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Abstract

Some uniform Hilbert-like propositional proof system is suggested for all
versions of many-valued logic to apply them to 3 versions of 3-valued logic, two of
which have only one designated value, and the last one has two designated values.
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1. Introduction

It is known that many-valued logic (MVL) as a separate subject was first created and developed
by Lukasiewicz [1]. His intention was to use a third, additional truth value for “possible” (or
“unknown”). In the meantime, many interesting applications of MVL were found in such fields
as logic, mathematics, hardware design, artificial intelligence and some other areas of soft
information technologies, therefore investigations in the area of many-valued logic are very
actual. The main theoretical results concern several properties of formal systems, which can
present different versions of MVL and, in particular, issues on logical completeness of such
systems. The completeness of some types of proof systems is proved by hard, many-stepped
operations of immersion into two-valued logic, and for the other systems itis proved by reducing
tothe completeness of the first type. The generalization of Kalmar’s proof of deducibility for
two-valued tautologies in classical propositional logic [2] enables us to suggest 1) a new method
of proving the completeness of a propositional proof system (PPS) of some well-known MVL
such that it is essentially simpler than other known proofs of completeness and can be easily
modified even into a proof of completeness for fuzzy logic as well, 2) a method for defining of
many traditional variants of PPS for MVL, the completeness of which is easily proved directly,
without the usual immersion into two-valued logic. Several new PPS for two versions of MVL
are introduced in [3-7]. The current research refers to the problem of constructing some uniform
Hilbert-like PPS for all possible versions of MVL.
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22 On Some Universal Propositional Proof Systems for Many Valued Logic
2. Main Definitions of k-Valued Logics

Here we give the main notions and notations for different versions of MVL.

Let Ex be the set {Oﬁ E 1}. We use the well-known notions of a propositional

formula, which, as usual, are defined from propositional variables with values from Ex, (may be
also propositional constants), parentheses (,), and logical connectives & ,v,-,—, each of which

can be defined by a different mode. Additionally, we introduce several variants of the
exponential function p -We use the well-known notion of a propositional formula and introduce

an additional notion of a formula: for each formulas A and B, the expression AZ is also a
formula.

In the considered logics, only 1 or each of the values

designated values.
Definitions of main logical functions are:

sts 1 can be fixed as

N | =

pV q = max(p,q) (1) disjunction,

pVq =min(p +q,1) (2) disjunction,

p&q = min(p,q) (1) conjunction,

p&q = pq(mod k)/(k — 1) (2) conjunction
For implication, we have the following two versions:
1, for p<gq
1-p+gq, for p>q
1, for p<q

q for p>gq

And for negation, there are also two versions:

-p=1-p (1) Lukasiewicz’s negation or

-p=((k—Dp+1)(modk)/(k—1) (2) cyclically permuting negation.
Sometimes we can use the notation p instead of —p.

For the propositional variable p and S:k%l(OSiSk-l), we additionally define “exponent”

functions:

p as(p 2 8)& (8 o p) with (1) implication (1) exponent,

p as p with (k-1)-i(2) negations. (2) exponent.

Note that both (1) exponent and (2) exponent are not new logical functions.

If we fix “1” (each of the values % < — < 1) as a designated value, then the formula ¢
with variables ps,pz,...pn is called a k-tautology if for every 5 = (84,63, ..., 8,) € Elassigning
dj (1<j<n) to each p;j gives the value 1 (or some value % < ﬁ < 1) of o.

(1) Lukasiewicz’s implication or

PDCI:{

poq= { (2) Godel’s implication

3. Uniform Hilbert-Like Propositional Proof System and Its Properties

Here we suggest some uniform Hilbert-like PPS for all possible versions of MVL. For all
formulas A, B, C of MVL, each og;, g, from the set Ex and for x€ {&,V, D} the following
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formulas are axiom schemes of some PPS version:

1.AD(B>A)
2.(A>B)> ((A> (B> () > (4> CompBO))

3.4% D (14)¢-(49)
4.-6.A° > (B9 > (A * B)¥-(4B.01.02))
7.A%1 5 (Baz - (AB)(pexp(A,B,ol,oz))

8.(4'>B)> ((Ak_l/k—z o B) 5. D <(Aﬁ - B) 5((A°>B)> B)) ),

where many-valued functions ¢_ (4, ), ¢.(4,B,01,02), Pexp(4, B, 01, 0,) must be defined
individually for each version of MVL, such that axioms 3-7 will be a k-tautology in this
version.

. . . A,ADB
Inference rule is a modification of modus ponens (m.m.p.) B«JTD(AB) where many-valued

functions ¢, , (A4, B) must be defined individually for each version of MVL, such that the

formula 4 o ((A © B) o B®m».(4B)) will also be a k-tautology in this version.

We use the well-known notions of proof and proof from premises. For all defined
systems, we first prove the well known deduction theorem using the first two axiom schemes, and
then the generalization of Kalmar’s proof of deducibility for two valued tautologies inside the
classical propositional logic gives us a possibility to directly prove completeness for the
mentioned proof systems, without the usual loading into two-valued logic.

Let Pk be one of the defined PPS for some version of MVL. The following statement can
be proved as usual.

Deduction theorem. Let I be a set of some formulas and A and B be some formulas. If the
formula B is derived in the system Pk from the premises I and A (I', A +p, B), then the
formulad o B is derived in the system Pk from the premises I'(T" Fp;, A D B).

Lemma 1: LetP ={p,p,
(61,62, ..., 6,) € EF

..... p.}be the set of all variables of any formula A, then for every § =

6 6 6n we
pll' pzzl ---,Pn I_CN3 AA(61’62' '611).
To simplify the proof, we demonstrate them only for P3 logic.

Proof is given by induction on number n of logical connectives in the formula A. For
n=1 we have:

bys =0 p°+p°,
bys =1/,p"2 + p'l2
andby 6§ =1 p!+rpl
Suppose that the statement is valid for the number of logical connectives <n. If the
number of logical connectives is n, then the formula A can be in one of the following forms:
1. A=A;*A, wherex€ {&V,D},
2. A=4P,
3. A = —|A1.

For the case 1. 4,(8) = 0y, 4;,(8) =0, => A(8) = 0, * 0,
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By induction hypothesis
5 8 8n
Dyt D2, e, D F AT
5 & 5n
Dy D32 s Dy F AS?

Use one of the axiom schemes 4. — 6. we have

DY D% P F AT D (AT D (A * Ay)¥-(Arheonon))
And f0r Al = 04, Az = 0y

DY D% P F AT D (A2 D (Ag * Ap) P (ardzono))
And (4, * A,)9-(A14291.92) js derived after the double application of m.m.p.

~ ~ ~ o2
For the case 2. 4,(8) = oy, 4,(8) =0, => A(8)=(4,)" "
scheme 7.
For the case 3. 4,(8) =0 => A(S) = -0 we must use the axiom scheme 3. D

and we must use the axiom

Corollary 1: If A is a 3-tautology, then for every § = (84,65, ..., 8,) € E¥
61 62 &n
PP Pt A

Theorem 1: Any formula is derived in P3 iff it is a 3-tautology.

Proof: It is obvious that every formula, derived in P3, is a 3-tautology.
LetP :{pl, P,y pn} (n>1) be the set of all variables of any tautology A. For every é =

(84,02, ..., 6,) € EZ by the above corollary, we have pfl,pgz, ...,pfl” - A.
For every 63,9, ..., 6,—1 We take into consideration the following 3 truth values

81,8, o) 8p_1,0
81,82, ey Op_1, 1/2, for which we have
81,85, ) 8n_1 1
51 .6 Sne
( p11'p22'"-'pn—11'p3 - A
81 .6 Sy Y/
DL Do e Dy Py 2 A

Sn-1

) 1)
k plllpzzl "-rpn_l ’p”ll |_ A
By deduction theorem we have

o S Sn— 0
PL Dy Pyt PR DA

1

&1 .62 Sn—1 /2

PP Py F D, DA
Sn—1

5, 8
pll' pzzl "';pn_l [ p%’ - A

Then

Prps Pty F (412 B) 3 (4725 B) 5 ((4° > B) > B)) /axiom 8./

61 .62 Sn-1 1/2 0 / /
P15 Dy% o Pyt F (0 2 A) 2 ((pn 2 4) 2 A) Imm.p.

Sn-1

5, .8
DL Dot e Pp7t F (pn 2 A) D Alm.m.p./

Sn-1

pfll pgzl "')pn_l I_ A /mmp/
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So, the number of premises is now n-1. Repeating the above steps, we finally obtain the
derivation of tautology A in P3 0O

Note that this proof is the complete analogy to proof of the corresponding theorem for the 2-
valued logic [2]. Also note that after proving by analogy the corresponding Lemma 1. for any k-
valued logic for k>4, the proof of the corresponding theorem above can be given by analogy as
well.

Every such PPS can be easily transformed into Gentzen-like system as well.

4. Examples of Uniform PPS for Some Versions of MVL

4.1 The first of the constructed systems LNk(Lukasiewicz’s negation ) with fixed “1” as the
designated value, uses conjunction, disjunction, (1) implication, (1) negation and (1) exponent,
as well as constants 8=ﬁ (1<i<k-2) for using (1) exponent [3,5,7].

In particular, for all formulas A, B, C of 3-valued logic and each o, o, from the set {0,1/2,1},
the following formulas are axiom schemes of LNa.

1.A> (B2 A)

2.(AoB)>((A>(B>C)>(4>0)
3. A%t 5 (B2 5 (A D B)?17%)

4. A% o (B% o (AV B)%1V92)

5. A% 5 (B9 5 (A&B)71%92)

6. 47 o (mA)™°

7.(A*'>B)> ((A1/2 ) B) > ((A° > B) o B))

A,ADB
/

Inference rule is modus ponens /m.p. .

4.2. The second systems CNk (cyclically permuting negation) with fixed “1” as the
designated value, use conjunction, disjunction, (2) implication, (2) negation and (2) exponent
[4,6,7].

In particular, for all formulas A, B, C of 3-valued logic and each g;, g, from the set {0,1/2,1,}
the following formulas are axiom schemes of CN3
1.A> (B2 A)

2.(A>B)>((A>(B>C))>(4>0))
3. 4% o (BO'z - (A S B)(pg(A,B,al,o'z))

4. A%t > (Baz ) (A Vv B)(pV(A,B,al,az))

5. 4% O (B9 O (A&B)¥&(AB.01,02))

6.4°1 O (Baz - (AB)q)exp(A,B,ol,oz))

7.4° O (—|A)6-
8.(ADB)D(([TDB)D((ZDB)DB)),

where the main role is played by the following exponents:
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@-(4, B, 01,0,) = (0, 2 02)&(~(AVA)V(B > B))V(=(AVA)&~(BVB)),
@y(A,B,01,0,) = (6,Vo,)V((4 2 A)&=(BVB))V(~(AVA)&(B > B)),
9e(A, B, 0y,0,) = (0,&0,)V((A&A)V(B&B))V ((A&A)V (B&B)

Pexp (4,B, 01, 0'2) = 0_10-2V(_I(O-lo-z)&_l(_l(Aal&BGZ)V_I_I(Aal&EUZ)))

. A,ADB
Inference rule is modus ponens /m.p./ -

43. For LNsp - ZLukasiewicz’s logic with fixed “1/2” and *“1” as the designated value,
which use conjunction, disjunction, (1) implication, (1) negation and (1) exponent, as well as
constants 0, %2 and 1 for using (1)exponent.

In particular for all formulas A, B, C of 3-valued logic and each o4, o, from the set {0,1/2,1},
the following formulas are axiom schemes of LN3:

1.A> (B2 A)

2.(AoB)> ((A > (B> C)) ) (A ) Cl/z))
3.42>5(B2> (A > B)fpa(A,B,ULUz))

4. A% > (BUZ > (A VB)(pV(A'Bﬂo-l'UZ))

5. A% 5 (B9 > (A&B)¥&(4.5.:01,02))

6.4°1 © (B% > (AB)(PeXp(A'B'Ulﬂo'Z))

7.A% O (—lA)a
8.(4'>B)> ((Al/z ) B) > ((A° o B) o B)), where

¢-(4,B,0,,0,) = AVBV5 Vo,
oy(4,B,0y,0,) = AVBVa, Vo,
@s(4,B,0,,0,) = (AVo,VB2)&(BVo,VA%1)
Pexp (4,B, 01, 02) = ABVO’lc72

@- (A' B, 01, 0-2) = AVO'_l

AADB

and inference rule is modification of modus ponens Somp AB) where @, (4, B)=1/2.

The work with another version of MVL and for k =4 or k =8 is in progress.

5. Conclusion

We suggest some Hilbert-like propositional proof system, which is universal for all versions of
many-valued logic. Here we give also the application of the suggested system to 3 versions of 3-
valued logic, two of which have only one designated value and the last one has two designated
values. The investigation of the applications to the other versions of k-valued logics (k>4) is in
progress.
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AHHOTANUSA

B nmanHOll crarhe mpemyiaraeTcsi HEKOTOpas YHUBEpCAJIbHAs MPOMO3UIMOHAIbHAs
cuctema [ 'MIbOEpTOBCKOrO TUMA ISl BCEX BEPCUN MHOTO3HAYHBIX JIOTUK U PacCMaTPUBAIOTCS
ee MPUIOKEHUsS JUIsl TpeX BepcHil 3-3HAYHBIX JIOTUK, [BE M3 KOTOPHIX HMEIOT OJHO
BBIJICJICHHOE 3HAYEHUE, a TIOCIICHSS — IBa BBIJICJICHHBIX 3HAUYCHUS.

KiroueBble cji0Ba: MHOTO3HAYHAS JIOTHKA, CUCTEMBI BEIBOJIOB [ HITLOEPTOBCKOTO THIIA,
YHUBEpCabHas MPOMO3UI[MOHATIbHAS CUCTEMA BBIBOJIOB.



