components that are Knoddel graphs with the number of vertices equal to
n/2, and these components are connected by the edges of label A. Therefore, if we simply
remove these edges, then there will be two disjoint components which are Knodel graphs
themselves. And there is an one-to-one call mapping between these two components with
the calls labeled by log, n (highest labeled edges). Obviously, this graph is a complete gossip
graph. W

Theorem 4: The graph Ma . (p), where p # 2, is not a gossip graph.
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Proof:  To start with the proof, let us recall our method for modifying gossip graphs, firstly
introduced in [22]. The operations permute higher and permute lower were introduced to
modify the topology of the graph without changing its main gossiping properties (number
of edges, number of rounds, etc.).

Let us denote the subset of the edge set of graph M with the weight wy;, = logon—i+2 by
FE’, and its elements by €], where [ = 1,2, ...n/2. The operation Ae_i (see [22]) should apply
the ”permute lower” operation on all the edges of E’ resulting in a completly new graph.
There would obviously be duplicate (double) edges in this graph, since the edges with weights
Wiy — 1 and wy;, + 1 would connect the same vertices. Hence, taking into consideration
the fact that the gossiping time, i.e., the number of rounds required to complete gossiping
in Wa, was logen (which is the most optimal value of this property), the graph Ma ,(p) is
proved to be a non-gossip graph. W
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Unnhdbhljugywo Knédel gnudpltinh gossiping
wipwuwlpwjhl) hwmynpymGGtpp

d. dnylwbjud
Udthnthnid

Uju hnnJuonwd dtlp nhunwpynd Ghp Knodel qpudpbtinh npn) dnnhphlwughwGtph ypu
hpwlwGwgynn gossiping wypngtiup: 8niyg L mpynmd Knodel qpudph gossiping-h hwdwn
1wy gwlgwjhl mnwninghw hwlnhuwlwint yupnnnipniln GnyyGhuy npu Ynnbph Y2hnltph
ghyihy yopunuwuuwynpiwl wyuwpwqujnui: <npjuomy gnijg mpjwd wpnniGplGhpp Jupnn
Ll oquuyuwp (hGh; Knodel qpudh Juiwywlywl tpynt ququpltiph dhol Ynnublyuwfu
dwlwwwnphGtph yunmgdwl hwdwn:
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I'occun cBourcTBa MOAUGPUIIMPOBAHHEIX KHepeA rpadoB
B. OBHansgu

AnHoTanus

B oaTOM cTaThbe MBI paccMaTpuBaeM IpPOIeCC TOCCUIIA PEeaAn30BaHHBIU Ha
HeKOTOpbIX MopAuduKanuax Kueapea rpadoB. [Tokazana cmocobHOCTh KHepena rpadoB
OCTaBaThLCS XOPOIIIEU CETEBOU TOIIOAOTHUEN AAS F'OCCHUIIA AQKEe B CAydae IIMKANYECKOU
IIepecCTaHOBKM BeCOB pebep.  Pe3yabTaThl, OpeACTaBAEHHBIE B AQHHOM paboTe
CIIOCOOCTBYIOT IOCTPOEHHNIO pebepHO-HellepeCceKaromuXCcsa MIyTel Me>XAY AIOOBIMU
rnapamMu BepiinH KHepea rpados.



