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Abstract

The Neyman-Pearson principle for a model consisting of two independent objects
is considered. It is supposed that two probability distributions are known and each
object follows one of them independently. Two approaches of Neyman-Pearson test-
ing are considered for this model. The aim is to compare error probabilities to the
corresponding two cases.
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1. Introduction

In this paper we discuss Neyman-Pearson hypotheses testing problem for a model consisting
of two independent objects. This model was proposed by Ahlswede and Haroutunian [1].
The characteristics of the objects are X; and X, independent random variables (RVs) taking
values in the same finite set X'. So, that considered model is described by the random vector
(X1, X3), which assumes values (z!,7?) € X x X.

The Neyman-Pearson lemma is the foundation of the mathematical theory of statistical
hypothesis testing. This principle plays a central role in the theory and practice of statistics.
There exist many works where the Neyman-Pearson lemma is expounded for the case of two
hypotheses [2]-[10]. This principle to the case of multiple hypotheses is solved in [11, 12].

2. Problem Statement and Result Formulation

Let X; and X, be independent random variables taking values in the same finite set X,
each of them with one of two hypothetical probability distributions G,, = {G(z), © € X,
m=1,2.

Let (x1,%x2) = ((z},22),...,(x},22), ..., (2}, 2%)), 21, € X, i = 1,2, n = 1,N, be a
sequence of results of N independent observations of the vector (X7, X5). It is necessary to
define unknown PDs of the objects on the base of the observed data.

The decision for each object must be made from the same set of hypotheses: H,, : G =
Gm, m = 1,2 . There are four hypothetical probability distributions for random vector
(Xl, XQ)I
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Gy oGz, 2%) = {Gy(z")G1(2?), (2%, 2%) € X x X},

Gy o Go(x!,2?) = {Gy(z")Ga(2?), (2%, 2?) € X x X},

Gy o Gz, 2%) = {Ga(z")G1(2?), (2!, 2%) € X x X}

and

Gy o Go(x!,2?) = {Go(z") G (2?), (2%, 2?) € X x X},

We call the procedure of making decision on the base of N observations the test. It can
be defined by division of the sample space X x X" on 4 disjoint subsets B}, i, = 1,2.
The set Bf\g consists of all vectors (x1,x2) for which the hypothesis G; o G; is adopted.

Let a, tyjmyme = Gm, ©G, (B]Y},) be the probability of the erroneous acceptance G, oGy,
by the test provided that G,,, o G, is true, where (I1,ly) # (mq, ma), l;;m; = 1,2, i =1,2.
The probability to reject a true distribution G,,, o G,,, is as follows:

Cmymalmi,ma = Z Ay ,lalmy,ma -
(I1,l2)#(m1,m2)

The matrix of error probabilities is as follows:

1111 Q121,10 Q21,1 (2211
1112 Q12112 Qo112 (2212
112,11 (1221 Q2121 (2221
11122 (1,222 Q2122 (2222

Now we will consider Neyman-Pearson testing for this model with two approaches: a)
direct method and b) renumbering method of hypotheses pairs.

Our aim is to compare the corresponding error probabilities of those two approaches.

Let us describe those cases.

a) Direct approach

Let a{ll and O‘{Il be error probabilities of the first and the second objects, respectively.
According to fundamental Neyman-Pearson lemma, we can choose T and T! positive num-
bers and we can divide the sample spaces of the first and the second objects as follows:

1) For the first object:

GN
A{ = {Xl : ; (Xl) > TI} ’ 1— G{V(‘A’{) = Oé{|17
and
L2Vl
2) For the second object:

GV (x
P G T 1 GRA —off,

and
jr = 2N Al

Finally, the Neyman-Pearson division of the sample space X x X" is the following:

1 17 1 17 1 17 1 17
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According to the definition of error probabilities and independents of objects we can see
that the error probabilities of this test are formulated as follows:

Ay lo|ma,me = Ger OGN 11 lg Z Gml Xl X Z sz(x2)‘

N N
x1E€A; N XzeAl2

b) Renumbering approach

Here we have to renumber the each pair of hypotheses one at a time and we have to
apply Neyman-Pearson lemma for multiple hypotheses, which is investigated in [12].

In that case for the given positive values o j); 1, 0 1o and a3, and chosen numbers
Ty, Ty and Ty sets A, ;, i, j = 1,2, are the following:

_ (G (x1) G (x2) GY(x1) - GY'(x2) N_ AN .
A = {(X17X2) - min (Gév(x2)’ GN(x2)’ GY(x1) - GY (x2) >Tip, 1=Gy oGy (A1) = Q101,10

_ (G (x1) GY(x1) - GY(x2) *
A=A {(Xl’ ) <G§V<X2>’ CTm) -Gl (xa)) ™ T OO (i) = s
- GN
«42,1 = «41,1 N «41,2 {(X17X2) : Gi\,gz; > Ts} , 1— Gév © GiV(Azl) = O4;,1|2,1

and

22*«4110«4120«421

The corresponding error probabilities are formulated as above.

Let us assume that we have found the error probabilities by direct approach. By consider-
ing the following o 1j1,1, a1 212 and 121 error probabilities and applying the renumbering
approach we will find all the other error probabilities. Because in [12] it is proved that these
error probabilities are the smallest. Hence, we can insist that the renumbering approach of
Neyman-Pearson testing is the best method.
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Gpym wGwlu op Jhllmﬁhph Guwuniwdp UhjdwGh-NhunGh
mbunwynpiwl dwuhb

G. QwpnipymiGyub b @. {wynpjul
Udthnthnid

Shunyyy E Gpynt wliywju opjtijmGtpny pGnipugnynn dnnbih yipuwpbpjuw) LhjdwGh-
MhpunGh uyqpnilpp: GGpwunpynud k, np hwywnGh G6 Gpint hwjwlwyuwlwihl pw)unidGbp
L opjtijmGtphg jmpwpwlynpp dymuhg wlliwju pwpuuwo E npuwlghg npuk dhyny:
Uju dnnbjh Gyuwmdwdp nhunwpyyby b ovbpdwlh-NhunGh mbunwynpdwl Gpynt dninbgnid:
Lywunwlyl E hwdibdwwnbt] wju Gpynt dnnbgnuiGiph  hwiwywwwufuwl  vfuwGeph
hwjwlwlwlnipnGGtpp:

O TectupoBanuu Helimana-ITupcoHa ars napH
He3aBUCUMBIX OO'BEKTOB

E. Apytionan u I'1. Akonsan

AnHoTanuys

PaccmarpuBaercsa npunHinnn HenMaHa-IIupcoHa AA MOAEAM COCTOALIEN U3 ABYX
HEe3aBUCUMBIX OOBEeKTOB. [IpeamnoaaraeTcsi, YTO ABa BEPOSTHOCTHBIX PacClpeAeAeHUs
W3BECTHBI, U KaXABIL OOBEKT CAEAyeT OAHOMY W3 HUX HE3aBHCHUMO OT APYrOro.
PaccmaTtpuBaercas ABa mnoaxopa TecThupoBaHudg Hevnmana-Ilupcona aAnd AaHHOU
MOAeAn. Lleab cocToUT B TOM, YTOOBI CPAaBHUTH BEPOSATHOCTH OIINMOKM B ABYX
COOTBETCTBYIOIUX CAYYAAX.



