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Abstract

Let D be a strongly connected directed graph of order n ¸ 4. In [14] (J. of Graph
Theory, Vol.16, No. 5, 51-59, 1992) Y. Manoussakis proved the following theorem:
Suppose that D satis¯es the following condition for every triple x; y; z of vertices such
that x and y are nonadjacent: If there is no arc from x to z, then d(x)+d(y)+d+(x)+
d¡(z) ¸ 3n¡2. If there is no arc from z to x, then d(x)+d(y)+d¡(x)+d+(z) ¸ 3n¡2.
Then D is Hamiltonian. In this paper we show that: If D satis¯es the condition of
Manoussakis' theorem, then D contains a pre-Hamiltonian cycle (i.e., a cycle of length
n ¡ 1) or n is even and D is isomorphic to the complete bipartite digraph with partite
sets of cardinalities n=2 and n=2.

Keywords: Digraphs, Cycles, Hamiltonian cycles, Pre-Hamiltonian cycles,
Longest non-Hamiltonian cycles.

1 . In t r o d u c t io n

A d ir e c t e d g r a p h ( d ig r a p h ) D is H a m ilt o n ia n if it c o n t a in s a H a m ilt o n ia n c yc le , i.e ., a c yc le
o f le n g t h n, a n d is p a n c yc lic if it c o n t a in s c yc le s o f a ll le n g t h s m, 3 · m · n, wh e r e n is t h e
n u m b e r o f ve r t ic e s in D. W e r e c a ll t h e fo llo win g we ll-kn o wn d e g r e e c o n d it io n s ( Th e o r e m s
1 .1 -1 .8 ) wh ic h g u a r a n t e e t h a t a d ig r a p h is H a m ilt o n ia n . In e a c h o f t h e c o n d it io n s ( Th e o r e m s
1 .1 -1 .8 ) b e lo w D is a s t r o n g ly c o n n e c t e d d ig r a p h o f o r d e r n :

T heor em 1.1: ( Gh o u ila -H o u r i [1 2 ]) . If d ( x) ¸ n for all vertices x 2 V ( D ) , then D is
Hamiltonian.

T heor em 1.2: ( W o o d a ll [1 8 ]) . If d+ ( x ) + d¡ ( y ) ¸ n for all pairs of vertices x and y
such that there is no arc from x to y, then D is Hamiltonian.

T heor em 1.3: ( Me yn ie l [1 5 ]) . If n ¸ 2 and d( x ) + d( y ) ¸ 2 n ¡ 1 for all pairs of non-
adjacent vertices in D, then D is Hamiltonian.

It is e a s y t o s e e t h a t Me yn ie l's t h e o r e m is a c o m m o n g e n e r a liz a t io n o f Gh o u ila -H o u r i's
a n d W o o d a ll's t h e o r e m s . Fo r a s h o r t p r o o f o f Th e o r e m 1 .3 , s e e [5 ].

C. Th o m a s s e n [1 7 ] ( fo r n = 2 k+1 ) a n d S . D a r b in ya n [7 ] ( fo r n = 2 k ) p r o ve d t h e fo llo win g :
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T heor em 1.4: ( C. Th o m a s s e n [1 7 ], S . D a r b in ya n [7 ]) . If D is a digraph of order n ¸ 5
with minimum degree at least n ¡ 1 and with minimum semi-degree at least n= 2 ¡ 1 , then D
is Hamiltonian (unless some extremal cases which are characterized).

Fo r t h e n e xt t h e o r e m we n e e d t h e fo llo win g :
De¯nition 1: ( [1 4 ]) . L et k be an arbitrary nonnegative integer. A digraph D satis¯es the
condition Ak if and only if for every triple x; y; z of vertices such that x and y are nonadja-
cent: If there is no arc from x to z, then d ( x ) + d( y ) + d+ ( x ) + d¡ ( z ) ¸ 3 n ¡ 2 + k. If there
is no arc from z to x, then d ( x) + d ( y ) + d¡ ( x ) + d+ ( z ) ¸ 3 n ¡ 2 + k.

T heor em 1.5: ( Y . Ma n o u s s a kis [1 4 ]) . If a digraph D of order n ¸ 4 satis¯es the con-
dition A0, then D is Hamiltonian.

E a c h o f t h e s e t h e o r e m s im p o s e s a d e g r e e c o n d it io n o n a ll p a ir s o f n o n a d ja c e n t ve r t ic e s
( o r o n a ll ve r t ic e s ) . Th e fo llo win g t h r e e t h e o r e m s im p o s e a d e g r e e c o n d it io n o n ly fo r s o m e
p a ir s o f n o n a d ja c e n t ve r t ic e s .

T heor em 1.6: ( B a n g -Je n s e n , Gu t in , H .L i [2 ]) . Suppose that minfd( x ) ; d( y ) g ¸ n ¡ 1 and
d( x ) + d( y ) ¸ 2 n ¡ 1 for any pair of nonadjacent vertices x; y with a common in-neighbour,
then D is Hamiltonian.

T heor em 1.7: ( B a n g -Je n s e n , Gu t in , H .L i [2 ]) .Suppose that minfd+ ( x ) + d¡ ( y ) ; d¡ ( x ) +
d+ ( y ) g ¸ n for any pair of nonadjacent vertices x; y with a common out-neighbour or a
common in-neighbour, then D is Hamiltonian.

T heor em 1.8: ( B a n g -Je n s e n , Gu o , Y e o [3 ]) . Suppose that d( x ) + d( y ) ¸ 2 n ¡ 1 and
minfd+ ( x ) + d¡ ( y ) ; d¡ ( x ) + d+ ( y ) g ¸ n ¡ 1 for any pair of nonadjacent vertices x; y with a
common out-neighbour or a common in-neighbour, then D is Hamiltonian.

N o t e t h a t Th e o r e m 1 .8 g e n e r a liz e s Th e o r e m 1 .7 .

In [1 1 , 1 6 , 6 , 8 ] it wa s s h o wn t h a t if a d ig r a p h D s a t is ¯ e s t h e c o n d it io n o f o n e o f Th e o r e m s
1 .1 , 1 .2 , 1 .3 a n d 1 .4 , r e s p e c t ive ly, t h e n D a ls o is p a n c yc lic ( u n le s s s o m e e xt r e m a l c a s e s wh ic h
a r e c h a r a c t e r iz e d ) . It is n a t u r a l t o s e t t h e fo llo win g p r o b le m :

Characterize those digraphs which satisfy the conditions of Theorem 1.6 (1.7, 1.8) but
are not pancyclic.

In m a n y p a p e r s ( in t h e m e n t io n e d p a p e r s a s we ll) , t h e e xis t e n c e o f a p r e -H a m ilt o n ia n
c yc le ( i.e ., a c yc le o f le n g t h n ¡ 1 ) is e s s e n t ia l t o t h e s h o w t h a t a g ive n d ig r a p h ( g r a p h ) is
p a n c yc lic o r n o t . Th is in d ic a t e s t h a t t h e e xis t e n c e o f a p r e -H a m ilt o n ia n c yc le in a d ig r a p h
( g r a p h ) in a s e n s e m a ke s t h e p a n c yc lic p r o b le m s ig n ī c a n t ly e a s ie r . Fo r t h e d ig r a p h s wh ic h
s a t is fy t h e c o n d it io n s o f Th e o r e m 1 .6 o r 1 .7 o r 1 .8 in [9 ] a n d [1 0 ] t h e fo llo win g r e s u lt s a r e
p r o ve d :
(i) if the minimum semi-degree of a digraph D at least two and D satis¯es the conditions of
Theorem 1.6 or a digraph D is not a directed cycle and satis¯es the conditions of Theorem
1.7, then either D contains a pre-Hamiltonian cycle (i.e., a cycle of length n¡ 1 ) or n is even
and D is isomorphic to the complete bipartite digraph K¤

n=2;n=2 or to the complete bipartite
digraph K¤

n=2;n=2 minus one arc
(ii) if a digraph D is not a directed cycle and satis¯es the conditions of Theorem 1.8, then
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D contains a pre-Hamiltonian cycle or a cycle of length n ¡ 2 .

In [1 4 ] t h e fo llo win g c o n je c t u r e wa s p r o p o s e d :

Conjectur e 1.9: Any strongly connected digraph satisfying the condition A3 is pancyclic.

In t h is p a p e r u s in g s o m e c la im s o f t h e p r o o f o f Th e o r e m 1 .5 ( s e e [1 4 ]) we p r o ve t h e fo l-
lo win g t h e o r e m :

T heor em 1.10: Any strongly connected digraph D on n ¸ 4 vertices satisfying the con-
dition A0 contains a pre-Hamiltonian cycle or n is even and D is isomorphic to the complete
bipartite digraph K¤

n=2;n=2.

Th e fo llo win g e xa m p le s s h o w t h e s h a r p n e s s o f t h e b o u n d 3 n ¡ 2 in t h e t h e o r e m . Th e
d ig r a p h c o n s is t in g o f t h e d is jo in t u n io n o f t wo c o m p le t e d ig r a p h s wit h o n e c o m m o n ve r t e x
o r t h e d ig r a p h o b t a in e d fr o m a c o m p le t e b ip a r t it e d ig r a p h a ft e r d e le t in g o n e a r c s h o w t h a t
t h e b o u n d 3 n ¡ 2 in t h e a b o ve t h e o r e m is b e s t p o s s ib le .

2 . Te r m in o lo g y a n d N o t a t io n s

W e s h a ll a s s u m e t h a t t h e r e a d e r is fa m ilia r wit h t h e s t a n d a r d t e r m in o lo g y o n t h e d ir e c t e d
g r a p h s ( d ig r a p h ) a n d r e fe r t h e r e a d e r t o [1 ] fo r t e r m in o lo g y n o t d is c u s s e d h e r e . In t h is p a p e r
we c o n s id e r ¯ n it e d ig r a p h s wit h o u t lo o p s a n d m u lt ip le a r c s . Fo r a d ig r a p h D, we d e n o t e b y
V ( D ) t h e ve r t e x s e t o f D a n d b y A ( D ) t h e s e t o f a r c s in D. Th e o r d e r o f D is t h e n u m b e r o f it s
ve r t ic e s . Oft e n we will wr it e D in s t e a d o f A( D ) a n d V ( D ) . Th e a r c o f a d ig r a p h D d ir e c t e d
fr o m x t o y is d e n o t e d b y xy. Fo r d is jo in t s u b s e t s A a n d B o f V ( D ) we d e ¯ n e A( A ! B ) a s
t h e s e t fxy 2 A ( D ) =x 2 A; y 2 Bg a n d A ( A; B ) = A ( A ! B ) [A ( B ! A ) . If x 2 V ( D ) a n d
A = fxg we wr it e x in s t e a d o f fxg. If A a n d B a r e t wo d is jo in t s u b s e t s o f V ( D ) s u c h t h a t
e ve r y ve r t e x o f A d o m in a t e s e ve r y ve r t e x o f B, t h e n we s a y t h a t A d o m in a t e s B, d e n o t e d
b y A ! B. Th e o u t -n e ig h b o r h o o d o f a ve r t e x x is t h e s e t N+ ( x ) = fy 2 V ( D ) =xy 2 A( D ) g
a n d N ¡ ( x ) = fy 2 V ( D ) =yx 2 A( D ) g is t h e in -n e ig h b o r h o o d o f x. S im ila r ly, if A µ V ( D ) ,
t h e n N+ ( x; A) = fy 2 A=xy 2 A ( D ) g a n d N ¡ ( x; A) = fy 2 A=yx 2 A( D ) g. Th e o u t -
d e g r e e o f x is d+ ( x ) = jN+ ( x ) j a n d d¡ ( x ) = jN ¡ ( x ) j is t h e in -d e g r e e o f x. S im ila r ly,
d+ ( x; A ) = jN+ ( x; A ) j a n d d¡ ( x; A ) = jN¡ ( x; A ) j. Th e d e g r e e o f t h e ve r t e x x in D is
d e ¯ n e d a s d( x ) = d+ ( x) + d¡ ( x ) ( s im ila r ly, d ( x; A ) = d+ ( x; A) + d¡ ( x; A ) ) . Th e s u b d ig r a p h
o f D in d u c e d b y a s u b s e t A o f V ( D ) is d e n o t e d b y hAi. Th e p a t h ( r e s p e c t ive ly, t h e c yc le )
c o n s is t in g o f t h e d is t in c t ve r t ic e s x1; x2; : : : ; xm ( m ¸ 2 ) a n d t h e a r c s xixi+1, i 2 [1 ; m ¡ 1 ]
( r e s p e c t ive ly, xixi+1, i 2 [1 ; m ¡ 1 ], a n d xmx1 ) , is d e n o t e d b y x1x2 ¢ ¢ ¢ xm ( r e s p e c t ive ly,
x1x2 ¢ ¢ ¢ xmx1 ) . W e s a y t h a t x1x2 ¢ ¢ ¢ xm is a p a t h fr o m x1 t o xm o r is a n ( x1; xm ) -p a t h . Fo r
a c yc le Ck := x1x2 ¢ ¢ ¢ xkx1 o f le n g t h k, t h e s u b s c r ip t s c o n s id e r e d m o d u lo k, i.e ., xi = xs fo r
e ve r y s a n d i s u c h t h a t i ´ s ( m o d k ) . A c yc le t h a t c o n t a in s a ll t h e ve r t ic e s o f D ( r e s p e c t ive ly,
a ll t h e ve r t ic e s o f D e xc e p t o n e ) is a H a m ilt o n ia n c yc le ( r e s p e c t ive ly, is a p r e -H a m ilt o n ia n
c yc le ) . Th e c o n c e p t o f t h e p r e -H a m ilt o n ia n c yc le wa s g ive n in [1 3 ]. If P is a p a t h c o n t a in in g
a s u b p a t h fr o m x t o y we le t P [x; y] d e n o t e t h a t s u b p a t h . S im ila r ly, if C is a c yc le c o n t a in in g
ve r t ic e s x a n d y, C[x; y] d e n o t e s t h e s u b p a t h o f C fr o m x t o y. A d ig r a p h D is s t r o n g ly
c o n n e c t e d ( o r , ju s t , s t r o n g ) if t h e r e e xis t s a p a t h fr o m x t o y a n d a p a t h fr o m y t o x fo r e ve r y
p a ir o f d is t in c t ve r t ic e s x; y. Fo r a n u n d ir e c t e d g r a p h G, we d e n o t e b y G¤ t h e s ym m e t r ic
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d ig r a p h o b t a in e d fr o m G b y r e p la c in g e ve r y e d g e xy wit h t h e p a ir xy, yx o f a r c s . Kp;q

d e n o t e s t h e c o m p le t e b ip a r t it e g r a p h wit h p a r t it e s e t s o f c a r d in a lit ie s p a n d q. Two d is t in c t
ve r t ic e s x a n d y a r e a d ja c e n t if xy 2 A( D ) o r yx 2 A( D ) ( o r b o t h ) . Fo r in t e g e r s a a n d b,
a · b, le t [a; b] d e n o t e t h e s e t o f a ll in t e g e r s wh ic h a r e n o t le s s t h a n a a n d a r e n o t g r e a t e r
t h a n b. L e t C b e a n o n -H a m ilt o n ia n c yc le in d ig r a p h D. A n ( x; y ) -p a t h P is a C-b yp a s s if
jV ( P ) j ¸ 3 , x 6= y a n d V ( P ) \ V ( C ) = fx; yg.

3 . P r e lim in a r ie s

Th e fo llo win g we ll-kn o wn s im p le L e m m a s 3 .1 -3 .4 a r e t h e b a s is o f o u r r e s u lt s a n d o t h e r t h e -
o r e m s o n d ir e c t e d c yc le s a n d p a t h s in d ig r a p h s . Th e y will b e u s e d e xt e n s ive ly in t h e p r o o fs
o f o u r r e s u lt s .

Lemma 3.1: [1 1 ]. L et D be a digraph of order n ¸ 3 containing a cycle Cm, m 2 [2 ; n ¡ 1 ].
L et x be a vertex not contained in this cycle. If d ( x; Cm ) ¸ m + 1 , then D contains a cycle
Ck for all k 2 [2 ; m + 1 ].

Th e fo llo win g le m m a is a s lig h t m o d i¯ c a t io n o f t h e le m m a b y B o n d y a n d To m a s s e n [5 ].

Lemma 3.2: L et D be a digraph of order n ¸ 3 containing a path P := x1x2 : : : xm,
m 2 [2 ; n ¡ 1 ] and let x be a vertex not contained in this path. If one of the following
conditions holds:

(i) d ( x; P ) ¸ m + 2 ;
(ii) d ( x; P ) ¸ m + 1 and xx1 =2 D or xmx =2 D;
(iii) d( x; P ) ¸ m, xx1 =2 D and xmx =2 D, then there is an i 2 [1 ; m ¡ 1 ] such that

xix; xxi+1 2 D, i.e., D contains a path x1x2 : : : xixxi+1 : : : xm of length m (we say that x can
be inserted into P or the path x1x2 : : : xixxi+1 : : : xm is an extended path from P with x).

If in L e m m a s 3 .1 a n d 3 .2 in s t e a d o f t h e ve r t e x x c o n s id e r a p a t h Q, t h e n we g e t t h e
fo llo win g L e m m a s 3 .3 a n d 3 .4 , r e s p e c t ive ly.

Lemma 3.3: L et Ck := x1x2 : : : xkx1, k ¸ 2 , be a non-Hamiltonian cycle in a digraph
D. M oreover, assume that there exists a path Q := y1y2 : : : yr, r ¸ 1 , in D ¡ Ck. If
d¡ ( y1; Ck ) +d+ ( yr; Ck ) ¸ k + 1 , then for all m 2 [r + 1 ; k + r] the digraph D contains a cycle
Cm of length m with vertex set V ( Cm ) µ V ( Ck ) [ V ( Q) .

Lemma 3.4: L et P := x1x2 : : : xk, k ¸ 2 , be a non-Hamiltonian path in a digraph
D. M oreover, assume that there exists a path Q := y1y2 : : : yr, r ¸ 1 , in D ¡ P . If
d¡ ( y1; P ) + d+ ( yr; P ) ¸ k + d¡ ( y1; fxkg ) + d+ ( yr; fx1g ) , then D contains a path from x1

to xk with vertex set V ( P ) [ V ( Q) .

Fo r t h e p r o o f o f o u r r e s u lt we a ls o n e e d t h e fo llo win g :

Lemma 3.5: ( [1 4 ]) . L et D be a digraph on n ¸ 3 vertices satisfying the condition A0.
Assume that there are two distinct pairs of nonadjacent vertices x; y and x; z in D. Then
either d( x ) + d( y ) ¸ 2 n ¡ 1 or d ( x ) + d ( z ) ¸ 2 n ¡ 1 .
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4 . Th e P r o o f o f Th e o r e m 1 .1 0

In t h e p r o o f o f Th e o r e m 1 .1 0 we o ft e n will u s e t h e fo llo win g d e ¯ n it io n :

De¯nition 2: L et P0 := x1x2 : : : xm, m ¸ 2 , be an arbitrary ( x1; xm ) -path in a digraph
D and let y1; y2; : : : yk 2 V ( D ) ¡ V ( P0 ) . F or i 2 [1 ; k] we denote by Pi an ( x1; xm ) -path in
D with vertex set V ( Pi¡1 ) [ fyjg (if it exists) such that Pi is an extended path obtained from
Pi¡1 with some vertex yj, where yj =2 V ( Pi¡1). If e + 1 is the maximum possible number of
these paths P0; P1; : : : ; Pe, e 2 [0 ; k], then we say that Pe is an extended path obtained from P0

with vertices y1; y2; : : : ; yk as much as possible. Notice that Pi (i 2 [0 ; e]) is an ( x1; xm ) -path
of length m + i ¡ 1 .

P r oof of T heor em 1.10: L e t C := x1x2 : : : xkx1 b e a lo n g e s t n o n -H a m ilt o n ia n c yc le in
D o f le n g t h k, a n d le t C b e c h o s e n s o t h a t hV ( D ) ¡ V ( C ) i h a s t h e m in im u m n u m b e r o f
c o n n e c t e d c o m p o n e n t s . S u p p o s e t h a t k · n ¡ 2 a n d n ¸ 5 ( t h e c a s e n = 4 is t r ivia l) . It
is e a s y t o s h o w t h a t k ¸ 3 . W e will p r o ve t h a t D is is o m o r p h ic t o t h e c o m p le t e b ip a r t it e
d ig r a p h K¤

n=2;n=2. P u t R := V ( D ) ¡ V ( C ) . L e t R1; R2; : : : ; Rq b e t h e c o n n e c t e d c o m p o n e n t s
o f hRi ( i.e ., if q ¸ 2 , t h e n fo r a n y p a ir i; j, i 6= j, t h e r e is n o a r c b e t we e n Ri a n d Rj ) . In
[1 4 ] it wa s p r o ve d t h a t fo r a n y Ri, i 2 [1 ; q], t h e s u b d ig r a p h hV ( C ) [ V ( Ri ) i c o n t a in s a
C-b yp a s s . ( Th e e xis t e n c e o f a C-b yp a s s a ls o fo llo ws fr o m B yp a s s L e m m a ( s e e [4 ]) , s in c e
hV ( C ) [ V ( Ri ) i is s t r o n g a n d t h e c o n d it io n A0 im p lie s t h a t t h e u n d e r lyin g g r a p h o f t h e
s u b d ig r a p h hV ( C ) [ V ( Ri ) i is 2 -c o n n e c t e d ) . L e t P := xmy1y2 : : : yti

xm+¸i
b e a C-b yp a s s in

hV ( C ) [V ( Ri ) i ( i 2 [1 ; q] is a r b it r a r y) a n d ¸i is c o n s id e r e d t o b e m in im u m in t h e s e n s e t h a t
t h e r e is n o C-b yp a s s xau1u2 : : : ulixa+ri

in hV ( C ) [ V ( Ri ) i s u c h t h a t ri < ¸i a n d fxa; xa+ri
g

is a s u b s e t o f fxm; xm+1; : : : ; xm+¸i
g.

W e will d is t in g u is h t wo c a s e s , a c c o r d in g a s t h e r e is a ¸i, i 2 [1 ; q], s u c h t h a t ¸i = 1 o r
n o t .

A s s u m e ¯ r s t t h a t ¸i ¸ 2 fo r a ll i 2 [1 ; q]. Fo r t h is c a s e o n e c a n s h o w t h a t ( t h e p r o o fs
a r e t h e s a m e a s t h e p r o o fs o f Ca s e 1 , L e m m a 2 .3 a n d Cla im 1 in [1 4 ]) if ¸i ¸ 2 , t h e n
ti = jRij = 1 , in hV ( C ) i t h e r e is a n ( xm+¸i

; xm ) -p a t h ( s a y, P 0 ) o f le n g t h k ¡ 2 wit h ve r t e x
s e t V ( P 0 ) = V ( C ) ¡ fzig, wh e r e zi 2 fxm+1; xm+2; : : : ; xm+¸i¡1g a n d d ( y1 ) + d ( zi ) · 2 n ¡ 2
( n o t e t h a t y1 a n d zi a r e n o n a d ja c e n t ) . Fr o m jRj ¸ 2 a n d jRij = 1 ( fo r a ll i) it fo llo ws t h a t
q ¸ 2 . If u 2 R2, t h e n d( u ) = d( u; C ) · k ( b y L e m m a 3 .1 ) a n d d( z1; R ) = 0 ( b y m in im a lit y
o f q ) , in p a r t ic u la r , t h e ve r t ic e s z1 a n d u a r e n o n a d ja c e n t . Th e r e fo r e , d( z1 ) = d( z1; C ) · k
a n d d( z1 ) +d( u ) · 2 n¡ 2 . Th is in c o n n e c t io n wit h d( y1 ) +d( z1 ) · 2 n¡ 2 c o n t r a d ic t s L e m m a
3 .5 .

A s s u m e s e c o n d t h a t ¸i = 1 fo r a ll i 2 [1 ; q]. It is c le a r t h a t q = 1 . P u t t := t1 a n d
¸ := ¸1 = 1 .

Ob s e r ve t h a t if v1v2 : : : vj ( m a yb e , j = 1 ) is a p a t h in hRi a n d xiv1 2 D, t h e n vjxi+j =2 D
s in c e C is t h e lo n g e s t n o n -H a m ilt o n ia n c yc le in D a n d k · n ¡ 2 . W e s h a ll u s e t h is o ft e n ,
wit h o u t m e n t io n in g t h is e xp lic it ly.

Th e fo llo win g c la im fo llo ws im m e d ia t e ly fr o m ¸ = 1 a n d t h e m a xim a lit y o f C.

Claim 1: R = fy1; y2; : : : ; ytg (i.e., t = n ¡ k ¸ 2 ), y1y2 : : : yt is a Hamiltonian path in
hRi and if 1 · i < j ¡ 1 · t ¡ 1 , then yiyj =2 D.

Fr o m Cla im 1 it fo llo ws t h a t

d+ ( y1; R) = d¡ ( yt; R ) = 1 a n d if i 2 [1 ; t ¡ 1 ]; t h e n d+ ( yi; R ) · i; ( 1 )
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d ( y1; R ) ; d( yt; R ) · n ¡ k a n d if i 2 [2 ; t ¡ 1 ]; t h e n d ( yi; R ) · n ¡ k + 1 : ( 2 )

Claim 2: (i). If xiy1 2 D, then d¡ ( xi+1; fy1; y2; : : : ; yt¡1g ) = 0 ;
(ii). If ytxi+1 2 D, then d+ ( xi; fy2; y3; : : : ; ytg ) = d+ ( xi¡1; fy1; y2; : : : ; yt¡1g ) = 0 ;
(iii). d( y1; C ) · k, d( yt; C ) · k and d( yj; C ) · k ¡ 1 for all j 2 [2 ; t ¡ 1 ] (by L emma

3.2(iii) and Claim 2(ii) since ¸ = 1 ).
Claim 3: Assume that hRi is strong. If d+ ( xi; R ) ¸ 1 , d¡ ( xj; R) ¸ 1 and jC[xi; xj ]j ¸ 3

for some two distinct vertices xi; xj (i; j 2 [1 ; k]), then the following holds:
(i) d¡ ( xj¡1; R ) 6= 0 or A( R; C[xi+1; xj¡2]) 6= ;;
(ii) d+ ( xi+1; R) 6= 0 ) or A( R; C[xi+2; xj¡1]) 6= ;.
(Here if jC[xi; xj]j = 3 , then C[xi+1; xj¡2] = ; and C[xi+2; xj¡1] = ;).

P r oof of Claim 3: S u p p o s e t h a t Cla im 3 ( i) is fa ls e . W it h o u t lo s s o f g e n e r a lit y, a s s u m e
t h a t xkyf ; ygxl 2 D ( l 2 [2 ; k ¡ 1 ])

d¡ ( xl¡1; R ) = 0 a n d A ( R; C[x1; xl¡2]) = ;: ( 3 )

Th e s u b d ig r a p h hRi c o n t a in s a ( yf ; yg ) -p a t h ( s a y P ( yf ; yg ) ) s in c e R is s t r o n g . W e e xt e n d
t h e p a t h P0 := C[xl; xk] wit h t h e ve r t ic e s x1; x2; : : : ; xl¡1 a s m u c h a s p o s s ib le . Th e n s o m e
ve r t ic e s z1; z2; : : : ; xd 2 fx1; x2; : : : ; xl¡1g, d 2 [1 ; l ¡ 1 ], a r e n o t o n t h e e xt e n d e d p a t h Pe ( fo r
o t h e r wis e , it is n o t d i± c u lt t o s e e t h a t b y D e ¯ n it io n 2 t h e r e is a n ( xl; xk ) -p a t h Pi, i 2 [0 ; e],
wh ic h t o g e t h e r wit h t h e p a t h P ( yf ; yg ) a n d t h e a r c s xkyf ; ygxl fo r m s a n o n -H a m ilt o n ia n c yc le
lo n g e r t h a n C ) . Th e r e fo r e , b y L e m m a 3 .2 ( i) , fo r a ll s 2 [1 ; d] t h e fo llo win g h o ld s

d( zs; C ) · k + d ¡ 1 : ( 4 )

Fr o m ( 3 ) it fo llo ws t h a t y1xl¡1 =2 D a n d ytxl¡1 =2 D. H e n c e , b y L e m m a 3 .2 ( ii) , we h a ve

d( y1; C ) · k ¡ l + 2 a n d d( yt; C ) · k ¡ l + 2

s in c e n e it h e r y1 n o r yt c a n n o t b e in s e r t e d in t o C[xl¡1; xk]. Th is t o g e t h e r wit h ( 2 ) im p lie s
t h a t

d( y1 ) · n ¡ l + 2 a n d d( yt ) · n ¡ l + 2 : ( 5 )

If t h e r e e xis t s a zs s u c h t h a t d( zs; R) = 0 , t h e n b y d · l ¡ 1 , ( 4 ) a n d ( 5 ) we o b t a in t h a t

d( zs ) + d( y1 ) · 2 n ¡ 2 a n d d( zs ) + d ( yt ) · 2 n ¡ 2 ;

wh ic h c o n t r a d ic t s L e m m a 3 .5 s in c e zs; y1 a n d zs; yt a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t
ve r t ic e s . A s s u m e , t h e r e fo r e , t h a t t h e r e is n o zs s u c h t h a t d( zs; R) = 0 . Th e n fr o m ( 3 ) it
fo llo ws t h a t d = 1 , z1 = xl¡1 a n d d+ ( xl¡1; R) ¸ 1 . Th e r e fo r e , D c o n t a in s a n ( xl; xk ) -p a t h ,
s a y Q, wit h ve r t e x s e t V ( C ) ¡ fxl¡1g. S in c e hRi is s t r o n g , it fo llo ws t h a t in hRi t h e r e is a
( yf ; yg ) -p a t h , s a y T . Th is p a t h T t o g e t h e r wit h t h e p a t h Q a n d t h e a r c s xkyf , ygxl fo r m s a
c yc le C 0 wh ic h d o e s n o t c o n t a in xl¡1. Fr o m t h e m a xim a lit y o f C it fo llo ws t h a t jT j = 1 ( i.e .,
yf = yg ) a n d

d+ ( xk; R ¡ fyf g ) = d¡ ( xl; R ¡ fyf g ) = 0 : ( 6 )

S o , t h e c yc le C 0 h a s t h e le n g t h k a n d V ( C 0 ) = V ( C ) [ fyf g ¡ fxl¡1g. It is n o t d if-
¯ c u lt t o s e e t h a t t h e ve r t ic e s xl¡1, yf a r e n o n a d ja c e n t ( fo r o t h e r wis e xl¡1yf 2 D a n d
xl¡1yf xl : : : xkx1 : : : xl¡1 is a c yc le o f le n g t h k + 1 , a c o n t r a d ic t io n ) . Fr o m t h is a n d
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d¡ ( xl¡1; R) = 0 ( b y ( 3 ) ) we h a ve d ( xl¡1; R ) · n ¡ k ¡ 1 . Th is t o g e t h e r wit h d = 1 a n d ( 4 )
im p lie s t h a t d ( xl¡1 ) · n ¡ 1 .

A s s u m e ¯ r s t t h a t yf 6= y1.
L e t xl¡1y1 2 D. Th e n yf = yt ( b y Cla im 2 ( i) ) a n d fo r t h e t r ip le o f ve r t ic e s yt; xl¡1; y1

c o n d it io n A0 h o ld s , s in c e y1xl¡1 =2 D a n d yt; xl¡1 a r e n o n a d ja c e n t . S in c e ytxl 2 D, fr o m
( 3 ) a n d Cla im 2 ( ii) it fo llo ws t h a t d ( xl¡1; R ¡ fy1g ) = 0 , i.e ., d ( xl¡1; R ) = 1 . Th is t o g e t h e r
wit h ( 4 ) a n d d = 1 g ive s d ( xl¡1 ) · k + 1 . S in c e D c o n t a in s n o c yc le o f le n g t h k + 1 ,
it fo llo ws t h a t fo r t h e a r c xl¡1y1 a n d t h e c yc le C 0, b y L e m m a 3 .3 , t h e fo llo win g h o ld s
d¡ ( xl¡1; C 0 ) + d+ ( y1; C 0 ) · k. Th is t o g e t h e r wit h d+ ( y1; R) = 1 a n d d¡ ( xl¡1; R ) = 0 im p lie s
t h a t d¡ ( xl¡1 ) + d+ ( y1 ) · n ¡ 2 ( h e r e we c o n s id e r t h e c a s e s k = n ¡ 2 a n d k · n ¡ 3
s e p a r a t e ly) . Th e r e fo r e , u s in g c o n d it io n A0, ( 5 ) , d ( xl¡1 ) · n ¡ 1 a n d l ¸ 2 we o b t a in

3 n ¡ 2 · d( yt ) + d( xl¡1 ) + d¡ ( xl¡1 ) + d+ ( y1 ) · 3 n ¡ 3 ;

a c o n t r a d ic t io n .
L e t n o w xl¡1y1 =2 D. Th e n b y ( 3 ) t h e ve r t ic e s xl¡1, y1 a r e n o n a d ja c e n t . Fr o m t h is t ¸ 3

s in c e yf ; xl¡1 a r e n o n a d ja c e n t a n d d+ ( xl¡1; R) ¸ 1 . Th u s , we h a ve xky1 =2 D, y1xl =2 D ( b y
( 6 ) ) a n d d ( y1; C[x1; xl¡1]) = 0 . Th e r e fo r e , s in c e y1 c a n n o t b e in s e r t e d in t o C[xl; xk], u s in g
L e m m a 3 .2 ( iii) a n d ( 2 ) we o b t a in d ( y1 ) · n ¡ l. N o t ic e t h a t ( b y ( 2 ) a n d ( 4 ) )

d ( xl¡1 ) = d( xl¡1; C ) + d( xl¡1; R ¡ fy1; yf g ) · k + d( xl¡1; R ¡ fy1; yfg ) · n ¡ 2 ;

a n d ( b y L e m m a 3 .2 ( i) a n d d( yf ; C[x1; xl¡1]) = 0 ) ,

d( yf ) = d( yf ; C ) + d( yf ; R) · k ¡ l + 2 + d( yf ; R ) :

Fr o m t h e la s t t h r e e in e qu a lit ie s we o b t a in t h a t

d( y1 ) + d( xl¡1 ) · 2 n ¡ l ¡ 2 ;

a n d

d( yf ) + d( xl¡1 ) · 2 k ¡ l + 2 + d ( xl¡1; R ¡ fy1; yf g ) + d( yf ; R ) :

N o t ic e t h a t

d( xl¡1; R ¡ fy1; yfg ) + d ( yf ; R) · n ¡ k ¡ 2 + n ¡ k = 2 n ¡ 2 k ¡ 2

s in c e if xl¡1yj 2 D, t h e n yjyf =2 D, wh e r e yj 6= y1; yf . Th e la s t t wo in e qu a lit ie s g ive
d( yf ) +d( xl¡1 ) · 2 n¡ l · 2 n¡ 2 . Th is t o g e t h e r wit h d( y1 ) +d( xl¡1 ) · 2 n¡ l ¡ 2 c o n t r a d ic t s
L e m m a 3 .5 s in c e xl¡1; y1 a n d xl¡1; yf a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t ve r t ic e s .

A s s u m e n e xt t h a t yf = y1. If xl¡1; yt a r e n o n a d ja c e n t , t h e n d( xl¡1; fy1; ytg ) = 0 a n d
d( xl¡1; R ) · n ¡ k ¡ 2 . H e n c e , b y ( 4 ) a n d d = 1 we h a ve d ( xl¡1 ) · n ¡ 2 . Th is t o g e t h e r
wit h ( 5 ) im p lie s t h a t

d( y1 ) + d( xl¡1 ) · 2 n ¡ 2 a n d d ( yt ) + d ( xl¡1 ) · 2 n ¡ 2 ;

wh ic h c o n t r a d ic t s L e m m a 3 .5 , s in c e y1; xl¡1 a n d yt; xl¡1 a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t
ve r t ic e s . S o , we c a n a s s u m e t h a t xl¡1yt 2 D. S in c e C 0 is a lo n g e s t n o n -H a m ilt o n ia n c yc le ,
d¡ ( xl¡1; R) = 0 , ( 3 ) a n d d+ ( yt; R ¡ fy1g ) · n ¡ k ¡ 2 , fr o m L e m m a 3 .3 it fo llo ws t h a t
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d¡ ( xl¡1 ) + d+ ( yt ) · n ¡ 2 . N o w u s in g ( 5 ) , d( xl¡1 ) · n ¡ 1 a n d t h e c o n d it io n A0, fo r t h e
t r ip le o f t h e ve r t ic e s xl¡1; y1; yt we o b t a in

3 n ¡ 2 · d( y1 ) + d ( xl¡1 ) + d+ ( yt ) + d¡ ( xl¡1 ) · 3 n ¡ l ¡ 1 · 3 n ¡ 3 ;

wh ic h is a c o n t r a d ic t io n . Cla im 3 is p r o ve d .
In p a r t ic u la r , fr o m Cla im 3 im m e d ia t e ly fo llo ws t h e fo llo win g
Claim 4: Assume that hRi is strong and d+ ( xi; R) ¸ 1 , d¡ ( xj; R ) ¸ 1 for some two

distinct vertices xi and xj. Then the following holds:
(i) if jC[xi; xj]j ¸ 3 , then A ( R; C[xi+1; xj¡1]) 6= ;;
(ii) if jC[xi; xj]j = 3 , then d+ ( xi+1; R) ¸ 1 and d¡ ( xj¡1; R) ¸ 1 .

N o w we d ivid e t h e p r o o f o f t h e t h e o r e m in t o t wo p a r t s : k · n ¡ 3 a n d k = n ¡ 2 .

P art 1. k · n ¡ 3 , i.e., t ¸ 3 .
Fo r t h is p a r t ¯ r s t we will p r o ve t h e fo llo win g Cla im s 5 -1 0 b e lo w.

Claim 5: L et t ¸ 3 and yty1 2 D. Then the following holds
(i) if xiy1D, then d¡ ( xi+2; R ) = 0 ; (ii) if ytxi 2 D, then d+ ( xi¡2; R) = 0 , where i 2 [1 ; k].
P r oof of Claim 5: ( i) . S u p p o s e , o n t h e c o n t r a r y, t h a t fo r s o m e i 2 [1 ; k] xiy1 2 D a n d

d¡ ( xi+2; R ) 6= 0 . W it h o u t lo s s o f g e n e r a lit y, we a s s u m e t h a t xi = x1 a n d d¡ ( x3; R ) 6= 0 .
Th e n d¡ ( x3; R ¡ fy1g ) = 0 a n d y1x3 2 D. It is e a s y t o s e e t h a t y1, x2 a r e n o n a d ja c e n t a n d

d¡ ( x2; fy1; y2; : : : ; yt¡1g ) = d+ ( x2; fy1; y3; y4; : : : ; ytg ) = 0 ; i.e ., d ( x2; R) · 2 : ( 7 )

S in c e n e it h e r y1 n o r x2 c a n b e in s e r t e d in t o C[x3; x1], u s in g ( 2 ) , ( 7 ) a n d L e m m a 3 .2 , we
o b t a in t h a t

d ( y1 ) = d( y1; C ) + d( y1; R ) · k + n ¡ k = n a n d d ( x2 ) = d( x2; C ) + d( x2; R ) · k + 2 :

On t h e o t h e r h a n d , b y L e m m a 3 .3 a n d ( 1 ) we h a ve t h a t d¡ ( yt ) + d+ ( y1 ) · k + 2 s in c e t h e
a r c yty1 c a n n o t b e in s e r t e d in t o C. Th e r e fo r e , b y c o n d it io n A0, t h e fo llo win g h o ld s

3 n ¡ 2 · d( y1 ) + d( x2 ) + d¡ ( yt ) + d+ ( y1 ) · n + 2 k + 4 ;

s in c e y1; x2 a r e n o n a d ja c e n t a n d y1yt =2 D. Fr o m t h is a n d k · n¡ 3 it fo llo ws t h a t k = n¡ 3 ,
x2y2; y2y1 2 D a n d h e n c e , t h e c yc le x2y2y1x3x4 : : : xkx1x2 h a s le n g t h k + 2 . Th is c o n t r a d ic t s
t h e s u p p o s it io n t h a t C is a m a xim a l n o n -H a m ilt o n ia n c yc le .

To s h o w t h a t ( ii) is t r u e , it is s u ± c ie n t t o a p p ly t h e s a m e a r g u m e n t s t o t h e c o n ve r s e
d ig r a p h o f D. Cla im 5 is p r o ve d .

Claim 6: If t ¸ 3 and the vertices y1, yt are nonadjacent, then t = 3 and y3y2, y2y1 2 D.
P r oof of Claim 6: W it h o u t lo s s o f g e n e r a lit y, we c a n a s s u m e t h a t x1y1, ytx2 2 D ( s in c e

¸ = 1 ) .
A s s u m e ¯ r s t t h a t t ¸ 4 a n d ytyi 2 D fo r s o m e i 2 [2 ; t ¡ 2 ]. S in c e t h e a r c ytyi c a n n o t b e

in s e r t e d in t o C, u s in g L e m m a 3 .3 , we o b t a in

d¡ ( yt; C ) + d+ ( yi; C ) · k: ( 8 )

Fr o m Cla im 1 a n d t h e c o n d it io n t h a t y1; yt a r e n o n a d ja c e n t it fo llo ws t h a t

d( y1; R) · n ¡ k ¡ 1 a n d d( yt; R) · n ¡ k ¡ 1 :
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Th is t o g e t h e r wit h Cla im 2 ( iii) im p lie s t h a t d( y1 ) a n d d( yt ) · n ¡ 1 . S in c e y1; yt a r e
n o n a d ja c e n t a n d yiyt =2 D, u s in g ( 1 ) , ( 8 ) a n d a p p lyin g t h e c o n d it io n A0 t o t h e t r ip le o f t h e
ve r t ic e s y1; yt; yi, we o b t a in

3 n ¡ 2 · d ( y1 ) + d ( yt ) + d¡ ( yt; C ) + d+ ( yi; C ) + d¡ ( yt; R ) + d+ ( yi; R ) · 3 n ¡ 3 ;

wh ic h is a c o n t r a d ic t io n .
A s s u m e s e c o n d t h a t t ¸ 4 a n d ytyi =2 D fo r a ll i 2 [2 ; t ¡ 2 ]. W e a ls o c a n a s s u m e t h a t

yiy1 =2 D fo r a ll i 2 [3 ; t ¡ 1 ]. Th e r e fo r e , d ( y1; R) · 2 a n d d( yt; R ) · 2 . Th is t o g e t h e r wit h
Cla im 2 ( iii) im p lie s t h a t d( y1 ) · k + 2 , d( yt ) · k + 2 a n d h e n c e

d ( y1 ) + d( yt ) · 2 k + 4 : ( 9 )

Fr o m t ¸ 4 a n d t h e a b o ve a s s u m p t io n s it fo llo ws t h a t y1; yt a n d y1; yt¡1 a r e t wo d is t in c t
p a ir s o f n o n a d ja c e n t ve r t ic e s . Fr o m ( 9 ) a n d k · n¡ 4 it fo llo ws t h a t d ( y1 ) +d( yt ) · 2 n¡ 4 . On
t h e o t h e r h a n d , s in c e d ( y1 ) · k+2 , d( yt¡1; C ) · k¡ 1 ( b y Cla im 2 ( iii) ) a n d d ( yt¡1; R ) · n¡k
( b y Cla im 1 ) , we h a ve

d ( y1 ) + d( yt¡1 ) · 2 n ¡ 3 :

Th is t o g e t h e r wit h d( y1 ) +d ( yt ) · 2 n ¡ 4 c o n t r a d ic t s L e m m a 3 .5 . W e , t h u s , p r o ve d t h a t t h e
c a s e t ¸ 4 is im p o s s ib le .

A s s u m e ¯ n a lly t h a t t = 3 . N o w we will s h o w t h a t y3y2 2 D. A s s u m e t h a t t h is is n o t
t h e c a s e , i.e ., y3y2 =2 D. Th e n we c a n a p p ly t h e c o n d it io n A0 t o t h e t r ip le o f t h e ve r t ic e s
y1; y3; y2, s in c e t h e ve r t ic e s y1; y3 a r e n o n a d ja c e n t a n d y3y2 =2 D. N o t ic e t h a t t h e a r c y2y3

c a n n o t b e in s e r t e d in t o C a n d h e n c e d¡ ( y2; C ) + d+ ( y3; C ) · k ( b y L e m m a 3 .3 ) . Th e r e fo r e ,
b y A0 a n d Cla im 2 ( iii) , we o b t a in

3 n ¡ 2 · d ( y1 ) + d ( y3 ) + d¡ ( y2 ) + d+ ( y3 ) · 3 k + 4 · 3 n ¡ 5 ;

wh ic h is a c o n t r a d ic t io n . Th e r e fo r e y3y2 2 D.
S im ila r ly we o b t a in a c o n t r a d ic t io n if we a s s u m e t h a t y2y1 =2 D. Th e r e fo r e , y2y1 2 D.

Cla im 6 is p r o ve d .
Claim 7: If t ¸ 3 , then yty1 2 D.
P r oof of Claim 7: S u p p o s e , o n t h e c o n t r a r y, t h a t t ¸ 3 a n d yty1 =2 D, i.e ., y1; yt a r e

n o n a d ja c e n t . Th e n b y Cla im 6 , t = 3 a n d y3y2; y2y1 2 D. W it h o u t lo s s o f g e n e r a lit y, a s s u m e
t h a t x1y1 a n d y3x2 2 D ( s in c e ¸ = 1 ) . N o t ic e t h a t d( y1 ) ; d ( y3 ) · n ¡ 1 ( b y L e m m a 3 .1 ) a n d
h e n c e , d( y1 ) + d( y3 ) · 2 n ¡ 2 . W e will d is t in g u is h t wo c a s e s , a c c o r d in g a s t h e r e is a n a r c
fr o m R t o fx3; x4; : : : ; xkg o r n o t .

Case 7.1. A( R ! fx3; x4; : : : ; xkg ) 6= ;.
Th e n t h e r e e xis t s a ve r t e x xl wit h l 2 [3 ; k] s u c h t h a t d¡ ( xl; R ) ¸ 1 a n d fo r l ¸ 4 ,

A ( R ! fx3; x4; : : : ; xl¡1g ) = ;.
If l = 3 , t h e n fr o m d¡ ( x3; fy2; y3g) = 0 it fo llo ws t h a t y1x3 2 D. Fr o m t h is it is e a s y t o s e e

t h a t d( x2; fy1; y2g ) = 0 . S in c e n e it h e r y1 n o r y3 a n d x2 c a n b e in s e r t e d in t o C[x3; x1] u s in g
L e m m a 3 .2 we o b t a in t h a t d ( y1 ) , d ( y3 ) a n d d( x2 ) · n¡ 1 . H e n c e , d ( y1 ) +d( y3 ) · 2 n¡ 2 a n d
d( y1 ) + d( x2 ) · 2 n ¡ 2 , wh ic h c o n t r a d ic t s L e m m a 3 .5 s in c e y1; y3 a n d y1; x2 a r e t wo d is t in c t
p a ir s o f n o n a d ja c e n t ve r t ic e s .

A s s u m e , t h e r e fo r e , t h a t l ¸ 4 . If d+ ( xl¡1; R) = 0 , t h e n d( xl¡1; R ) = 0 b y m in im a lit y
o f l. Th e r e fo r e , Cla im 4 im p lie s t h a t t h e r e is n o xi 2 C[x2; xl¡2] s u c h t h a t d+ ( xi; R ) ¸ 1 .
Th e r e fo r e , b y t h e m in im a lit y o f l we h a ve

A ( R; C[x3; xl¡1]) = ; a n d d+ ( x2; R) = 0 ;
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wh ic h c o n t r a d ic t s Cla im 3 ( ii) s in c e x1y1 2 D a n d d¡ ( xl; R) ¸ 1 . A s s u m e , t h e r e fo r e , t h a t
d+ ( xl¡1; R ) ¸ 1 . W it h o u t lo s s o f g e n e r a lit y, we m a y a s s u m e t h a t ygxl 2 D a n d xl¡1yf 2 D.
It is e a s y t o s e e t h a t yf 6= yg, yf ; yg 2 fy1; y3g ( i.e ., xl¡1y2 =2 D a n d y2xl =2 D ) a n d t h e
ve r t ic e s xl¡1; xg a r e n o n a d ja c e n t .

A s s u m e ¯ r s t t h a t l = 4 . If yg = y3 ( i.e ., y3x4 2 D ) , t h e n x1y1y2y3x4 : : : xn¡3x1 is a c yc le
o f le n g t h n ¡ 1 , a c o n t r a d ic t io n . A s s u m e , t h e r e fo r e , t h a t yg = y1 a n d yf = y3, i.e ., y1x4 a n d
x3y3 2 D. Th e n t h e ve r t ic e s x2; y2 a r e c le a r ly n o n a d ja c e n t a n d x2y3 =2 D. S in c e y1x4 2 D
a n d d¡ ( x3; R ) = 0 , Cla im 4 ( ii) im p lie s t h a t x2y1 =2 D. Th e r e fo r e , d( x2; fy1; y2g ) = 0 . N o t ic e
t h a t x2 c a n n o t b e in s e r t e d in t o t h e p a t h C[x4; x1] ( fo r o t h e r wis e in D t h e r e is a c yc le o f
le n g t h n ¡ 3 wh ic h d o e s n o t c o n t a in t h e ve r t ic e s y2; y3; x3 b u t t h is c o n t r a d ic t s Cla im 6 s in c e
y2; x3 a r e n o n a d ja c e n t a n d y3x3 =2 D ) . N o w b y L e m m a 3 .2 a n d t h e a b o ve o b s e r va t io n we
o b t a in t h a t

d ( x2 ) = d( x2; C[x4; x1]) + d( x2; R ) + d( x2; fx3g ) · n ¡ 1 :

Th e r e fo r e , d ( y1 ) + d ( x2 ) · 2 n ¡ 2 , wh ic h t o g e t h e r wit h d( y1 ) + d( y3 ) · 2 n ¡ 2 c o n t r a d ic t s
L e m m a 3 .5 , s in c e y1; x2 a n d y1; y3 a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t ve r t ic e s .

A s s u m e n e xt t h a t l ¸ 5 . Fr o m t h e m in im a lit y o f l, d¡ ( xl¡1; R ) = 0 a n d Cla im 4 ( ii) it
fo llo ws t h a t d ( xl¡2; R ) = 0 . Th e r e fo r e , t h e r e is n o xi 2 C[x2; xl¡2] s u c h t h a t d+ ( xi; R) ¸ 1 ,
in p a r t ic u la r , x2y3 =2 D. Th e r e fo r e

A( C[x3; xl¡2]; R) = ; a n d d( x2; R) = 1 ;

( o n ly y3x2 2 D ) . S in c e yg 6= y2 a n d xl¡1; yg a r e n o n a d ja c e n t , we h a ve d( xl¡1; R ) = 1 ( o n ly
xl¡1y4¡g 2 D ) . B y t h e a b o ve o b s e r va t io n we h a ve

d ( y1; C[x2; xl¡2]) = d ( y3; C[x3; xl¡2]) = 0 : ( 1 0 )

S in c e y1 c a n n o t b e in s e r t e d in t o C, x2y3 =2 D a n d d¡ ( xl¡1; R) = 0 , u s in g ( 1 0 ) a n d L e m m a
3 .2 we o b t a in t h a t d( y1; C ) · k ¡ l + 3 . Th is t o g e t h e r wit h d( y1; R ) = 2 im p lie s t h a t
d( y1 ) · k ¡ l + 5 .

N o w we e xt e n d t h e p a t h P0 := C[xl; x1] wit h t h e ve r t ic e s x2; x3; : : : ; xl¡1 a s m u c h a s
p o s s ib le . Th e n s o m e ve r t ic e s z1; z2; : : : ; zd 2 fx2; x3; : : : ; xl¡1g, d 2 [1 ; l ¡ 2 ], a r e n o t o n t h e
e xt e n d e d p a t h Pe. Th e r e fo r e , d( zi; C ) · k + d ¡ 1 a n d h e n c e , d( zi ) · k + d fo r a ll i 2 [1 ; d].
Th u s we h a ve d ( y1 ) + d ( zi ) · 2 n ¡ 3 a n d d ( y3 ) + d ( zi ) · 2 n ¡ 3 s in c e t h e r e is a ve r t e x zi

wh ic h is n o t a d ja c e n t t o y1 o r y3. Th is t o g e t h e r wit h d( y1 ) + d( y3 ) · 2 n ¡ 2 c o n t r a d ic t s
L e m m a 3 .5 s in c e y1; zi ( o r y3; zi ) a n d y1; y3 a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t ve r t ic e s . In
e a c h c a s e we h a ve a c o n t r a d ic t io n . Th e d is c u s s io n o f Ca s e 7 .1 is c o m p le t e d .

Case 7.2. A( R ! fx3; x4; : : : ; xkg ) = ;.
W it h o u t lo s s o f g e n e r a lit y, we m a y a s s u m e t h a t A( fx3; x4; : : : ; xkg ! R ) = ; ( fo r

o t h e r wis e , we c o n s id e r t h e c o n ve r s e d ig r a p h o f D fo r wh ic h t h e c o n s id e r e d Ca s e 7 .1 h o ld s ) .
Th e r e fo r e A ( R; fx3; x4; : : : ; xkg) = ;. In p a r t ic u la r , xk is n o t a d ja c e n t t o t h e ve r t ic e s y1 a n d
y3. N o t ic e t h a t

d ( y1 ) = d( y1; R ) + d( y1; C ) · 2 + d( y1; fx1; x2g ) · 5 ;

d( y3 ) · 5 a n d d( xk ) = d ( xk; C ) · 2 n ¡ 8 . Th e r e fo r e d( xk ) + d( y1 ) · 2 n ¡ 3 a n d
d( xk ) + d ( y3 ) · 2 n ¡ 3 , wh ic h c o n t r a d ic t s L e m m a 3 .5 . Cla im 7 is p r o ve d .
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Claim 8: If t ¸ 3 and for some i 2 [1 ; k] xiy1, then A ( R ! C[xi+2; xi¡1]) = ;.
P r oof of Claim 8: S u p p o s e t h a t t h e c la im is n o t t r u e . W it h o u t lo s s o f g e n e r a lit y, we

m a y a s s u m e t h a t x1y1 2 D a n d A( R ! fx3; x4; : : : ; xkg ) 6= ;. Th e n t h e r e is a ve r t e x xl

wit h l 2 [3 ; k] s u c h t h a t d¡ ( xl; R) ¸ 1 a n d if l ¸ 4 , t h e n A ( R ! fx3; x4; : : : ; xl¡1g ) = ;.
W e h a ve t h a t yty1 2 D ( b y Cla im 7 ) . In p a r t ic u la r , yty1 2 D im p lie s t h a t hRi is s t r o n g .
On t h e o t h e r h a n d , b y Cla im 5 ( i) , d¡ ( x3; R ) = 0 a n d h e n c e , l ¸ 4 . Fr o m x1y1 2 D it
fo llo ws t h a t t h e r e e xis t s a ve r t e x xr wit h r 2 [1 ; l ¡ 1 ] s u c h t h a t d+ ( xr; R ) ¸ 1 . Ch o o s e
r wit h t h e s e p r o p e r t ie s a s m a xim a l a s p o s s ib le . L e t xryf a n d ygxl 2 D. N o t ic e t h a t in
hRi t h e r e is a ( yf ; yg ) -p a t h s in c e hRi is s t r o n g . U s in g Cla im s 4 ( i) a n d 3 ( ii) we o b t a in
t h a t r = l ¡ 1 . Th e n yf 6= yg a n d in hRi a n y ( yf ; yg ) -p a t h is a H a m ilt o n ia n p a t h . S in c e
hRi is s t r o n g , fr o m d¡ ( xl¡1; R ) = 0 , d¡ ( xl; R) ¸ 1 a n d fr o m Cla im 3 ( i) it fo llo ws t h a t
A ( fx2; x3; : : : ; xl¡2g ! R) = ;, in p a r t ic u la r , d+ ( x2; R ) = 0 . B y t h e a b o ve o b s e r va t io n s we
h a ve

A ( fx3; x4; : : : ; xl¡2g; R ) = ;; d( y1; fx2; x3; : : : ; xl¡2g ) = d ( x2; fy1; y2; : : : ; yt¡1g ) = 0 : ( 1 1 )

N o t e t h a t x2, y1 a n d x2, y2 a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t ve r t ic e s . W e e xt e n d t h e p a t h
P0 := C[xl; x1] wit h t h e ve r t ic e s x2; x3; : : : ; xl¡1 a s m u c h a s p o s s ib le . Th e n s o m e ve r t ic e s
z1; z2; : : : ; zd 2 fx2; x3; : : : ; xl¡1g, wh e r e d 2 [1 ; l ¡ 2 ], a r e n o t o n t h e e xt e n d e d p a t h Pe

( fo r o t h e r wis e , s in c e in hRi t h e r e is a ( yf ; yg ) -p a t h , u s in g t h e p a t h Pe¡1 o r Pe we o b t a in a
n o n -H a m ilt o n ia n c yc le lo n g e r t h a n C ) . B y L e m m a 3 .2 , fo r a ll i 2 [1 ; d] we h a ve

d ( zi; C ) · k + d ¡ 1 a n d d( zi ) = d( zi; C ) + d ( zi; R ) · k + d ¡ 1 + d( zi; R) : ( 1 2 )

A s s u m e t h a t t h e r e is a ve r t e x zi 6= xl¡1. Th e n , b y ( 1 1 ) , d ( zi; R ) · 1 ( s in c e d( x2; R) · 1 ) .
N o t ic e t h a t y1, zi a n d y2, zi a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t ve r t ic e s ( b y ( 1 1 ) ) . S in c e
n e it h e r y1 n o r y2 c a n b e in s e r t e d in t o C[xl¡1; x1] a n d y1xl¡1 =2 D, y2xl¡1 =2 D, b y L e m m a
3 .2 ( ii) a n d ( 1 1 ) fo r j = 1 a n d 2 we o b t a in

d( yj; C ) = d ( yj ; C[xl¡1; x1]) · k ¡ l + 3 : ( 1 3 )

In p a r t ic u la r , b y ( 2 ) ,

d ( y1 ) = d( y1; C ) + d( y1; R ) · k ¡ l + 3 + n ¡ k = n ¡ l + 3 :

Th is t o g e t h e r wit h ( 1 2 ) a n d d( zi; R) · 1 im p lie s t h a t

d( y1 ) + d( zi ) · 2 n ¡ 2 ;

s in c e k · n ¡ 3 a n d d · l ¡ 2 . Th e r e fo r e , b y L e m m a 3 .5 , d( y2 ) + d( zi ) ¸ 2 n ¡ 1 . H e n c e , b y
( 2 ) a n d ( 1 2 ) we h a ve

2 n ¡ 1 · d( y2 ) + d( zi ) · n + d + d( zi; R) + d ( y2; C ) :

Fr o m t h is , d · l ¡ 2 a n d ( 1 3 ) it fo llo ws t h a t d( y2; C ) = k ¡ l + 3 , d( zi; R) = 1 a n d k = n ¡ 3 .
Th e n zi = x2 a n d ytx2 2 D ( b y ( 1 1 ) a n d d+ ( x2; R) = 0 ) . Th e r e fo r e , x1y2 =2 D. Fr o m t h is ,
y2xl¡1 =2 D a n d d ( y2; C ) = k ¡ l + 3 , b y L e m m a 3 .2 ( iii) , we c o n c lu d e t h a t y2 c a n b e in s e r t e d
in t o C, wh ic h is c o n t r a r y t o o u r s u p p o s it io n t h a t C is a lo n g e s t n o n -H a m ilt o n ia n c yc le .

N o w a s s u m e t h a t t h e r e is n o zi 6= xl¡1. Th e n d = 1 , z1 = xl¡1 a n d t h e r e is a n ( xl; x1 ) -
p a t h wit h ve r t e x s e t V ( C ) ¡ fxl¡1g. Th e r e fo r e , d¡ ( xl; fy2; y3; : : : ; ytg ) = 0 ( s in c e x1y1 2 D )
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a n d y1xl 2 D. Fr o m t h is we h a ve , d ( xl¡1; R ¡ fy2g ) = 0 s in c e yty1 2 D a n d l is m in im a l,
in p a r t ic u la r , t h e ve r t ic e s yt; xl¡1 a r e n o n a d ja c e n t . Th is t o g e t h e r wit h ( 1 2 ) im p lie s t h a t
d( xl¡1 ) · k + 1 ( o n ly xl¡1y2 2 D is p o s s ib le ) . N o t ic e t h a t n e it h e r yt n o r t h e a r c yty1 c a n b e
in s e r t e d in t o C, a n d t h e r e fo r e , b y L e m m a s 3 .2 , 3 .3 a n d b y ( 1 ) , ( 2 ) we o b t a in t h a t d ( yt ) · n
a n d d¡ ( yt ) + d+ ( y1 ) · k + 2 . S in c e y1yt =2 D a n d yt; xl¡1 a r e n o n a d ja c e n t we h a ve t h a t t h e
t r ip le o f t h e ve r t ic e s yt; xl¡1, y1 s a t is ¯ e s c o n d it io n A0. Th e r e fo r e

3 n ¡ 2 · d( xl¡1 ) + d( yt ) + d¡ ( yt ) + d+ ( y1 ) · 3 n ¡ 3

s in c e k · n ¡ 3 , wh ic h is a c o n t r a d ic t io n . Cla im 8 is p r o ve d .

Claim 9: If t ¸ 3 , x1y1 and ytx2 2 D, then d¡ ( x1; R ) = 0 .
P r oof of Claim 9: A s s u m e t h a t d¡ ( x1; R ) ¸ 1 . B y Cla im 7 , yty1 2 D. N o w u s in g

Cla im s 5 ( ii) a n d 8 , we o b t a in t h a t d+ ( xk; R ) = 0 a n d

A ( R ! fx3; x4; : : : ; xkg) = ;: ( 1 4 )

In p a r t ic u la r , d( xk; R ) = 0 . Th is t o g e t h e r wit h d¡ ( x1; R ) ¸ 1 , ( 1 4 ) a n d Cla im 3 im p lie s t h a t
A( fx2; x3; : : : ; xk¡1g ! R ) = ;. N o w a g a in u s in g ( 1 4 ) we g e t t h a t A( fx3; x4; : : : ; xkg; R ) = ;.
Th is t o g e t h e r wit h d+ ( x2; R ) = d¡ ( x2; fy1; y2; : : : ; yt¡1g ) = 0 im p lie s t h a t d ( x2; R) = 1 ,
d( y2; C ) · 1 ( o n ly y2x1 2 D is p o s s ib le ) a n d d ( x3; R) = 0 . Th e r e fo r e , b y ( 2 ) ,

d ( y2 ) + d ( x3 ) = d( y2; C ) + d( y2; R ) + d( x3; R) + d ( x3; C ) · n + k · 2 n ¡ 3

a n d d( y2 ) + d( x2 ) · 2 n ¡ 2 , wh ic h c o n t r a d ic t s L e m m a 3 .5 s in c e y2; x3 a n d y2; x2 a r e t wo
d is t in c t p a ir s o f n o n a d ja c e n t ve r t ic e s . Th is c o m p le t e s t h e p r o o f o f Cla im 9 .

Claim 10: If t ¸ 3 , x1y1 and ytx2 2 D, then A ( fx3; x4; : : : ; xkg ! R) = ;.
P r oof of Claim 10: B y Cla im 7 , yty1 2 D. S u p p o s e t h a t A ( fx3; x4; : : : ; xkg ! R ) 6= ;.

R e c a ll t h a t Cla im 5 ( ii) im p lie s t h a t d+ ( xk; R ) = 0 . L e t xr, r 2 [3 ; k ¡ 1 ], b e c h o s e n s o t h a t
xryi 2 D fo r s o m e i 2 [1 ; t] a n d r is m a xim u m p o s s ib le . Th e n A( fxr+1; xr+2; : : : ; xkg; R) = ;
a n d d¡ ( x1; R) = 0 b y Cla im 8 a n d Cla im 9 , r e s p e c t ive ly. Th is t o g e t h e r wit h ytx2 2 D
c o n t r a d ic t s Cla im 3 ( i) . Cla im 1 0 is p r o ve d .

N o w we a r e r e a d y t o c o m p le t e t h e p r o o f o f Th e o r e m 1 .1 0 fo r P a r t 1 ( wh e n k · n ¡ 3 ,
i.e ., t ¸ 3 ) . B y Cla im 7 , yty1 2 D. W it h o u t lo s s o f g e n e r a lit y, we m a y a s s u m e t h a t x1y1 a n d
ytx2 2 D s in c e ¸ = 1 . Th e n fr o m Cla im s 8 , 9 a n d 1 0 it fo llo ws t h a t

A ( R ! fx3; x4; : : : ; xk; x1g ) = A( fx3; x4; : : : ; xkg ! R) = ;:

Fr o m t h is a n d
d¡ ( x2; fy1; y2; : : : ; yt¡1g ) = d+ ( x1; fy2; y3; : : : ; ytg ) = 0

we o b t a in t h a t x1; y2 a n d x1; yt a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t ve r t ic e s a n d d ( y2; C ) · 1 ,
d( yt; C ) · 2 , d ( x1; R ) = 1 . Th e r e fo r e , d( y2 ) · n ¡ k + 2 , d( yt ) · n ¡ k + 2 ( b y ( 2 ) )
a n d d( x1 ) · 2 k ¡ 1 . Th e la s t t h r e e in e qu a lit ie s im p ly t h a t d( y2 ) + d( x1 ) · 2 n ¡ 2 a n d
d( yt ) + d ( x1 ) · 2 n ¡ 2 , wh ic h c o n t r a d ic t s L e m m a 3 .5 a n d c o m p le t e s t h e d is c u s s io n o f P a r t
1 .

P art 2. k = n ¡ 2 , i.e., t = 2 .
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Fo r t h is p a r t ¯ r s t we will p r o ve Cla im s 1 1 -1 6 b e lo w.

Claim 11: If xiyf 2 D and y2y1 =2 D, where i 2 [1 ; n ¡ 2 ] and f 2 [1 ; 2 ], then there is
no l 2 [3 ; n ¡ 2 ] such that yfxi+l¡1 2 D and d ( yf ; fxi+1; xi+2; : : : ; xi+l¡2g ) = 0 .

P r oof of Claim 11: Th e p r o o f is b y c o n t r a d ic t io n . S u p p o s e t h a t xiyf ; yf xi+l¡1 2 D
a n d d( yf ; fxi+1; xi+2; : : : ; xi+l¡2g ) = 0 fo r s o m e l 2 [3 ; n ¡ 2 ]. W it h o u t lo s s o f g e n e r a lit y, we
m a y a s s u m e t h a t xi = x1. Th e n x1yf , yf xl 2 D a n d d( yf ; fx2; x3; : : : ; xl¡1g ) = 0 . S in c e D
c o n t a in s n o c yc le o f le n g t h n ¡ 1 , u s in g L e m m a s 3 .2 a n d 3 .3 , we o b t a in t h a t

d¡ ( y1 ) + d+ ( y2 ) · n ¡ 2 a n d d ( yf ) · n ¡ l + 2 : ( 1 5 )

W e e xt e n d t h e p a t h P0 := C[xl; x1] wit h t h e ve r t ic e s x2; x3; : : : ; xl¡1 a s m u c h a s p o s s ib le .
Th e n s o m e ve r t ic e s z1; z2; : : : ; zd 2 fx2; x3; : : : ; xl¡1g, d 2 [1 ; l ¡ 2 ], a r e n o t o n t h e e xt e n d e d
p a t h Pe. Th e r e fo r e , b y L e m m a 3 .2 , d( z1 ) = d( z1; C ) + d( z1; fy3¡f g ) · n + d ¡ 1 . N o w, s in c e
t h e ve r t ic e s yf ; z1 a r e n o n a d ja c e n t a n d y2y1 =2 D, b y c o n d it io n A0 a n d ( 1 5 ) we h a ve

3 n ¡ 2 · d( yf ) + d ( z1 ) + d¡ ( y1 ) + d+ ( y2 ) · 3 n ¡ 3 ;

a c o n t r a d ic t io n . Cla im 1 1 is p r o ve d .

Claim 12: y2y1 2 D (i.e., if k = n ¡ 2 , then hV ( D ) ¡ V ( C ) i is strong).
P r oof of Claim 12: S u p p o s e , o n t h e c o n t r a r y, t h a t y2y1 =2 D. W it h o u t lo s s o f g e n e r a lit y,

we m a y a s s u m e t h a t x1y1 2 D a n d t h e ve r t ic e s y1; x2 a r e n o n a d ja c e n t . Th e n y2x3 =2 D a n d
s in c e D c o n t a in s n o c yc le o f le n g t h n ¡ 1 , u s in g L e m m a 3 .3 fo r t h e a r c y1y2 we o b t a in t h a t

d¡ ( y1 ) + d+ ( y2 ) · n ¡ 2 : ( 1 6 )

Case 12.1. d+ ( y1; C[x3; xn¡2]) ¸ 1 .
L e t xl, l 2 [3 ; n ¡ 2 ], b e c h o s e n s o t h a t y1xl 2 D a n d l is m in im u m , i.e .,

d+ ( y1; C[x2; xl¡1]) = 0 . It is e a s y t o s e e t h a t t h e ve r t ic e s y1 a n d xl¡1 a r e n o n a d ja c e n t .
B y Cla im 1 1 , we c a n a s s u m e t h a t l ¸ 5 ( if l · 4 , t h e n d( y1; C[x2; xl¡1]) = 0 , a c o n t r a d ic -
t io n t o Cla im 1 1 ) a n d d¡ ( y1; C[x3; xl¡2]) ¸ 1 . It fo llo ws t h a t t h e r e e xis t s a ve r t e x xr wit h
r 2 [3 ; l ¡ 2 ] s u c h t h a t xry1 2 D a n d d ( y1; C[xr+1; xl¡1]) = 0 . Co n s e qu e n t ly, fo r t h e ve r t ic e s
y1, xr a n d xl Cla im 1 1 is n o t t r u e , a c o n t r a d ic t io n .

Case 12.2. d+ ( y1; C[x3; xn¡2]) = 0 .
Th e n d+ ( y1; C[x2; xn¡2]) = 0 a n d e it h e r y1x1 2 D o r y1x1 =2 D.
Subcase 12.2.1. y1x1 2 D.
Th e n xn¡2y1 =2 D a n d h e n c e , t h e ve r t ic e s y1; xn¡2 a r e n o n a d ja c e n t . Th e r e fo r e , t h e t r ip le o f

t h e ve r t ic e s y1; xn¡2, y2 s a t is ¯ e s t h e c o n d it io n A0. Cla im 1 1 im p lie s t h a t d¡ ( y1; C[x2; xn¡2]) =
0 . Th is t o g e t h e r wit h d+ ( y1; C[x2; xn¡2]) = 0 a n d y2y1 =2 D g ive s d( y1 ) = 3 . Cle a r ly,
d( x2 ) · 2 n ¡ 4 a n d h e n c e , fo r t h e ve r t ic e s y1; y2; x2 b y c o n d it io n A0 a n d ( 1 6 ) we h a ve ,

3 n ¡ 2 · d( y1 ) + d ( x2 ) + d¡ ( y1 ) + d+ ( y2 ) · 3 n ¡ 3 ;

wh ic h is a c o n t r a d ic t io n .
Subcase 12.2.2. y1x1 =2 D.
Th e n d+ ( y1; C ) = 0 , d+ ( y1 ) = 1 a n d d+ ( y2; C ) ¸ 1 s in c e D is s t r o n g . W it h o u t lo s s o f

g e n e r a lit y, we m a y a s s u m e t h a t d¡ ( y2; C ) = 0 ( fo r o t h e r wis e fo r t h e ve r t e x y2 in t h e c o n ve r s e
d ig r a p h o f D we wo u ld h a ve t h e a b o ve c o n s id e r e d Ca s e 1 2 .1 o r S u b c a s e 1 2 .2 .1 ) . S in c e t h e
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t r ip le o f t h e ve r t ic e s y1; y2; x3 s a t is ¯ e s t h e c o n d it io n A0, d ( y1 ) · n ¡ 2 , d ( x2 ) · 2 n ¡ 5 a n d
( 1 6 ) , it is n o t d i± c u lt t o s h o w t h a t n ¸ 7 .

S u p p o s e ¯ r s t t h a t y2x2 2 D. Th e n xn¡2y1 =2 D a n d h e n c e , t h e ve r t ic e s xn¡2; y1 a r e
n o n a d ja c e n t .

L e t fo r s o m e l 2 [3 ; n ¡ 3 ] xly1 2 D a n d d¡ ( y1; C[xl+1; xn¡2]) = 0 . Th e n
d( y1; C[xl+1; xn¡2]) = 0 a n d d ( y1 ) · l s in c e d+ ( y1; C ) = 0 a n d x2; y1 a r e n o n a d ja c e n t .
E xt e n d t h e p a t h P0 := C[x2; xl] wit h t h e ve r t ic e s xl+1; xl+2; : : : ; xn¡2; x1 a s m u c h a s p o s -
s ib le . Th e n s o m e ve r t ic e s z1; z2; : : : ; zd 2 fxl+1; xl+2; : : : ; xn¡2; x1g, d 2 [2 ; n ¡ l ¡ 1 ],
a r e n o t o n t h e e xt e n d e d p a t h Pe. Fo r a ve r t e x zi 6= x1 b y L e m m a 3 .2 we o b t a in t h a t
d( zi ) = d( zi; C ) + d( zi; fy2g ) · n + d ¡ 1 . Th e r e fo r e , s in c e y2y1 =2 D a n d t h e ve r t ic e s zi; y1

a r e n o n a d ja c e n t , b y c o n d it io n A0 a n d ( 1 6 ) , we g e t t h a t

3 n ¡ 2 · d( y1 ) + d( zi ) + d¡ ( y1 ) + d+ ( y2 ) · 3 n ¡ 4 ;

wh ic h is a c o n t r a d ic t io n .
L e t n o w xly1 =2 D fo r a ll l 2 [3 ; n ¡ 2 ], i.e ., d¡ ( y1; C[x3; xn¡2]) = 0 . Th e n fr o m

d+ ( y1; C[x2; xn¡2]) = 0 , y1x1 =2 D a n d xn¡2y2 =2 D ( s in c e d¡ ( y2; C ) = 0 ) it fo llo ws t h a t
d( y1 ) = 2 a n d d( xn¡2 ) · 2 n ¡ 5 . Fr o m t h is , s in c e t h e ve r t ic e s y1, xn¡2 a r e n o n a d ja c e n t a n d
y2y1 =2 D, b y c o n d it io n A0 a n d ( 1 6 ) we h a ve t h a t

3 n ¡ 2 · d( y1 ) + d( xn¡2 ) + d¡ ( y1 ) + d+ ( y2 ) · 3 n ¡ 5 ;

wh ic h is a c o n t r a d ic t io n .

S u p p o s e n e xt t h a t y2x2 =2 D. Th e n d( y2; fx2; x3g ) = 0 , s in c e d¡ ( y2; C ) = 0 .
L e t fo r s o m e l 2 [4 ; n¡ 2 ] y2xl 2 D a n d d+ ( y2; C[x2; xl¡1]) = 0 . Th e n d ( y2; C[x2; xl¡1]) = 0

a n d t h e ve r t ic e s y1, xl¡2 a r e n o n a d ja c e n t s in c e d+ ( y1; C[x2; xn¡2]) = 0 . It is e a s y t o s e e t h a t
t h e r e e xis t s a ve r t e x xr 2 fx1; x2; : : : ; xl¡3g s u c h t h a t xry1 2 D a n d d( y1; C[xr+1; xl¡2]) = 0 .
Th u s , we h a ve t h a t A( R; C[xr+1; xl¡2]) = ;. N o t ic e t h a t d( y2 ) · n ¡ l + 1 s in c e
d¡ ( y2; C ) = 0 a n d d ( y2; C[x2; xl¡1]) = 0 . W e e xt e n d t h e p a t h P0 := C[xl; xr] wit h
t h e ve r t ic e s xr+1; xr+2; : : : ; xl¡1 a s m u c h a s p o s s ib le . Th e n s o m e ve r t ic e s z1; z2; : : : ; zd 2
fxr+1; xr+2; : : : ; xl¡1g, d 2 [2 ; l ¡ r ¡ 1 ], a r e n o t o n t h e e xt e n d e d p a t h Pe. Th e r e fo r e , b y
L e m m a 3 .2 fo r zi 6= xl¡1 we h a ve , d( zi ) · n+d¡ 3 . N o w b y c o n d it io n A0 a n d ( 1 6 ) we o b t a in

3 n ¡ 2 · d( y2 ) + d( zi ) + d¡ ( y1 ) + d+ ( y2 ) < 3 n ¡ 3 ;

a c o n t r a d ic t io n .
L e t n o w d+ ( y2; fx2; x3; : : : ; xn¡2g ) = 0 . Th e n d ( y2 ) = 2 , d ( x2 ) · 2 n ¡ 6 a n d t h e ve r t ic e s

x2; y2 a r e n o n a d ja c e n t . B y c o n d it io n A0 we h a ve

3 n ¡ 2 · d( y2 ) + d( x2 ) + d¡ ( y1 ) + d+ ( y2 ) < 3 n ¡ 3 ;

a c o n t r a d ic t io n . Cla im 1 2 is p r o ve d .

Claim 13: F or any i 2 [1 ; n ¡ 2 ] and f 2 [1 ; 2 ] the following holds
i) d¡ ( yf ; fxi¡1; xig ) · 1 and ii) d+ ( yf ; fxi¡1; xig) · 1 .
P r oof of Claim 13: Th e p r o o f is b y c o n t r a d ic t io n . B y Cla im 1 2 , y2y1 2 D. W it h o u t

lo s s o f g e n e r a lit y, we m a y a s s u m e t h a t xn¡3y1, xn¡2y1 2 D a n d y1; x1 a r e n o n a d ja c e n t . It is
e a s y t o s e e t h a t d+ ( y2; fx1; x2g ) = 0 , y1xn¡2 =2 D a n d y1x2 =2 D ( fo r o t h e r wis e , if y1x2 2 D,
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t h e n xn¡2y1x2x3 : : : xn¡3 xn¡2 is a c yc le o f le n g t h n ¡ 2 fo r wh ic h hfy2; x1gi is n o t s t r o n g , a
c o n t r a d ic t io n t o Cla im 1 2 ) . Th e r e fo r e , A( R ! fx1; x2g ) = ;. A g a in u s in g Cla im 1 2 , it is
n o t d i± c u lt t o c h e c k t h a t n ¸ 6 .

A s s u m e ¯ r s t t h a t A( R ! fx3; x4; : : : ; xn¡3g ) 6= ;. N o w le t xl, l 2 [3 ; n ¡ 3 ], b e t h e
¯ r s t ve r t e x a ft e r x2 t h a t d¡ ( xl; R ) ¸ 1 . Th e n A ( R ! fx1; x2; : : : ; xl¡1g ) = ; s in c e A( R !
fx1; x2g ) = ; ( in p a r t ic u la r , d¡ ( xl¡1; R) = ; ) . Fr o m t h e m in im a lit y o f l a n d xn¡2y1 2 D
it fo llo ws t h a t t h e r e is a ve r t e x xr 2 fxn¡2; x1; x2; : : : ; xl¡2g s u c h t h a t d+ ( xr; R) ¸ 1 a n d
A ( fxr+1; xr+2; : : : ; xl¡2g; R) = ; ( if xr = xn¡2, t h e n xr+1 = x1 ) . Th is c o n t r a d ic t s Cla im 3 ( i)
s in c e d¡ ( xl¡1; R ) = 0 a n d hRi is s t r o n g .

A s s u m e n e xt t h a t A( R ! fx3; x4; : : : ; xn¡3g ) = ;. Th is t o g e t h e r wit h A ( R ! fx1; x2g ) =
; g ive s t h a t A ( R ! fx1; x2; : : : ; xn¡3g ) = ;. Fr o m t h is , s in c e D is s t r o n g a n d y1xn¡2 =2 D,
it fo llo ws t h a t y2xn¡2 2 D. Th e n xn¡3y2 =2 D a n d xn¡4y1 =2 D. N o w u s in g Cla im 1 2 we
o b t a in t h a t d( y2; fxn¡4; xn¡3g ) = 0 . S in c e d¡ ( xn¡3; R) = 0 a n d y2xn¡2 2 D, fr o m Cla im 3 ( i)
it fo llo ws t h a t d+ ( xn¡4; R ) = 0 . Th e r e fo r e , d ( xn¡4; R) = 0 . If A ( fx1; x2; : : : ; xn¡5g !
R ) 6= ;, t h e n t h e r e is a ve r t e x xr wit h r 2 [1 ; n ¡ 5 ] s u c h t h a t d+ ( xr; R ) ¸ 1 a n d
A ( R; fxr+1; xr+2; : : : ; xn¡4g ) = ; ( n ¸ 6 ) wh ic h c o n t r a d ic t s Cla im 3 ( i) , s in c e y2xn¡2 2 D
a n d d¡ ( xn¡3; R ) = 0 . A s s u m e t h e r e fo r e t h a t A ( fx1; x2; : : : ; xn¡4g ! R) = ;. Th u s , we h a ve
t h a t A ( fx1; x2; : : : ; xn¡4g; R ) = ; a n d d¡ ( xn¡3; R) = 0 . Th e n d( y1 ) = 4 , d( y2 ) · 4 a n d
d( x1 ) · 2 n ¡ 6 . Fr o m t h is it fo llo ws t h a t d ( y1 ) + d( x1 ) · 2 n ¡ 2 a n d d( y2 ) + d ( x1 ) · 2 n ¡ 2
wh ic h c o n t r a d ic t s L e m m a 3 .5 . Th is c o n t r a d ic t io n p r o ve s t h a t d¡ ( yf ; fxi¡1; xig ) · 1 fo r a ll
i 2 [1 ; n ¡ 2 ] a n d f 2 [1 ; 2 ]. S im ila r ly, o n e c a n s h o w t h a t d+ ( yf ; fxi¡1; xig ) · 1 . Cla im 1 3 is
p r o ve d .

Claim 14: If xiyf 2 D (respectively, yf xi 2 D), then d ( yf ; fxi+2g ) 6= 0 (respectively,
d( yf ; fxi¡2g ) 6= 0 ), where i 2 [1 ; n ¡ 2 ] and f 2 [1 ; 2 ].

P r oof of Claim 14: S u p p o s e t h a t t h e c la im is n o t t r u e . B y Cla im 1 2 , y2y1 2 D.
W it h o u t lo s s o f g e n e r a lit y, we m a y a s s u m e t h a t xn¡2y1 2 D a n d d( y1; fx2g ) = 0 , i.e .,
t h e ve r t ic e s y1 a n d x2 a r e n o n a d ja c e n t . Cla im 1 3 im p lie s t h a t t h e ve r t ic e s y1; x1 a ls o a r e
n o n a d ja c e n t . Th u s , d( y1; fx1; x2g ) = 0 . N o t e t h a t y2x2 =2 D a n d h e n c e , d¡ ( x2; R) = 0 . N o w
it is n o t d i± c u lt t o c h e e k t h a t if n = 5 , t h e n d( y1 ) + d( x1 ) · 8 a n d d( y1 ) + d( x2 ) · 8 , a
c o n t r a d ic t io n t o L e m m a 3 .5 .

A s s u m e , t h e r e fo r e , t h a t n ¸ 6 a n d c o n s id e r t h e fo llo win g c a s e s .
Case 14.1. A( R ! fx3; x4; : : : ; xn¡3g) 6= ;.
Th e n t h e r e is a ve r t e x xl wit h l 2 [3 ; n ¡ 3 ] s u c h t h a t d¡ ( xl; R ) ¸ 1 a n d A( R !

fx2; x3; : : : ; xl¡1g ) = ; s in c e d( y1; fx1; x2g ) = d¡ ( x2; R ) = 0 . W e n o w c o n s id e r t h e c a s e l = 3
a n d t h e c a s e l ¸ 4 s e p a r a t e ly.

A s s u m e t h a t l = 3 . Th e n y2x3 2 D o r y1x3 2 D.
L e t y2x3 2 D. Th e n t h e ve r t ic e s y2; x2 a r e n o n a d ja c e n t . S in c e t h e ve r t ic e s y1; x2 a r e

n o n a d ja c e n t Cla im 1 2 im p lie s t h a t x1y2 =2 D ( fo r o t h e r wis e xn¡2x1y2x3 : : : xn¡4xn¡2 is a
c yc le o f le n g t h n ¡ 2 wh ic h d o e s n o t c o n t a in t h e ve r t ic e s y1; x2 a n d hfy1; x2gi is n o t s t r o n g ,
a c o n t r a d ic t io n t o Cla im 1 2 ) . Th is c o n t r a d ic t s Cla im 3 ( ii) b e c a u s e o f d( x2; R) = 0 a n d
d+ ( x1; R ) = 0 .

L e t n o w y1x3 2 D a n d y2x3 =2 D. Th e n it is e a s y t o s e e t h a t x1y2 =2 D a n d y2x2 =2 D.
Fr o m t h is a n d Cla im 1 2 im p lie s t h a t n e it h e r x1 n o r x2 c a n b e in s e r t e d in t o C[x3; xn¡2].
N o t ic e t h a t if x2y2 2 D, t h e n xn¡2x2 =2 D, a n d if y2x1 2 D, t h e n x1x3 =2 D. N o w u s in g
L e m m a 3 .2 , we o b t a in t h a t d( y1 ) , d ( x1 ) a n d d( x2 ) · n¡ 1 s in c e d ( y1; fx1; x2g) = 0 . Th e r e fo r e

d( y1 ) + d( x1 ) · 2 n ¡ 2 a n d d( y1 ) + d( x2 ) · 2 n ¡ 2 ;
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wh ic h c o n t r a d ic t s L e m m a 3 .5 s in c e y1; x1 a n d y1; x2 a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t
ve r t ic e s . Th is c o n t r a d ic t io n c o m p le t e s t h e d is c u s s io n o f Ca s e 1 4 .1 wh e n l = 3 .

A s s u m e t h a t l ¸ 4 . L e t ygxl 2 D, wh e r e g 2 [1 ; 2 ]. Th e n , b y t h e m in im a lit y o f l,
t h e ve r t ic e s yg; xl¡1 a r e n o n a d ja c e n t , y3¡gxl¡1 =2 D a n d xl¡2y3¡g =2 D. H e n c e , b y Cla im
1 2 we g e t t h a t xl¡2yg =2 D. Fr o m t h e m in im a lit y o f l a n d d¡ ( x2; R ) = 0 ( fo r l = 4 ) it
fo llo ws t h a t xl¡2 is n o t a d ja c e n t t o y1 a n d y2, i.e ., d( xl¡2; R ) = 0 . Th is t o g e t h e r wit h
d¡ ( x2; R ) = d¡ ( xl¡1; R) = 0 , t h e m in im a lit y o f l a n d Cla im 3 ( i) im p lie s t h a t

A ( R; fx2; x3; : : : ; xl¡2g ) = ; a n d d+ ( x1; R) = 0

( if d+ ( x1; R) ¸ 1 , t h e n l ¸ 5 a n d t h e r e is a n xr wit h r 2 [1 ; l¡ 3 ] s u c h t h a t d+ ( xl¡1; R) = 0 a n d
A( R; C[xr+1; xl¡3]) = ; b u t t h is c o n t r a d ic t s Cla im 3 ( i) ) . If d¡ ( x1; R ) = 0 o r d+ ( xl¡1; R) = 0 ,
t h e n d( x1; R ) = 0 o r d ( xl¡1; R ) = 0 , r e s p e c t ive ly. Th is t o g e t h e r wit h A ( R; C[x2; xl¡2]) = ;
c o n t r a d ic t s Cla im 3 s in c e d+ ( xn¡2; R ) ¸ 1 a n d d¡ ( xl; R) ¸ 1 . A s s u m e , t h e r e fo r e , t h a t
d¡ ( x1; R ) ¸ 1 a n d d+ ( xl¡1; R) ¸ 1 . It fo llo ws t h a t y2x1 2 D s in c e y1x1 =2 D.

A s s u m e ¯ r s t t h a t yg = y2. Th e n xl¡1y1 2 D. S in c e y1xl¡1 =2 D, x1y2 =2 D a n d

d ( y1; C[x1; xl¡2]) = d( y2; C[x2; xl¡1]) = 0

u s in g L e m m a 3 .2 ( ii) we o b t a in t h a t

d( y1 ) = d ( y1; fy2g) + d( y1; C[xl¡1; xn¡2]) · n ¡ l + 2 a n d

d( y2 ) = d ( y2; fy1g ) + d ( y2; C[xl; x1]) · n ¡ l + 2 : ( 1 7 )

N o w we e xt e n d t h e p a t h P0 := C[xl; xn¡2] wit h t h e ve r t ic e s x1; x2; : : : ; xl¡1 a s m u c h a s
p o s s ib le . Th e n s o m e ve r t ic e s z1; z2; : : : ; zd 2 fx1; x2; : : : ; xl¡1g, d 2 [2 ; l ¡ 1 ], a r e n o t o n t h e
e xt e n d e d p a t h Pe s in c e o t h e r wis e Pe¡1 o r Pe t o g e t h e r wit h t h e a r c s xn¡2y1; y1y2 a n d y2xl

fo r m s a c yc le o f le n g t h n ¡ 1 . Th e r e fo r e , b y L e m m a 3 .2 , we h a ve t h a t d ( zi; C ) · n + d ¡ 3 .
If t h e r e is a zi =2 fx1; xl¡1g, t h e n d ( zi ) · n + d ¡ 3 a n d b y ( 1 7 ) ,

d ( zi ) + d ( y1 ) · 2 n ¡ 2 a n d d( zi ) + d( y2 ) · 2 n ¡ 2 ;

wh ic h c o n t r a d ic t s L e m m a 3 .5 s in c e zi is n o t a d ja c e n t t o y1 a n d y2. Th e r e fo r e , a s s u m e t h a t
fz1; z2g = fx1; xl¡1g ( d = 2 ) . Th e n Pe ( e = l ¡ 3 ¸ 1 ) is a n ( xl; xn¡2 ) -p a t h wit h ve r t e x
s e t V ( C ) ¡ fx1; xl¡1g. Th u s , we h a ve t h a t y2Pey1y2 is a c yc le o f le n g t h n ¡ 2 . Th e r e fo r e ,
b y Cla im 1 2 , x1xl¡1 2 D, a n d h e n c e , x1xl¡1Pe¡1y1y2x1 is a c yc le o f le n g t h n ¡ 1 , wh ic h
c o n t r a d ic t s t h e in it ia l s u p p o s it io n t h a t D c o n t a in s n o c yc le o f le n g t h n ¡ 1 .

A s s u m e s e c o n d t h a t yg = y1. Th e n b y t h e a b o ve o b s e r va t io n we c o n c lu d e t h a t xl¡1y2 2
D a n d d( y1; C[x1; xl¡1]) = 0 . U s in g L e m m a 3 .2 , we o b t a in t h a t fo r t h is c a s e ( 1 7 ) a ls o
h o ld s , s in c e x1y2 =2 D a n d y2xl¡1 =2 D. A g a in we e xt e n d t h e p a t h C[xl; xn¡2] wit h ve r t ic e s
x1; x2; : : : ; xl¡1 a s m u c h a s p o s s ib le . Th e n s o m e ve r t ic e s z1; z2; : : : ; zd 2 fx1; x2; : : : ; xl¡1g,
d 2 [1 ; l ¡ 1 ], a r e n o t o n t h e e xt e n d e d p a t h Pe. S im ila r t o t h e ¯ r s t c a s e wh e n yg = y2, we will
o b t a in t h a t zi =2 fx2; x3; : : : ; xl¡2g ( i.e ., zi = x1 o r zi = xl¡1 ) a n d d( zi ) · n + d ¡ 2 . N o t ic e
t h a t C 0 := y1Pey1 is a c yc le o f le n g t h n ¡ d ¡ 1 wit h ve r t e x s e t V ( C ) [ fy1g ¡ fz1; zdg. Fr o m
Cla im 1 2 it fo llo ws t h a t d = 2 , i.e ., fz1; zdg = fx1; xl¡1g ( s in c e x1y2 =2 D a n d yxl¡1 =2 D ) .
N o w fr o m l ¸ 4 , d = 2 , ( 1 7 ) a n d d ( zi ) · n + d ¡ 2 we o b t a in t h a t

d( y1 ) + d ( x1 ) · 2 n ¡ 2 a n d d ( y1 ) + d ( xl¡1 ) · 2 n ¡ 2 ;



S. Darbinyan and I. Karapetyan 2 1

wh ic h c o n t r a d ic t s L e m m a 3 .5 , s in c e y1; x1 a n d y1; xl¡1 a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t
ve r t ic e s .

Case 14.2. A( R ! fx3; x4; : : : ; xn¡3g) = ;.
Th e n A( R ! fxn¡2; x1g ) 6= ; s in c e d¡ ( x2; R) = 0 a n d D is s t r o n g , a n d y1; xn¡3 a r e

n o n a d ja c e n t ( b y Cla im 1 3 ) . Fo r t h is c a s e we d is t in g u is h t h r e e s u b c a s e s .
Subcase 14.2.1. y2xn¡2 2 D.
Th e n , u s in g Cla im 1 3 , it is e a s y t o s e e t h a t xn¡3; y2 a r e n o n a d ja c e n t . Th e r e -

fo r e , d( xn¡3; R ) = 0 . Th is t o g e t h e r wit h y2xn¡2 2 D a n d Cla im 3 im p lie s t h a t
A ( fx1; x2; : : : ; xn¡3g ! R ) = ;. Th e r e fo r e , d( R; fx2; x3; : : : ; xn¡3g) = ; a n d d( y1 ) ,
d( y2 ) · 4 ( s in c e y2x1 =2 D b y Cla im 1 3 ) a n d d( xn¡3 ) · 2 n ¡ 6 . Fr o m t h is it fo llo ws
t h a t d( y1 ) + d ( xn¡3 ) · 2 n ¡ 2 a n d d( y2 ) + d ( xn¡3 ) · 2 n ¡ 2 , wh ic h c o n t r a d ic t s L e m m a 3 .5 .

Subcase 14.2.2. y2xn¡2 =2 D and y2x1 2 D.
Th e n u s in g Cla im 1 3 it is e a s y t o s e e t h a t y2 a n d xn¡2 a r e n o n a d ja c e n t .
L e t xn¡3y2 2 D. Th e n y1xn¡2 2 D ( b y Cla im 1 2 ) . U s in g Cla im s 1 2 a n d 1 3 we o b t a in

t h a t xn¡4 is n o t a d ja c e n t t o y1 a n d y2. S in c e d¡ ( xn¡3; R ) = 0 a n d y1xn¡2 2 D, fr o m Cla im
3 ( i) it fo llo ws t h a t A( fx1; x2; : : : ; xn¡4g ! R) = ; a n d A( R; C[x2; xn¡4]) = ;. Th e r e fo r e a n d
d( y1 ) = d ( y2 ) = 4 a n d d ( x2 ) · 2 n ¡ 6 . Fr o m t h e s e it fo llo ws t h a t

d( y1 ) + d( x2 ) · 2 n ¡ 2 a n d d( y2 ) + d( x2 ) · 2 n ¡ 2 ;

wh ic h c o n t r a d ic t s L e m m a 3 .5 s in c e x2, y1 a n d x2; y2 a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t
ve r t ic e s .

L e t n o w xn¡3y2 =2 D. Th e n y2; xn¡3 a r e n o n a d ja c e n t a n d h e n c e , d( xn¡3; R ) = 0 .
N o w, s in c e y1xn¡2 2 D o r d¡ ( xn¡2; R ) = 0 a n d y2x1 2 D, fr o m Cla im 3 it fo llo ws t h a t
A ( fx2; x3; : : : ; xn¡3g ! R ) = ;. Th e r e fo r e

d( y1; C[x1; xn¡3]) = d ( y2; C[x2; xn¡2]) = 0 ;

d( y1 ) · 4 , d( y2 ) · 4 a n d d( x2 ) · 2 n ¡ 6 . Th is c o n t r a d ic t s L e m m a 3 .5 s in c e x2, y1 a n d x2; y2

a r e t wo d is t in c t p a ir s o f n o n a d ja c e n t ve r t ic e s .
Subcase 14.2.3. y2xn¡2 =2 D and y2x1 =2 D.
Th e n y1xn¡2 2 D ( s in c e D is s t r o n g ) , t h e ve r t e x y1 is n o t a d ja c e n t t o t h e ve r t ic e s xn¡3,

xn¡4 a n d xn¡4y2 =2 D, i.e ., t h e ve r t ic e s y2; xn¡4 a ls o a r e n o n a d ja c e n t . U s in g Cla im 3 , we c a n
a s s u m e t h a t A ( C[x1; xn¡4] ! R ) = ;. Th e r e fo r e , d( y1 ) = 4 , d( y2 ) · 3 a n d d ( x1 ) · 2 n ¡ 6 .
Th is c o n t r a d ic t s L e m m a 3 .5 s in c e x1 is n o t a d ja c e n t t o y1 a n d y2. Th is c o m p le t e s t h e p r o o f
o f Cla im 1 4 .

Claim 15: If xiyf 2 D and the vertices yf ; xi+1 are nonadjacent, then the vertices
xi+1; y3¡f are adjacent, where i 2 [1 ; n ¡ 2 ] and f 2 [1 ; 2 ].

P r oof of Claim 15: W it h o u t lo s s o f g e n e r a lit y, we m a y a s s u m e t h a t xi = xn¡2 ( i.e .,
xi+1 = x1 ) a n d yf = y1. S u p p o s e , o n t h e c o n t r a r y, t h a t x1; y2 a r e n o n a d ja c e n t . Fr o m
Cla im s 1 2 a n d 1 4 it fo llo ws t h a t y1x2 =2 D a n d x2y1 2 D. Th e r e fo r e , A ( R ! fx1; x2g ) = ;.
If n = 5 , t h e n x2y1; x3y1 2 D wh ic h c o n t r a d ic t s Cla im 1 3 . A s s u m e , t h e r e fo r e , t h a t n ¸
6 . A s D is s t r o n g , t h e r e is a ve r t e x xl wit h l 2 [3 ; n ¡ 2 ] s u c h t h a t d¡ ( xl; R ) ¸ 1 ( s a y
ygxl 2 D ) a n d A( R ! C[x1; xl¡1]) = ;. Th e n t h e ve r t ic e s xl¡1; yg a r e n o n a d ja c e n t a n d
d( xl¡2; R ) = 0 ( b y xl¡2y3¡g =2 D a n d b y Cla im 1 2 ) . N o w, s in c e xn¡2y1 a n d x2y1 2 D, t h e r e
e xis t s a ve r t e x xr 2 C[xn¡2; xl¡3] ( if l = 3 , t h e n xn¡2 = xl¡3 ) s u c h t h a t d+ ( xr; R) ¸ 1 a n d
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A( R; C[xr+1; xl¡2]) = ;. Th is c o n t r a d ic t s Cla im 3 s in c e d¡ ( xl¡1; R ) = 0 a n d d¡ ( xl; R ) ¸ 1 .
Cla im 1 5 is p r o ve d .

Claim 16: If xiyj 2 D, where i 2 [1 ; n ¡ 2 ] and j 2 [1 ; 2 ], then yjxi+2 2 D.
P r oof of Claim 16: W it h o u t lo s s o f g e n e r a lit y, we m a y a s s u m e t h a t xi = xn¡2 a n d

yj = y1. S u p p o s e t h a t t h e c la im is n o t t r u e , t h a t is xn¡2y1 2 D a n d y1x2 =2 D. Th e n , b y
Cla im s 1 3 a n d 1 4 , t h e ve r t ic e s y1; x1 a r e n o n a d ja c e n t , x2y1 2 D ( h e n c e , n ¸ 6 ) a n d y1; x3

a r e a ls o n o n a d ja c e n t . Fr o m t h is , b y Cla im 1 5 we o b t a in t h a t t h e ve r t e x y2 is a d ja c e n t t o t h e
ve r t ic e s x1 a n d x3. Th e r e fo r e e it h e r y2x3 2 D o r x3y2 2 D.

Case 16.1. y2x3 2 D.
Th e n x2; y2 a r e n o n a d ja c e n t ( b y Cla im 1 3 ) , x2x1 2 D a n d x1y2 =2 D b y Cla im 1 2 ( fo r

o t h e r wis e D wo u ld h a ve a c yc le C 0 o f le n g t h n ¡ 2 fo r wh ic h hV ( D ) ¡ V ( C 0 ) i is n o t s t r o n g ) .
N o t ic e t h a t y2x1 2 D ( b y Cla im 1 5 ) . S in c e n e it h e r y1 n o r y2 c a n b e in s e r t e d in t o C, y1x2 =2 D
a n d y1; x1 a r e n o n a d ja c e n t ( r e s p e c t ive ly, x1y2 =2 D a n d y2; x2 a r e n o n a d ja c e n t ) u s in g L e m m a
3 .2 ( ii) , we o b t a in t h a t

d( y1 ) · n ¡ 1 a n d d( y2 ) · n ¡ 1 : ( 1 8 )

It is n o t d i± c u lt t o s e e t h a t xn¡2x2 =2 D a n d x1x3 =2 D ( fo r o t h e r wis e D c o n t a in s a c yc le
o f le n g t h n ¡ 1 ) . Th e r e fo r e , s in c e n e it h e r x1 n o r x2 c a n n o t b e in s e r t e d in t o C[x3; xn¡2]
( o t h e r wis e we o b t a in a c yc le o f le n g t h n ¡ 1 ) , a g a in u s in g L e m m a 3 .2 ( ii) , we o b t a in

d( x1 ) · n ¡ 1 a n d d( x2 ) · n ¡ 1 : ( 1 9 )

It is e a s y t o c h e c k t h a t n ¸ 7 .

Remar k: Observe that from (18), (19) and L emma 3.5 it follows that if xi 6= x1 and
y1; xi are nonadjacent or xi 6= x2 and xi; y2 are nonadjacent, then d ( xi ) ¸ n.

A s s u m e ¯ r s t t h a t d+ ( y1; C[x4; xn¡2]) ¸ 1 . L e t xl, l 2 [4 ; n ¡ 2 ], b e t h e ¯ r s t ve r t e x
a ft e r x3 t h a t y1xl 2 D. Th e n t h e ve r t ic e s y1 a n d xl¡1 a r e n o n a d ja c e n t . Th e r e fo r e , y1

a n d xl¡2 a r e a d ja c e n t ( b y Cla im 1 4 ) a n d h e n c e , xl¡2y1 2 D b e c a u s e o f x2y1 2 D a n d
m in im a lit y o f l ( l ¡ 1 6= 4 b y Cla im 1 4 , s in c e x2y1 2 D ) . S in c e xl¡1 c a n n o t b e in s e r t e d
in t o C[xl; xl¡2], u s in g L e m m a 3 .2 a n d t h e a b o ve R e m a r k, we o b t a in t h a t d( xl¡1 ) = n a n d
h e n c e , d ( y1 ) = n ¡ 1 ( b y L e m m a 3 .5 ) . Th is t o g e t h e r wit h d( y1; fx1; x2; x3; y2g ) = 3 im p lie s
t h a t d( y1; C[x4; xn¡2]) = n ¡ 4 . A g a in u s in g L e m m a 3 .2 , we o b t a in t h a t y1x4 2 D ( s in c e
jC[x4; xn¡2]j = n ¡ 5 ) . Th u s , y1C[x4; x2]y1 is a c yc le o f le n g t h n ¡ 2 . Th e r e fo r e , x3y2 2 D
( b y Cla im 1 2 ) , y1x5 =2 D a n d t h e ve r t ic e s y2; x4 a r e n o n a d ja c e n t ( b y Cla im 1 3 ) . Fr o m
y1x5 =2 D ( b y L e m m a 3 .2 ) we o b t a in t h a t d( y1; C[x5; xn¡2]) · n¡ 6 . Th e r e fo r e x4y1 2 D a n d
d( y1; C[x5; xn¡2]) = n ¡ 6 . N o w it is e a s y t o s e e t h a t y1; x5 a r e n o n a d ja c e n t ( b y Cla im 1 3 )
a n d y2; x5 a r e a d ja c e n t ( b y Cla im 1 4 ) . Th e r e fo r e , d( y1; C[x6; xn¡2]) = n ¡ 6 a n d y1x6 2 D
( b y L e m m a 3 .2 ) , y2x5; x5y2 2 D ( b y Cla im 1 2 ) , y1x7 =2 D ( b y Cla im 1 3 ) . On e r e a d ily s e e s
t h a t , b y c o n t in u in g t h e a b o ve p r o c e d u r e , we e ve n t u a lly o b t a in t h a t n is e ve n a n d

N ¡ ( y1 ) = fy2; x2; x4; x6; : : : ; xn¡2g; N + ( y1 ) = fy2; x4; x6; : : : ; xn¡2g;

N ¡ ( y2 ) = fy1; x3; x5; : : : ; xn¡3g; N+ ( y2 ) = fy1; x1; x3; x5; : : : ; xn¡3g:

Fr o m Cla im 1 2 it fo llo ws t h a t xixi¡1 2 D fo r a ll i 2 [4 ; n ¡ 2 ] a n d x2x1 2 D. It is e a s y t o
s e e t h a t x1x3 =2 D a n d x3x5 =2 D. Th e r e fo r e , s in c e x3 c a n n o t b e in s e r t e d in t o C[x5; x1], b y
L e m m a 3 .2 , we h a ve d ( x3; C[x5; x1]) · n ¡ 6 . Th is t o g e t h e r wit h d( x3 ) ¸ n ( b y R e m a r k)
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im p lie s t h a t d( x3; fx2; x4; y2g ) = 6 . In p a r t ic u la r , x3x2 2 D. N o w we c o n s id e r t h e ve r t e x
xn¡2. N o t e t h a t d( xn¡2 ) ¸ n ( b y R e m a r k) , xn¡2x2 =2 D a n d xn¡4xn¡2 =2 D. Fr o m t h is it
is n o t d i± c u lt t o s e e t h a t d( xn¡2; C[x2; xn¡4]) · n ¡ 6 a n d x1xn¡2 2 D. It fo llo ws t h a t
xn¡2xn¡3 : : : x4x3y2x1xn¡2 is a c yc le o f le n g t h n ¡ 2 , wh ic h d o e s n o t c o n t a in t h e ve r t ic e s y1

a n d x2. Th is c o n t r a d ic t s Cla im 1 2 , s in c e y1x2 =2 D ( b y o u r s u p p o s it io n ) , i.e ., hfy1; x2gi is
n o t s t r o n g .

A s s u m e n e xt t h a t d+ ( y1; C[x4; xn¡2]) = 0 . Th e n fr o m Cla im s 1 3 a n d 1 4 it fo llo ws t h a t

N ¡ ( y1 ) = fy2; x2; x4; : : : ; xn¡2g a n d N+ ( y1 ) = fy2g: ( 2 0 )

B y Cla im 1 5 we h a ve t h a t t h e ve r t e x y2 is a d ja c e n t t o e a c h ve r t e x xi 2 fx1; x3; : : : ; xn¡3g.
It is e a s y t o s e e t h a t xn¡3y2 =2 D a n d h e n c e , y2xn¡3 2 D ( fo r o t h e r wis e if xn¡3y2 2 D, t h e n
y2C[x1; xn¡3]y2 is a c yc le o f le n g t h n ¡ 2 , b u t hfxn¡2; y1gi is n o t s t r o n g , a c o n t r a d ic t io n t o
Cla im 1 2 ) . B y a n a r g u m e n t s im ila r t o t h a t in t h e p r o o f o f ( 2 0 ) we d e d u c e t h a t

N + ( y2 ) = fy1; x1; x3; : : : ; xn¡3g a n d N¡ ( y2 ) = fy1g:

Th u s we h a ve t h a t y1y2C[x5; x2]y1 is a c yc le o f le n g t h n ¡ 2 a n d x3 c a n n o t b e in s e r t e d in t o
C[x5; x2]. Th e r e fo r e , b y L e m m a 3 .2 ( ii) , d( x3; C[x5; x2]) · n ¡ 4 s in c e x3x5 =2 D. Th is t o -
g e t h e r wit h d( x3; fx4; y1; y2g ) · 3 im p lie s t h a t d ( x3 ) · n ¡ 1 wh ic h c o n t r a d ic t s t h e a b o ve
R e m a r k t h a t d ( x3 ) ¸ n.

Case 16.2. y2x3 =2 D.

Th e n , a s n o t e d a b o ve , x3y2 2 D. Th e r e fo r e d ( y2; fx2; x4g ) = 0 ( b y Cla im 1 3 a n d y2x2 =2
D ) , y1x4 =2 D ( b y Cla im 1 2 ) , x4y1 2 D ( b y Cla im 1 5 ) , t h e ve r t ic e s x5; y1 a r e n o n a d ja c e n t
a n d t h e ve r t ic e s y2; x5 a r e a d ja c e n t ( b y Cla im 1 5 ) . S in c e x3y2 2 D, y1x4 =2 D a n d y2; x5 a r e
a d ja c e n t , fr o m Cla im 1 2 it fo llo ws t h a t y2x5 =2 D a n d x5y2 2 D. Fo r t h e s a m e r e a s o n , we
d e d u c e t h a t

N¡ ( y1 ) = fy2; x2; x4; : : : ; xn¡2g N¡ ( y2 ) = fy1; x1; x3; : : : ; xn¡3g a n d A ( R ! V ( C ) ) = ;;

wh ic h c o n t r a d ic t s t h a t D is s t r o n g . Th is c o n t r a d ic t io n c o m p le t e s t h e p r o o f o f Cla im 1 6 .

W e will n o w c o m p le t e t h e p r o o f o f Th e o r e m b y s h o win g t h a t D is is o m o r p h ic t o K¤

n=2;n=2.
W it h o u t lo s s o f g e n e r a lit y, we a s s u m e t h a t xn¡2y1 2 D. Th e n u s in g Cla im s 1 2 , 1 3 , 1 4 a n d
1 6 we c o n c lu d e t h a t y1; x1 a r e n o n a d ja c e n t ( Cla im 1 3 ) , y1x2 2 D ( Cla im 1 6 ) , x1y2; y2x1 2 D
( Cla im 1 2 ) , x2; y2 a ls o a r e n o n a d ja c e n t ( Cla im 1 3 ) , y2x3 2 D ( Cla im 1 6 ) a n d x2y1 2 D
( Cla im 1 2 ) . B y c o n t in u in g t h is p r o c e d u r e , we e ve n t u a lly o b t a in t h a t n is e ve n a n d

N+ ( y1 ) = N ¡ ( y1 ) = fy2; x2; x4; : : : ; xn¡2g a n d N+ ( y2 ) = N¡ ( y2 ) = fy1; x1; x3; : : : ; xn¡3g:

If xixj 2 D fo r s o m e xi; xj 2 fx1; x3; : : : ; xn¡3g, t h e n c le a r ly jC[xi; xj ]j ¸ 5 a n d
xixjxj+1 : : : xi¡1y1xi+1 : : : xj¡2y2xi is a c yc le o f le n g t h n ¡ 1 , c o n t r a r y t o o u r a s s u m p t io n .
Th e r e fo r e , fy1; x1; x3; : : : ; xn¡3g is a n in d e p e n d e n t s e t o f ve r t ic e s . Fo r t h e s a m e r e a s o n
fy2; x2; x4; : : : ; xn¡2g a ls o is a n in d e p e n d e n t s e t o f ve r t ic e s . N o w fr o m t h e c o n d it io n A0

it fo llo ws t h a t D is is o m o r p h ic t o K¤

n=2;n=2. Th is c o m p le t e s t h e p r o o f o f Th e o r e m 1 .1 0 .
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5 . Co n c lu d in g R e m a r ks

A H a m ilt o n ia n b yp a s s in a d ig r a p h is a s u b d ig r a p h o b t a in e d fr o m a H a m ilt o n ia n c yc le o f D
b y r e ve r s in g o n e a r c .

U s in g Th e o r e m 1 .1 0 , t h e ¯ r s t a u t h o r h a s p r o ve d t h a t if a s t r o n g d ig r a p h D o f o r d e r n ¸ 4
s a t is ¯ e s t h e c o n d it io n A0, t h e n D c o n t a in s a H a m ilt o n ia n b yp a s s o r D is is o m o r p h ic t o o n e
t o u r n a m e n t o f o r d e r 5 .
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ÎáÕÙÝáñáßí³Í ·ñ³ýÇ ÏáÕÙÝáñáßí³Í óÇÏÉÁ, áñÝ ³ÝóÝáõÙ ¿ Ýñ³ µáÉáñ ·³·³ÃÝ»ñáí,
µ³óÇ Ù»ÏÇó, ÏáãíáõÙ ¿ Ý³Ë³Ñ³ÙÇÉïáÝÛ³Ý óÇÏÉ: Ü»ñÏ³ ³ßË³ï³ÝùáõÙ ³å³óáõóí³Í
¿, áñ »Ã» ÏáÕÙÝáñáßí³Í ·ñ³ýÁ µ³í³ñ³ñáõÙ ¿ Ø³Ýááõë³ÏÇëÇ Ñ³ÙÇÉïÝÛ³ÝáõÃÛ³Ý
µ³í³ñ³ñ å³ÛÙ³ÝÇÝ (J. of Graph Theory 16(1) (1992) 51-59), ³å³ ³ÛÝ å³ñáõÝ³ÏáõÙ
¿ Ý³Ë³Ñ³ÙÇÉïáÝÛ³Ý óÇÏÉ, µ³óÇ ³ÛÝ ¹»åùÇó, »ñµ ³Û¹ ·ñ³ýÁ Ç½áÙáñý ¿ »ñÏÙ³ë
Ñ³í³ë³ñ³Ïßéí³Í ÏáÕÙÝáñáßí³Í ÉñÇí ·ñ³ýÇÝ:

Î ïðåäãàìèëüòîíîâûõ êîíòóðàõ â ãàìèëüòîíîâûõ
îðèåíòèðîâàííûõ ãðàôàõ

Ñ. Äàðáèíÿí è È. Êàðàïåòÿí

Àííîòàöèÿ

Îðèåíòèðîâàííûé êîíòóð, êîòîðûé ñîäåðæèò âñå âåðøèíû îðèåíòèðîâàííîãî
ãðàôà (îðãðàôà), íàçûâàåòñÿ ïðåäãàìèëüòîíîâûì êîíòóðîì. Â ðàáîòå
äîêàçàíî, ÷òî ëþáîé îðãðàô, êîòîðûé óäîâëåòâîðÿåò äîñòàòî÷íîìó óñëîâèþ
ãàìèëüòîíîâîñòè îðãðàôîâ Ìàíîóñàêèñà (J. of Graph Theory 16(1) (1992) 51-59),
ñîäåðæèò ïðåäãàìèëüòîíîâûé êîíòóð èëè ÿâëÿåòñÿ äâóäîëüíûì áàëàíñèðîâàííûì
ïîëíûì îðãðàôîì.
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Abstract

A tree with at most k leaves is called a k-ended tree. Let tk be the order of a
largest k-ended tree in a graph. A tree T of a graph G is said to be dominating if
V (G ¡ T ) is an independent set of vertices. The minimum degree sum of any pair
(triple) of nonadjacent vertices in G will be denoted by ¾2 (¾3). The earliest result
concerning spanning trees with few leaves (by the author, 1976) states: (¤) if G is a
connected graph of order n with ¾2 ¸ n ¡k +1 for some positive integer k, then G has
a spanning k-ended tree. In this paper we show: (i) the connectivity condition in (¤)
can be removed; (ii) the condition ¾2 ¸ n ¡ k + 1 in (¤) can be relaxed by replacing
n with tk+1; (iii) if G is a connected graph with ¾3 ¸ tk+1 ¡ 2k + 4 for some integer
k ¸ 2, then G has a dominating k-ended tree. All results are sharp.

Keywords: Hamilton cycle, Hamilton path, Dominating cycle, Dominating path,
Longest path, k-ended tree.

1 . In t r o d u c t io n

Th r o u g h o u t t h is a r t ic le we c o n s id e r o n ly ¯ n it e u n d ir e c t e d g r a p h s wit h o u t lo o p s o r m u lt ip le
e d g e s . Th e s e t o f ve r t ic e s o f a g r a p h G is d e n o t e d b y V ( G) a n d t h e s e t o f e d g e s b y E ( G) .
A g o o d r e fe r e n c e fo r a n y u n d e ¯ n e d t e r m s is in [1 ].

Fo r a g r a p h G, we u s e n, ± a n d ® t o d e n o t e t h e o r d e r ( t h e n u m b e r o f ve r t ic e s ) , t h e
m in im u m d e g r e e a n d t h e in d e p e n d e n c e n u m b e r o f G, r e s p e c t ive ly. Fo r a s u b s e t S µ V ( G )
we d e n o t e b y G[S] t h e s u b g r a p h o f G in d u c e d b y S. If ® ¸ k fo r s o m e in t e g e r k, le t ¾k b e
t h e m in im u m d e g r e e s u m o f a n in d e p e n d e n t s e t o f k ve r t ic e s ; o t h e r wis e we le t ¾k = +1.

If Q is a p a t h o r a c yc le in a g r a p h G, t h e n t h e o r d e r o f Q, d e n o t e d b y jQj, is jV ( Q) j.
E a c h ve r t e x a n d e d g e in G c a n b e in t e r p r e t e d a s s im p le c yc le s o f o r d e r s 1 a n d 2 , r e s p e c t ive ly.
Th e g r a p h G is H a m ilt o n ia n if G c o n t a in s a H a m ilt o n c yc le , i.e . a c yc le c o n t a in in g e ve r y
ve r t e x o f G. A c yc le C o f G is s a id t o b e d o m in a t in g if V ( G ¡ C ) is a n in d e p e n d e n t s e t o f
ve r t ic e s .

W e wr it e a c yc le Q wit h a g ive n o r ie n t a t io n b y
¡!
Q . Fo r x; y 2 V ( Q ) , we d e n o t e b y x

¡!
Q y

t h e s u b p a t h o f Q in t h e c h o s e n d ir e c t io n fr o m x t o y. Fo r x 2 V ( Q) , we d e n o t e t h e s u c c e s s o r

a n d t h e p r e d e c e s s o r o f x o n
¡!
Q b y x+ a n d x¡, r e s p e c t ive ly.

A ve r t e x o f d e g r e e o n e is c a lle d a n e n d -ve r t e x, a n d a n e n d -ve r t e x o f a t r e e is u s u a lly
c a lle d a le a f. Th e s e t o f e n d -ve r t ic e s o f G is d e n o t e d b y End( G ) . Fo r a p o s it ive in t e g e r k, a

¤G.G. Nicoghossian (up to 1997)
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t r e e T is s a id t o b e a k-e n d e d t r e e if jEnd( T ) j · k. A H a m ilt o n p a t h is a s p a n n in g 2 -e n d e d
t r e e . A H a m ilt o n c yc le c a n b e in t e r p r e t e d a s a s p a n n in g 1 -e n d e d t r e e . In p a r t ic u la r , K2 is
H a m ilt o n ia n a n d a 1 -e n d e d t r e e . W e d e n o t e b y tk t h e o r d e r o f a la r g e s t k-e n d e d t r e e in G.
B y t h e d e ¯ n it io n , t1 is t h e o r d e r o f a lo n g e s t c yc le , a n d t2 is t h e o r d e r o f a lo n g e s t p a t h in
G.

Ou r s t a r t in g p o in t is t h e e a r lie s t s u ± c ie n t c o n d it io n fo r a g r a p h t o b e H a m ilt o n ia n d u e
t o D ir a c [2 ].

T heor em A ( [2 ]) : E very graph with ± ¸ n

2
is Hamiltonian.

In 1 9 6 0 , Or e [3 ] im p r o ve d Th e o r e m A b y r e p la c in g t h e m in im u m d e g r e e ± wit h t h e a r it h -
m e t ic m e a n 1

2
¾2 o f t wo s m a lle s t d e g r e e s a m o n g p a ir wis e n o n a d ja c e n t ve r t ic e s .

T heor em B ( [3 ]) : E very graph with ¾2 ¸ n is Hamiltonian.
Th e a n a lo g o f Th e o r e m B fo r H a m ilt o n p a t h s fo llo ws e a s ily.

T heor em C ( [3 ]) : E very graph with ¾2 ¸ n ¡ 1 has a Hamilton path.

In 1 9 7 1 , L a s V e r g n a s [4 ] g a ve a d e g r e e c o n d it io n t h a t g u a r a n t e e s t h a t a n y fo r e s t in G o f
lim it e d s iz e a n d wit h a lim it e d n u m b e r o f le a ve s c a n b e e xt e n d e d t o a s p a n n in g t r e e o f G

wit h a lim it e d n u m b e r o f le a ve s in a n a p p r o p r ia t e s e n s e . A s a c o r o lla r y, t h is r e s u lt im p lie s
a d e g r e e s u m c o n d it io n fo r t h e e xis t e n c e o f a t r e e wit h a t m o s t k le a ve s in c lu d in g Th e o r e m
B a n d Th e o r e m C a s s p e c ia l c a s e s fo r k = 1 a n d k = 2 , r e s p e c t ive ly.

T heor em D ( [4 ], [5 ], [6 ]) : If G is a connected graph with ¾2 ¸ n ¡ k + 1 for some positive
integer k, then G has a spanning k-ended tree.

H o we ve r , Th e o r e m D wa s ¯ r s t o p e n ly fo r m u la t e d a n d p r o ve d in 1 9 7 6 b y t h e a u t h o r [6 ]
a n d wa s r e p r o ve d in 1 9 9 8 b y B r o e r s m a a n d Tu in s t r a [5 ]. Mo r e o ve r , t h e fu ll c h a r a c t e r iz a t io n
o f c o n n e c t e d g r a p h s wit h o u t s p a n n in g k-e n d e d t r e e s wa s g ive n in [7 ] wh e n ¾2 ¸ n ¡ k

in c lu d in g t h e we ll-kn o wn c h a r a c t e r iz a t io n o f c o n n e c t e d g r a p h s wit h o u t H a m ilt o n c yc le s wh e n
¾2 ¸ n ¡ 1 . Th is p a r t ic u la r r e s u lt wa s r e p r o ve d in 1 9 8 0 b y N a r a Ch ie [8 ].

Th e n e xt t wo r e s u lt s o n t h is s u b je c t a r e n o t in c lu d e d in t h e r e c e n t s u r ve y p a p e r [9 ]. W e
c a ll a g r a p h G h yp o -k-e n d e d if G h a s n o s p a n n in g k-e n d e d t r e e , b u t fo r a n y v 2 V ( G) , G¡v

h a s a s p a n n in g k-e n d e d t r e e .

T heor em E ( [1 0 ]) : F or each k ¸ 3 , the minimum number of vertices (edges, faces, respec-
tively) of a simple 3-polytope without a spanning k-ended tree is 8 + 3 k ( 1 2 + 6 k, 6 + 3 k,
respectively).

T heor em F ( [1 1 ]) : F or each n ¸ 1 7 k and k ¸ 2 , except possible for n = 1 7 k + 1 , 1 7 k + 2 ,
1 7 k + 4 and 1 7 k + 7 , there exist hypo-k-ended graphs of order n.

In t h is p a p e r we p r o ve t h a t t h e c o n n e c t ivit y c o n d it io n in Th e o r e m D c a n b e r e m o ve d ,
a n d t h e c o n c lu s io n c a n b e s t r e n g t h e n e d .

T heor em 1: If G is a graph with ¾2 ¸ n ¡ k + 1 for some positive integer k, then G has a
spanning k-ended forest.

N e xt , we s h o w t h a t Th e o r e m D c a n b e im p r o ve d b y r e la xin g t h e c o n d it io n ¾2 ¸ n¡k + 1
t o ¾2 ¸ tk+1 ¡ k + 1 .
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T heor em 2: L et G be a connected graph with ¾2 ¸ tk+1 ¡ k + 1 for some positive integer k.
Then G has a spanning k-ended tree.

Th e g r a p h ( ± + k ) K1 + K± s h o ws t h a t t h e b o u n d tk+1 ¡ k + 1 in Th e o r e m 2 c a n n o t b e
r e la xe d t o tk ¡ k + 1 . Fin a lly, we g ive a d o m in a t in g a n a lo g o f Th e o r e m D .

T heor em 3: If G is a connected graph with ¾3 ¸ tk+1 ¡ 2 k + 4 for some integer k ¸ 2 , then
G has a dominating k-ended tree.

Th e g r a p h ( ± +k ¡ 1 ) K2 +K±¡1 s h o ws t h a t t h e b o u n d tk+1 ¡ 2 k + 4 in Th e o r e m 3 c a n n o t
b e r e la xe d t o tk ¡ 2 k + 4 .

Th e fo llo win g c o r o lla r y fo llo ws im m e d ia t e ly.

Cor ollar y 1: If G is a connected graph with ¾3 ¸ n ¡ 2 k + 4 for some integer k ¸ 2 , then
G has a dominating k-ended tree.

Th e g r a p h ( ± + k ¡ 1 ) K2 + K±¡1 s h o ws t h a t t h e b o u n d ¾3 ¸ tk+1 ¡ 2 k + 4 in Th e o r e m 3
c a n n o t b e r e la xe d t o ¾3 ¸ tk+1 ¡ 2 k + 3 .

2 . P r o o fs

P r oof of T heor em 1: L e t G b e a g r a p h wit h ¾2 ¸ n ¡ k + 1 a n d le t H1; :::; Hm b e t h e

c o n n e c t e d c o m p o n e n t s o f G. L e t
¡!
P = x

¡!
P y b e a lo n g e s t p a t h in H1. If jP j ¸ n ¡ k + 2

t h e n jG ¡ P j = n ¡ jP j · k ¡ 2 , im p lyin g t h a t G h a s a s p a n n in g k-e n d e d fo r e s t . N o w
le t jP j · n ¡ k + 1 . S in c e P is e xt r e m e , we h a ve N ( x ) [ N ( y ) µ V ( P ) . R e c a llin g a ls o
t h a t ¾2 ¸ n ¡ k + 1 , we h a ve ( b y s t a n d a r d a r g u m e n t s ) N ( x) \ N+ ( y ) 6= ;, im p lyin g t h a t
G[V ( P ) ] is H a m ilt o n ia n . Fu r t h e r , if jV ( P ) j < jV ( H1 ) j t h e n we c a n fo r m a p a t h lo n g e r t h a n
P , c o n t r a d ic t in g t h e m a xim a lit y o f P . H e n c e , jV ( P ) j = jV ( H1 ) j, t h a t is H1 is H a m ilt o n ia n
a s we ll. B y a s im ila r a r g u m e n t , Hi is H a m ilt o n ia n fo r e a c h i 2 f 1 ; :::; mg a n d t h e r e fo r e , h a s
a s p a n n in g t r e e wit h e xa c t ly o n e le a f. Th u s , G h a s a s p a n n in g fo r e s t wit h e xa c t ly m le a ve s .

It r e m a in s t o s h o w t h a t m · k. If m = 1 t h e n G h a s a s p a n n in g 1 -e n d e d t r e e a n d
t h e r e fo r e , h a s a s p a n n in g k-e n d e d t r e e . L e t m ¸ 2 a n d le t xi 2 V ( Hi ) ( i = 1 ; :::; m ) . Cle a r ly,
fx1; x2; :::; xmg is a n in d e p e n d e n t s e t o f ve r t ic e s . S in c e d( xi ) · jV ( Hi ) j ¡ 1 , we h a ve

¾2 · ¾m ·
m

X

i=1

d( xi ) ·
m

X

i=1

jV ( Hi ) j ¡ m = n ¡ m:

On t h e o t h e r h a n d , b y t h e h yp o t h e s is , ¾2 ¸ n ¡ k + 1 , im p lyin g t h a t m · k ¡ 1 .

P r oof of T heor em 2: L e t G b e a c o n n e c t e d g r a p h wit h ¾2 ¸ tk+1 ¡ k + 1 fo r s o m e p o s it ive
in t e g e r k.

Case 1: G is Hamiltonian.
B y t h e d e ¯ n it io n , G h a s a s p a n n in g 1 -e n d e d t r e e T1. S in c e k ¸ 1 , T1 is a s p a n n in g

k-e n d e d t r e e .

Case 2: G is not Hamiltonian.
L e t T2 b e a lo n g e s t p a t h in G.

Case 2.1: ¾2 ¸ t2.
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B y s t a n d a r d a r g u m e n t s , G[V ( T2 ) ] is H a m ilt o n ia n . If t2 < n t h e n r e c a llin g t h a t G is c o n -
n e c t e d , we c a n fo r m a p a t h lo n g e r t h a n T2, c o n t r a d ic t in g t h e m a xim a lit y o f T2. Ot h e r wis e
G is H a m ilt o n ia n a n d we c a n a r g u e a s in Ca s e 1 .

Case 2.2: ¾2 · t2 ¡ 1 .
If k = 1 t h e n b y t h e h yp o t h e s is , ¾2 ¸ t2, im p lyin g t h a t G is H a m ilt o n ia n a n d we c a n

a r g u e a s in Ca s e 1 . L e t k ¸ 2 . E xt e n d T2 t o a k-e n d e d t r e e Tk a n d a s s u m e t h a t Tk is a s
la r g e a s p o s s ib le . If Tk is a s p a n n in g t r e e t h e n we a r e d o n e . L e t Tk b e n o t s p a n n in g . Th e n
jEnd( Tk ) j = k s in c e o t h e r wis e we c a n fo r m a n e w k-e n d e d t r e e la r g e r t h a n Tk, c o n t r a d ic t in g
t h e m a xim a lit y o f Tk. N o w e xt e n d Tk t o a la r g e s t ( k + 1 ) -e n d e d t r e e Tk+1. R e c a llin g t h a t
Tk is a la r g e s t k-e n d e d t r e e , we g e t jEnd( Tk+1 ) j = k + 1 a n d t h e r e fo r e ,

tk+1 ¸ jTk+1j = jT2j + jTk+1 ¡ T2j:

Ob s e r vin g t h a t jT2j = t2 a n d jTk+1 ¡ T2j ¸ jEnd( Tk+1 ) j ¡ 2 = k ¡ 1 , we g e t

tk+1 ¸ t2 + k ¡ 1 ¸ ¾2 + k;

c o n t r a d ic t in g t h e h yp o t h e s is .

P r oof of T heor em 3: L e t G b e a c o n n e c t e d g r a p h wit h ¾3 ¸ tk+1 ¡ 2 k + 4 fo r s o m e

in t e g e r k ¸ 2 , a n d le t
¡!
T2 = x

¡!
T2y b e a lo n g e s t p a t h in G. If T2 is a d o m in a t in g p a t h t h e n

we a r e d o n e . Ot h e r wis e , s in c e G is c o n n e c t e d , we c a n c h o o s e a p a t h
¡!
Q = w

¡!
Q z s u c h t h a t

V ( T2 \ Q ) = fwg a n d jQj ¸ 3 . A s s u m e t h a t jQj is a s la r g e a s p o s s ib le . P u t T3 = T2 [ Q.
S in c e T2 a n d Q a r e e xt r e m e , we h a ve N ( x) [ N ( y ) µ V ( T2 ) a n d N ( z ) µ V ( T3 ) . L e t w+

b e t h e s u c c e s s o r o f w o n T2. If xy 2 E t h e n T3 + xy ¡ w+w is a p a t h lo n g e r t h a n T2, a
c o n t r a d ic t io n . L e t xy 62 E. B y t h e s a m e r e a s o n , we h a ve xz; yz 62 E. Th u s , fx; y; zg is a n
in d e p e n d e n t s e t o f ve r t ic e s .

Claim 1: N¡ ( x ) \ N + ( y ) \ N ( z ) = ;.
P r oof: A s s u m e t h e c o n t r a r y.

Case 1: v 2 N¡ ( x) \ N+ ( y ) .
If v = w t h e n xv+ 2 E a n d T3 + xv+ ¡ vv+ is a p a t h lo n g e r t h a n T2, a c o n t r a d ic t io n .

S u p p o s e wit h o u t lo s s o f g e n e r a lit y t h a t v 2 V ( w+
¡!
T2y ) . If v = w+ t h e n T3 + xv+ ¡ wv ¡ vv+

is a p a t h lo n g e r t h a n T2, a c o n t r a d ic t io n . Fin a lly, if v 2 V ( w+2
¡!
T2y ) t h e n

T3 + xv+ + yv¡ ¡ vv¡ ¡ vv+ ¡ ww+

is a p a t h lo n g e r t h a n T2, a c o n t r a d ic t io n .

Case 2: v 2 N¡ ( x) \ N ( z ) .

If v 2 V ( x
¡!
T2 w¡2 ) t h e n

T2 + xv+ + zv ¡ vv+ ¡ ww¡

is a p a t h lo n g e r t h a n T2, a c o n t r a d ic t io n . N e xt , if v = w¡ t h e n T2 + zw¡ ¡ ww¡ is a p a t h
lo n g e r t h a n T2, a c o n t r a d ic t io n . Fu r t h e r , if v = w t h e n T2 + xv+ ¡ ww+ is a p a t h lo n g e r

t h a n T2, a c o n t r a d ic t io n . Fin a lly, if v 2 V ( w+
¡!
T2y ) t h e n

T2 + xv+ + zv ¡ ww+ ¡ vv+



3 0 On k-Ended Spanning and Dominating Trees

is a p a t h lo n g e r t h a n T2, a c o n t r a d ic t io n .

Case 3: v 2 N+ ( y ) \ N ( z ) .
B y a s ym m e t r ic a r g u m e n t , we c a n a r g u e a s in Ca s e 2 . Cla im 1 is p r o ve d .

B y Cla im 1 ,
t3 ¸ jT3j ¸ jN¡ ( x ) j + jN+ ( y ) j + jN ( z ) j + jfzgj

= d( x ) + d( y ) + d( z ) + 1 ¸ ¾3 + 1 : ( 1 )

If k = 2 t h e n b y t h e h yp o t h e s is , ¾3 ¸ tk+1 ¡ 2 k + 4 = t3, c o n t r a d ic t in g ( 1 ) . L e t k ¸ 3 . If T3

is a d o m in a t in g 3 -e n d e d t r e e t h e n c le a r ly we a r e d o n e . Ot h e r wis e G ¡ T3 c o n t a in s a n e d g e
a n d we c a n e xt e n d T3 t o a la r g e s t 4 -e n d e d t r e e T4 wit h jT4j ¸ jT3j + 2 . If k = 3 , t h e n b y t h e
h yp o t h e s is , ¾3 ¸ tk+1¡ 2 k+4 = t4¡ 2 . On t h e o t h e r h a n d , b y ( 1 ) , t4 ¸ jT4j ¸ jT3j+2 ¸ ¾3+3 ,
a c o n t r a d ic t io n . H e n c e , k ¸ 4 . If T4 is d o m in a t in g , t h e n we a r e d o n e . Ot h e r wis e we c a n
e xt e n d T4 t o a la r g e s t 5 -e n d e d t r e e T5 wit h jT5j ¸ jT4j + 2 ¸ jT3j + 4 . Th is p r o c e d u r e m a y
b e r e p e a t e d u n t il a d o m in a t in g ( r + 1 ) -e n d e d t r e e Tr+1 is fo u n d . If r + 1 · k t h e n we a r e
d o n e . L e t r ¸ k. Th e n

tk+1 ¸ jTk+1j ¸ jT3j + 2 ( k ¡ 2 )

¸ ¾3 + 2 k ¡ 3 ¸ tk+1 + 1 ;

a c o n t r a d ic t io n . Th e p r o o f is c o m p le t e .
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¶ñ³ýáõÙ k-³í³ñï ÏÙ³Ëù³ÛÇÝ ¨ ¹áÙÇÝ³Ýï Í³é»ñÇ Ù³ëÇÝ

Ä. ÜÇÏáÕáëÛ³Ý

²Ù÷á÷áõÙ

Ì³éÇ Ù»Ï ³ëïÇ×³Ý áõÝ»óáÕ ·³·³ÃÁ ÏáãíáõÙ ¿ ï»ñ¨: ¶ñ³ýáõÙ k-Çó áã ³í»É
ï»ñ¨ áõÝ»óáÕ Í³éÁ ÏáãíáõÙ ¿ k-³í³ñï Í³é: ¶ñ³ýáõÙ ³Ù»Ý³Ù»Í k-³í³ñï Í³éÇ
·³·³ÃÝ»ñÇ ù³Ý³ÏÁ Ýß³Ý³ÏíáõÙ ¿ tk-áí: G ·ñ³ýÇ T Í³éÁ ÏáãíáõÙ ¿ ¹áÙÇÝ³Ýï,
»Ã» V(G-T)-Ý ·³·³ÃÝ»ñÇ ³ÝÏ³Ë µ³½ÙáõÃÛáõÝ ¿: ¸Çóáõù, ¾2-Á (¾3 -Á) ·ñ³ýáõÙ áã
Ñ³ñ¨³Ý ½áõÛ· (»éÛ³Ï) ·³·³ÃÝ»ñÇ ³ëïÇ×³ÝÝ»ñÇ ÑÝ³ñ³íáñ ³Ù»Ý³÷áùñ ·áõÙ³ñÝ ¿:
øÇã ï»ñ¨Ý»ñáí ÏÙ³Ëù³ÛÇÝ Í³é»ñÇÝ ³éÝãíáÕ ³Ù»Ý³í³Õ ³ñ¹ÛáõÝùÁ (áñÁ ëï³óí»É ¿
Ñ»ÕÇÝ³ÏÇ ÏáÕÙÇó 1976-ÇÝ) åÝ¹áõÙ ¿` ( ¤) »Ã» n ·³·³Ã³ÝÇ G Ï³å³Ïóí³Í ·ñ³ýÁ
µ³í³ñ³ñáõÙ ¿ ¾2 ¸ n ¡ k + 1 å³ÛÙ³ÝÇÝ ÇÝã- áñ ÙÇ k ¹ñ³Ï³Ý ³ÙµáÕç ÃíÇ Ñ³Ù³ñ,
³å³ G-Ý áõÝÇ k-³í³ñï ÏÙ³Ëù³ÛÇÝ Í³é: Ü»ñÏ³ ³ßË³ï³ÝùáõÙ ³å³óáõóíáõÙ ¿,
áñ ( ¤ ) -áõÙ Ï³å³Ïóí³ÍáõÃÛ³Ý å³ÛÙ³ÝÁ Ï³ñ»ÉÇ ¿ µ³ó ÃáÕÝ»É: ºñÏñáñ¹ ³ñ¹ÛáõÝùÁ
( ¤ ) -Ç áõÅ»Õ³óáõÙÝ ¿` n-Á ÷áË³ñÇÝ»Éáí tk+1-áí (ÁÝ¹Ñ³Ýñ³å»ë tk+1 · n): ºññáñ¹
³ñ¹ÛáõÝùÁ »ñÏñáñ¹Ç ï³ñµ»ñ³ÏÝ ¿` ¹áÙÇÝ³Ýï k-³í³ñï Í³é»ñÇ Ñ³Ù³ñ: ´»ñí³Í
µáÉáñ ³ñ¹ÛáõÝùÝ»ñÁ »ÝÃ³Ï³ ã»Ý µ³ñ»É³íÙ³Ý:

Î k-âèñÿ÷èõ îñòîâíûõ è äîìèíàíòíûõ äåðåâüÿõ

Æ. Íèêîãîñÿí

Àííîòàöèÿ

Äåðåâî ñ íå áîëåå ÷åì k-âèñÿ÷èìè âåðøèíàìè íàçûâàåòñÿ k-âèñÿ÷èì äåðåâîì.
×èñëî âåðøèí ìàêñèìàëüíîãî k-âèñÿ÷åãî äåðåâà îáîçíà÷àåòñÿ ÷åðåç tk. ×åðåç ¾2

(¾3)îáîçíà÷àåòñÿ ìèíèìàëüíàÿ ñóììà ñòåïåíåé äâóõ (òðåõ) ïîïàðíî íåñìåæíûõ
âåðøèí. Äåðåâî T â ãðàôå G íàçûâàåòñÿ äîìèíàíòíûì, åñëè V(G-T) ÿâëÿåòñÿ
íåçàâèñèìûì ìíîæåñòâîì âåðøèí. Â 1976 ãîäó äîêàçàíî (àâòîðîì): ( ¤ ) åñëè n
âåðøèííûé ñâÿçíûé ãðàô G óäîâëåòâîðÿåò óñëîâèþ ¾2 ¸ n¡k +1 äëÿ íåêîòîðîãî
öåëîãî ÷èñëà k, òî G ñîäåðæèò k-âèñÿ÷îå îñòîâíîå äåðåâî. Â íàñòîÿùåé ðàáîòå
äîêàçûâàåòñÿ, ÷òî óñëîâèå ñâÿçíîñòè â ( ¤ ) ìîæíî îïóñêàòü. Âòîðîé ðåçóëüòàò
ÿâëÿåòñÿ óñèëåíèåì ( ¤ ) ñ ïîìîùüþ çàìåíû n ÷åðåç tk+1 (íàïîìíèì, ÷òî tk+1 ·
n). Ïðèâîäèòñÿ òàêæå âåðñèÿ âòîðîãî ðåçóëüòàòà äëÿ äîìèíàíòíûõ k-âèñÿ÷èõ
äåðåâüåâ. Âñå ðåçóëüòàòû íåóëó÷øàåìû.
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Abstract 

 

The notion of positive arithmetical formula in the signature ),,0( S= , where 

1)( += xxS , is defined and investigated in [1] and [2]. A multidimensional arithmetical 

set is said to be positive if it is determined by a positive formula. Some subclass of the 
class of positive sets, namely, the class of strongly positive sets, is considered. It is 
proved that for any 3≥n  there exists a n2 -dimensional strongly positive set such that 
its transitive closure is non-recursive. On the other side, it is noted that the transitive 
closure of any 2-dimensional strongly positive set is primitive recursive. 

Keywords: Arithmetical formula, Transitive closure, Recursive set, Signature. 
 

 

 

 

 

1. Introduction 
 
The classes of recursive sets having in general non-recursive transitive closures have been  
investigated in the theory of algorithms since the first steps of this theory ([3]-[8]). The works 
[9]-[13] are dedicated mainly to algebraic problems, however, some examples of recursive sets 
having non-recursive transitive closures are actually given also in these works. In [14] it is noted 
that there exists a two-dimensional arithmetical set belonging to the class 4Σ  and having a non-

recursive transitive closure (the classes nΣ  for 0≥n  are defined in [14] as some classes of 

arithmetical sets determined by formulas in M. Presburger’s system ([4], [15], [16])). Below the 
class of strongly positive arithmetical sets is considered (the definition will be given in Section 
2) such that the sets belonging to this class have a more simple structure than the sets noted 
above, and have the following properties: (1) for any 3≥n  there exists a n2 -dimensional 
strongly positive set such that its transitive closure is non-recursive; (2) any 2-dimensional 
strongly positive set has a primitive recursive transitive closure (see below, Theorem 1 and 
Theorem 2). 

                                                
1 This work was supported by State Committee of Science, MES RA, in frame of the research project №SCL 13-
1B321. 
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2. Main Definitions and Results 
 
By N  we denote the set of all non-negative integers, ,...}2,1,0{=N . By nN  we denote the set of 

n -tuples ),...,,( 21 nxxx , where 1≥n , Nxi ∈  for ni ≤≤1 .  

An n -dimensional arithmetical set, where 1≥n , is defined as any subset of n
N . 

An n -dimensional arithmetical predicate P  is defined as a predicate which is true on some 

set nNA ⊆  and false out of it; in this case we say that A is the set of truth for P , and P  is the 
representing predicate for A . 

The notions of primitive recursive function, general recursive function, partially recursive 
function, primitive recursive set, recursive set are defined in a usual way ([3]-[8]). The 
corresponding terms will be shortly denoted below by PmRF, GRF, PtRF, PmRS, RS. 

We will consider arithmetical formulas in the signature ),,0( S= , where 1)( += xxS , for 

Nx ∈  (see [1]-[8]). Any term included in a formula of the mentioned kind has the form 
)...))((...( xSSS  or )...))0((...( SSS , where x  is a variable. Such terms we will denote 

correspondingly by )(xS
k  and )0(k

S , where k  is the quantity of symbols S  contained in the 

considered term. We replace )(0
xS  and )0(0

S  with x  and 0. Any elementary subformula of a 

formula of this kind has the form 21 tt = , where 1t  and 2t  are terms. Any arithmetical formula of 

this kind is obtained by the logical operations ∃∀¬⊃∨ ,,,,&,  from elementary formulas. We say 

that a formula is semi-elementary if it has the form 21 tt =  or )( 21 tt =¬ , where 1t  and 2t  are 
terms. 

The deductive system of formal arithmetic in the signature ),,0( S=  is defined as in [4], [6]; 
we will denote this system by DedS (cf. [1], [2]). As it is proved in [4], this system is complete. 
We say that formulas F  and G  in the signature ),,0( S=  are DedS-equivalent (or simply 

equivalent) if the formula )(&)( FGGF ⊃⊃  is deducible in DedS. Below we consider 
formulas of the mentioned kind up to their DedS-equivalence. 

An arithmetical formula of the mentioned kind is said to be positive if it contains no other 
symbols of logical operations except ¬∨∃ ,,&, , and all the symbols ¬  of negation relate to 
elementary subformulas containing no more than one variable (see [1], [2]). An arithmetical 
formula of this kind is said to be strongly positive if it can be obtained by the logical operations 
&  and ∨  from semi-elementary formulas of the following forms: ax = , where x  is a variable, 
a  is a constant, Na ∈ ; yx = , where x  and y  are variables; )(ySx = , where x  and y  are 

variables; )0( =¬ x , where x  is a variable. An arithmetical predicate is said to be positive 
(correspondingly, strongly positive), if it can be expressed by a positive (correspondingly, 
strongly positive) formula. An arithmetical set is said to be positive (correspondingly, strongly 
positive) if its representing predicate is positive (correspondingly, strongly positive). 

The notion of one-dimensional creative set is given in a usual way ([3], [5], [7], [8]). We 
will slightly generalize this notion. We use a PmRF ),...,,( 21 nn xxxc , where 2≥n , establishing a 

one-to-one correspondence between nN  and N  (for example, 

)),)...,),,(((...(),...,,( 1321222221 nnnn xxxxxccccxxxc −= , where 1)12(2),(2 −+⋅= yyxc
x ). We 

say that a set n
NB ⊆  is an n -dimensional image of a set NA ⊆  when Axxxc nn ∈),...,,( 21  if 

and only if Bxxx n ∈),...,,( 21 . The set nNB ∈  is said to be creative in the generalized sense if it 

is an n -dimensional image of some one-dimensional creative set. Clearly, the properties of 
creative sets in the generalized sense are similar to the properties of one-dimensional creative 
sets (for example, all sets creative in the generalized sense are non-recursive). 
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Transitive closure *A  of an arithmetical set A  having an even dimension k2  is defined in a usual 
way by the following generating rules (cf. [1], [2], [13]): (1) if Axxx k ∈),...,,( 221 , then 

*
221 ),...,,( Axxx k ∈ , (2) if *

2121 ),...,,,...,,( Ayyyxxx kk ∈ , and *
2121 ),...,,,...,,( Azzzyyy kk ∈ , 

then *
2121 ),...,,,...,,( Azzzxxx kk ∈ . 

 
Theorem 1: For any 3≥n  there exists a n2 -dimensional strongly positive set such that its 

transitive closure is creative in the generalized sense. 

 
Theorem 2: Transitive closure of any 2-dimensional strongly positive set is primitive recursive. 

 

The proof of Theorem 1 will be given below. The proof of Theorem 2 will be published later. 
 
 

3. Auxiliary Notions and Statements 
 
We will use some class of operator algorithms ([8], [17]) having a special structure. The 
algorithms belonging to this class we will call Ω -algorithms. Any Ω -algorithm consists of finite 

number of elementary Ω -algorithms, which will be called below “ Ω -operators”. The set of all 

Ω -operators included in the considered Ω -algorithm we call “scheme” of this Ω -algorithm. We 
suppose that some non-negative integer is attached to any Ω -operator in the scheme of a given 
Ω -algorithm in such a way, that different integers are attached to different Ω -operators. The 
integer attached to some Ω -operator we call “an identifier” of this Ω -operator. In this case we 
say that this Ω -operator has the mentioned identifier. Any Ω -operator implements one step of 
the process of computation realized by the considered Ω -algorithm. The objects transformed in 
the process of computation are non-negative integers. The state of the mentioned computation 
process is defined as a pair ),( wα , where α  is the identifier attached to the Ω -operator which is 

working on the considered step of the process, and w  is the number obtained by the previous 
steps of the process. Ω -operators are algorithms having one of the following forms (where α  is 
the identifier attached to the considered Ω -operator, β  and γ  are identifiers attached to Ω -
operators which should work after the working of this Ω -operator): 
 

(1) ),( endα . This Ω -operator is called below “a final operator”; it finishes the process of 
computation. 

(2) ),2,( βα × . This Ω -operator transforms the state ),( wα  to the state )2,( wβ . 

(3) ),3,( βα × . This Ω -operator transforms the state ),( wα  to the state )3,( wβ . 

(4) ),,6:,( γβα . This Ω -operator transforms the state ),( wα  to the state )
6

,(
w

β  if the 

number w  is divisible by 6; in the opposite case it transforms the state ),( wα  to the state 

),( wγ . 

 
Note that such forms of operators are considered actually in [17] (see also [8], p. 292, p. 312). 

We suppose that any scheme of Ω -algorithm contains only a single final Ω -operator which 
has the identifier 0=α . Among the operators contained in the scheme of the considered Ω -
algorithm we distinguish the initial Ω -operator having the identifier 1=α ; the working of this 
operator begins the process of computation. The whole process of working of the given Ω -
algorithm is described by the sequence of states ),( 11 wα , ),( 22 wα ,…, ),( kk wα ,…,(where 
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11 =α ) obtained during the working of this Ω -algorithm. The process is described by a finite 

sequence ),1( 1w , ),( 22 wα ,…, ),0( mw  if it is finished by the working of the final Ω -operator. 

In this case we say that the considered Ω -algorithm transforms the state ),1( 1w  to the state 

),0( mw , and is applicable to the state ),1( 1w . If the final Ω -operator does not work during the 

process of computation, then the mentioned sequence ),1( 1w , ),( 22 wα ,… is infinite. In this case 

we say that the considered Ω -algorithm is not applicable to the state ),1( 1w . 

 
The following theorem is proved in [17] (see also [8], pp. 312-315) in some other terms. 
 
Theorem 3 ([17]): For any PtRF )(xf  there exists an Ω -algorithm which transforms the state 

)2,1( 2x

 to the state )2,0(
)(2 xf

 when the value )(xf  is defined, and is not applicable to the state 

)2,1( 2x

 in the opposite case. 

 
If some Ω -algorithm has the property described in Theorem 3, then we say that this Ω -
algorithm realizes the PtRF )(xf . For example, the following Ω -algorithm:  

 
),0( end , )2,3,1( × , )3,1,6:,2( , )0,2,3( ×  

 
realizes the GRF 0)( =xf . 

We will use also another classes of algorithms, namely, nΓ -algorithms for 1≥n . 

These algorithms are actually special cases of graph-schemes with memory ([18]), though 
they will be described below in some other terms than the descriptions in [18]. 

Any nΓ -algorithm consists of finite number of nΓ -operators. The set of all nΓ -operators 

included in the considered 
nΓ -algorithm we call “scheme” of this 

nΓ -algorithm. The index n  in 

the notation 
nΓ  denotes that the objects transformed by the considered 

nΓ -algorithm are n -

tuples ),...,,( 21 nxxx , where Nxi ∈  for ni ≤≤1 . The notion of identifier attached to the 

considered 
nΓ -operator is defined similarly to the notion of “identifier attached to the considered 

Ω -operator” which is given above; we suppose that different 
nΓ -operators have different 

identifiers attached to them. If some identifier is attached to a 
nΓ -operator, we will say that this 

nΓ -operator has the mentioned identifier. 

The state of the computation process realized by a 
nΓ -algorithm is defined as an )1( +n -

tuple ),...,,,( 132 +nxxxα , where α  is the identifier attached to the 
nΓ -operator which is working 

on the considered step of the process, and ),...,,( 132 +nxxx  is the n -tuple of numbers obtained by 

the previous steps of the process. 
nΓ -operators are algorithms having one of the following forms 

(where the notations α , β , γ  have the same sense as α , β , γ  in the description of Ω -

operators given above): 
 

(1) ),( endα . This nΓ -operator we call “a final operator”; it finishes the process of 

computation. 
(2) ),1,( βα +ix , where 12 +≤≤ ni . This nΓ -operator transforms the state 

),...,,,,...,,,( 11132 ++− niii xxxxxxα  to the state ),...,,1,,...,,,( 11132 ++− + niii xxxxxxβ . 
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(3) ix,(α ),1 β , where 2 +≤≤ ni

yxy −=  when yx ≥ , and 

transforms the state ,,( 32 xxα

),...,,1 11 ++ ni xx . 

(4) ),,0,( γβα =ix ,where 2 ≤≤ i

),...,,,( 132 +nxxxα  to the stat

),...,,,( 132 +nxxxγ  when 0≠ix .

 
We suppose that any scheme of nΓ -alg

the identifier 0=α . Among the nΓ -o

algorithm we distinguish the initial nΓ

operator begins the process of compu

),( 11 Qα , ),( 22 Qα ,…, ),( kk Qα ,… wh

Such a sequence is finite if the final 

infinite in the opposite case. If the sequ

-algorithm is applicable to the state ,1(

the state ),1( 1Q  to the state ),0( mQ , wh

the sequence of states ),1( 1Q , ,2( Q

algorithm is not applicable to the state 

We say that a nΓ -algorithm (wh

transforms the state )0,...,0,0,2,1( x  to th

and is not applicable to the state 1(

example, the following nΓ -algorithm re

),0( end , 2,1( x )1,1 . 
 
Lemma 3.1: If the initial state in the p

the form )3,2,1( vu , where Nu ∈ , v ∈

satisfies the condition st

mw 32 ⋅= , whe

 
The proof is easily obtained from the d
 
Lemma 3.2: For any Ω -algorithm ϕ  

realizing the same PtRF )(xf . 
 
Proof: We will consider the process of

state in such a process has the form ,1(

state included in such a process has t

included in the scheme of Ω -algorithm

2Γ -algorithm ψ  which has the followi

state )32,( vu ⋅α  to the state )32,( st ⋅β
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1+ ; we denote by the symbol  the PmRF such

 x 0=y  when yx <  (cf. [3]-[8]). This Γ

),...,,,,..., 111 ++− niii xxxx  to the state xx ,.,,( 32β

1+≤ n . This nΓ -operator transforms t

tate ),...,,,( 132 +nxxxβ  when 0=ix , and to 

. 

lgorithm contains only a single final nΓ -operator

operators contained in the scheme of the consi

-operator having the identifier 1=α ; the work

putation. This process is described by a sequenc

where 11 =α , and any iQ  is an n -tuple ,( )(
2
i xx

l nΓ -operator works during the mentioned proc

quence of states is finite, then we say that the con

)1Q ; in this case we say also that nΓ -algorithm 

where ),0( mQ  is the last state in the considered se

)2Q ,… is infinite, then we say that the consi

e ),1( 1Q . 

where 2≥n ) realizes a PtRF )(xf , if for any

 the state )0,...,0,0,2,0( )(xf  when the value )(xf  

)0,...,0,0,2,1 x  when the value )(xf  is not de

 realizes the PtRF )(xf  which is nowhere defined

 process of computation realized by some Ω -algo

N∈ , then any state ),( mm wα  included in th

here Nst ∈, . 

 definitions. 

 realizing some PtRF )(xf  there exists a 2Γ -alg

 of computation realized by the Ω -algorithm ϕ . 

)2,1 2x

 that is )32,1( 02 ⋅
x

. As it is proved in Lemm

s the form )32,( st

m ⋅α where Nst ∈, . For any Ω

thm ϕ  we will construct some subscheme of the

wing property: if the considered Ω -operator tran

)  then the corresponding subscheme of the sup

uch that x

nΓ -operator 

ii xx ,,..., 1−

the state 

to the state 

or which has 

nsidered nΓ -

rking of this 

nce of states 

),..., )(
1

)(
3

i

n

i x + . 

ocess, and is 

onsidered nΓ

m transforms 

 sequence. If 

sidered nΓ -

ny Nx ∈  it 

 is defined, 

defined. For 

ed:  

lgorithm has 

this process 

algorithm ψ  

. Any initial 

mma 3.1 any 

Ω -operator 

the supposed 

ansforms the 

upposed 2Γ -



algorithm ψ  transforms the 
consider the following cases. 
 
Case 1. The considered Ω -op

of the supposed 2Γ -algorithm 
 
Case 2. The considered Ω -op

of the supposed 2Γ -algorithm 
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Lemma 3.3: SD-predicate and SD-set constructed for any nΓ -algorithm, where 1≥n , are 

strongly positive. 
 
The proof is obtained evidently from the definitions. 
 

Lemma 3.4: (cf. [13], p.72). If A  is a k2 -dimensional set, 
k

NA
2⊆ , then k2 -tuple 

),...,,,,...,,( 2121 kk yyyxxx  belongs to the transitive closure *A  of the set A  if and only if there 

exists a sequence ),...,,( 21 mQQQ  of k -tuples, such that 2≥m , ),...,,( 211 kxxxQ = , 

),...,,( 21 km yyyQ =  and any k2 -tuple ),( 1+ii QQ  for 11 −≤≤ mi  belongs to A . 

 
The proof is easily obtained using the definition of the transitive closure *A . 
 
 

4. Proof of Theorem 1 
 
Let M  be any one-dimensional creative set ([3], [5], [7], [8]). We consider the PtRF )(xf  such 

that 0)( =xf  when Mx∈ , and the value )(xf  is indefined when Mx∉ . For any fixed 2≥n  

we construct (using Corollary of Lemma 3.2) a nΓ -algorithm ψ  realizing the PtRF )(xf ; 

clearly, ψ  transforms the state )0,...,0,0,2,1( x  to the state )0,...,0,0,1,0(  when Mx∈  and is not 

applicable to the state )0,...,0,0,2,1( x  when Mx∉ . Now, let us consider the SD-predicate η  and 

SD-set π  for ψ . Clearly, η  is true for )22( +n -tuple ),...,,,,...,,( 121121 ++ nn yyyxxx  (and the 

statement π∈++ ),...,,,,...,,( 121121 nn yyyxxx  holds) if and only if ψ  transforms the state 

),...,,( 121 +nxxx  to the state ),...,,( 121 +nyyy  by one step of the process of computation. Let us 

consider the transitive closure *π  of the SD-set π . 

Using Lemma 3.4 we conclude that *
121121 ),...,,,,...,,( π∈++ nn yyyxxx  if and only if there 

exists a sequence ),...,,( 21 mQQQ  of )1( +n -tuples such that ),...,,( 1211 += nxxxQ , 

),...,,( 121 += nm yyyQ , and π∈+ ),( 1ii QQ  for any i  such that mi <≤1 . But in this case the 

sequence ),...,,( 21 mQQQ  is a sequence of states of the nΓ -algorithm ψ  which  describes some 

part of a process of computation implemented by the nΓ -algorithm ψ . 

Hence, the )22( +n -tuple )0,...,0,0,1,0,0,...,0,0,2,1( x  belongs to *π  if Mx∈ . It is easily seen 

that the mentioned  )22( +n -tuple does not belong to *π  if Mx ∉ . Let us consider the set 

N∈**π  such that its )22( +n -dimensional image is *π . Then 
**

22 )0,...,00,1,0,0,...,0,0,2,1( π∈+
x

nc  if and only if Mx∈ . So the set M  is m -reducible to the set 
**π . Using the corresponding theorem concerning m -reducibility (see, for example, [8], p. 161), 

we conclude that the set **π  is creative, the set *π  is creative in the generalized sense, and the 
set π  is strongly positive (see Lemma 3.3). This completes the proof. 
 
Note: It is seen from Theorem 1 that the transitive closures of some strongly positive sets having 

the dimensions 6, 8, 10, … are creative in the generalized sense. On the other side (Theorem 2) 

the transitive closure of any 2-dimensional strongly positive set is primitive recursive. Similar 

problem concerning 4-dimensional strongly positive sets remains open. 
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Խիստ պոզիտիվ բազմաչափ թվաբանական բազմությունների 

մասին 
 

Ս. Մանուկյան 

 

Ամփոփում 

 

[1]-ում և [2]-ում սահմանվում և հետազոտվում է պոզիտիվ թվաբանական 

բանաձևի գաղափարը ),,0( S=  սիգնատուրայում, (որտեղ 1)( += xxS ): 

Բազմաչափթվաբանական բազմությունը կոչվում է պոզիտիվ, եթե այն որոշվում է 

որևէ պոզիտիվ բանաձևի միջոցով: Դիտարկվում է պոզիտիվ բազմությունների դասի 

որևէ ենթադաս, այսինքն` խիստ պոզիտիվ բազմությունների դասը: Ապացուցվում է, 

որ ցանկացած n -ի համար, որտեղ 3≥n , գոյություն ունի n2 -չափանի խիստ 

պոզիտիվ բազմություն, որի տրանզիտիվ փակումը ռեկուրսիվ չէ: Մյուս կողմից 

նշվում է, որ ցանկացած 2-չափանի խիստ պոզիտիվ բազմություն ունի պարզագույն 

ռեկուրսիվ տրանզիտիվ փակում: 

 

 

О строго позитивных многомерных арифметических 

множествах 
 

С. Манукян 
 

Аннотация 
 

Понятие позитивной арифметической формулы в сигнатуре ),,0( S= , где 1)( += xxS , 

определено и исследовано в [1] и [2]. Многомерное арифметическое множество 

называем позитивным, если оно задаётся позитивной формулой. Рассматривается 

подкласс класса позитивных множеств, а именно, класс строго позитивных множеств. 

Доказывается, что для всякого 3≥n  существует строго позитивное множество 

размерности n2 , такое, что его транзитивное замыкание нерекурсивно. С другой 

стороны, указывается, что транзитивное замыкание всякого строго позитивного 

множества размерности 2 примитивно рекурсивно. 
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Abstract 

 
The notion of generalized primitive recursive string function is introduced and 

relations between such functions and primitive recursive string functions in the 

usual sense ([1], [2]) are investigated. It is proved that any generalized primitive 

recursive string function is everywhere defined if and only if it is a primitive 

recursive string function in the usual sense. 

Keywords:String function, Primitive recursive string function, Superposition, 

Alphabetic primitive recursion. 

 

 

 

1. Introduction 

 
The notion of primitive recursive string function ([1], [2]) is generalized in the following sense: 

string functions are considered which are defined similar to the definition of primitive recursive 

string functions, however, such functions are in general not everywhere defined. Namely, the 

definition of generalized primitive recursive string function is obtained from the definition of 

primitive recursive string function in the usual sense by adding the everywhere undefined one-

dimensional string function to the set of basic functions. It is proved that any generalized 

primitive recursive string function is everywhere defined if and only if it is a primitive recursive 

string function in the usual sense. 

 Similar problems concerning arithmetical functions are considered in [3]. 

 

 

2. Generalized Primitive Recursive String Functions 
 

The notion of many-dimensional primitive recursive string function is given in [1], [2]. For the 

convenience of the reader let us recall the corresponding definitions. 

Let A be an alphabet, i.e. a list of  different symbols,   {           } (   )  By     we denote the set of all words in A (including the empty word ). The symbols             

                                                 
1 This work was supported by State Committee of Science, MESRA, in frame of the research project № SCS 13-

1B321. 
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we call letters in A. The length of a word                is the number k (the length of the empty 

word  is 0). 
We say that the function F is an n-dimensional string function (   ) in the alphabet A 

if for any n-tuple (          ) where all     are words in A, the value  (          ) is either 

undefined, or is a word in A. By   (          ) we denote the statement: the value  (          ) is defined. 

Below we consider only the string functions in the fixed alphabet A.  

Basic string functions are defined as functions of the following kinds. 

1. One-dimensional function  ( )such that  ( )   for any word P in A. 

2. One-dimensional function   ( )  where       such that   ( )       for any word P 

in  A. 

3. n-dimensional functions    (          ) where            such that    (          )     for any n-tuple (          ) of words  in  A. 

The operator S of superposition is defined as follows. If G is an n-dimensional string 

function,            are m-dimensional string functions, then the m-dimensional string 

function    (             ) is defined by the following equality: 

  (          )   (  (          )    (          )      (          ))  
 

where            are any words in A. 

 The operator R of alphabetic primitive recursion is defined as follows. If G is an n-

dimensional string function,              are (n+2)-dimensional string functions, then the 

(n+1)-dimensional string function    (              ) is defined by the following 

equalities:  (            )   (          ) 
 (              )    (              (            ))  
 

where       and              are any words  in  A. 

 We say that a string function is a primitive recursive string function (PRSF), if it can be 

obtained from basic functions by the operators of superposition and alphabetic primitive 

recursion. 

 The notion of generalized primitive recursive string function (GPRSF) is defined similar to 

the notion of PRSF with the only difference: one-dimensional everywhere undefined U(P) 

function is added to the set of basic functions. 

 Below the statements “F is a primitive recursive string function in the usual sense”, “F is a 

generalized primitive recursive string function”, will be denoted correspondingly by        and          As it is known ([1]. [2]) every function        is everywhere 

defined. 

 Clearly, any primitive recursive string function in the usual sense is a generalized primitive 

recursive string function, and, on the other side, the set of generalized primitive recursive string 

functions is wider than one of primitive recursive string functions in the usual sense. However,   

the following theorem (which will be proved below) takes place. 

 

Theorem 1: Any everywhere defined string function is a generalized primitive recursive string 

function iff it is a primitive recursive string function in the usual sense. 
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The proof of Theorem is based on Lemma 1 which will be considered below. We will use 

primitive recursive string functions which are defined by the following equalities (where                    are any words in A). 

1. The function   ̇   is defined as follows: 

 ̇       ̇         ̇    (where       ). 

2. The function   ( ) is  defined as follows:   ()     (   )    (where       ). 

3. The function   ̅̅ ̅̅ ( ) is defined as follows:   ̅̅̅̅ ()     
  ̅̅̅̅ (   )  (where       ). 

4. The functions k(          )for     are defined as follows: 

2(    
2(      )     (where     ), 

3(       
3(         )  2(     )(where      ),   

m+1(           (where    ), 
m+1(              )  m(          ) (where     ),   

It is easily seen that k(          )    when one of the words         is equal to the empty 

word  otherwise k(          )      
A generalized primitive recursive string function  (   )(“Branching function”) is 

defined by the following conditions: (1)    (   P:(2)   (   ) is undefined when     . 
Such a function is obtained by the operator of alphabetic primitive recursion using the 

everywhere undefined basic function U(P):   (   P,   (     )   (   (      (   )))(where       ). 

  

 Now let us introduce the notion of standard image (or S-image) of string function F in A. 

Namely for any n-dimensional string function F in A its S-image is defined as a function F* such 

that for any words            in A: 

   (          )  {  ( (          ))              (          ) 
                                                    

 

 (let us recall that  ( )     for any word Qin A). Obviously, for any string function F in A the 

function F* is an everywhere defined string function. 

  

Lemma 1: Any string function F in A is a generalized primitive recursive string function if and 

only if its S-image F* is a primitive recursive string function in the usual sense. 
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Proof: Let F be an n-dimensional generalized primitive recursive string function. We will prove 

that its S-image F* is a primitive recursive string function in the usual sense. The proof will be 

implemented using the induction on the process of constructing F from the basic functions by the 

operators of substitution and alphabetic primitive recursion. 

 If F is a basic function then it has one of the forms  ( )     (          ), (where          ),  ( )(where      ),  ( ) which is everywhere undefined. It is easily 

seen that in these cases F* has correspondingly the following forms    ( )     (   ) (          )          ( )          ( )   So F* is a primitive 

recursive string function in the usual sense. 

 Now if a function         is obtained by the operator S of superposition from 

functions               and the functions                  are primitive recursive string 

functions in the usual sense, then the S-image F* of the function F satisfies the following 

equation:   (          )   

k+1(  (   (          ) ̇       (          ) ̇         (          ) ̇  )    (          ) ̇      (          ) ̇         (          ) ̇  ))  
 

where k+1 is the function described above. It is easily seen that          
Finally, if a function         is obtained by the operator R of alphabetic primitive 

recursion from functions               and the functions                  are primitive 

recursive string functions in the usual sense, then the S-image F* of the function F satisfies the 

following equalities:   (            )    (          )   (              )      (               (            ))     (              )      (               (            ))  
where for any i such that         
     (              )  2(   (               ̇  )  )  

 

and                are S-images correspondingly, of        the function is defined 

above. It is easily seen that          
 So, it is proved that S-image of any generalized primitive recursive string function is a 

primitive recursive string function in the usual sense. 

 Now let us suppose that the S-image F* of some n-dimensional string function F is a 

primitive recursive string function in the usual sense. Clearly,           Then the function F 

satisfies the following equality: 

  (          )    (  (          ) ̇     ̅̅̅̅ (  (          )))  
 

were BR is the function defined above. This completes the proof of Lemma. 

 

The proof of Theorem 1 is obtained now as follows. If F is an n-dimensional everywhere 

defined string function such that          then          and  (          )    (          ) ̇    for any words            in A. Hence,         On the other side, if         then clearly F is an everywhere defined string function such that          This 

completes the proof of Theorem. 
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Ընդհանրացված պարզագույն կարգընթաց բառային 
ֆունկցիաների մասին 

 

Մ. Խաչատրյան 

 

Ամփոփում 

 

Սահմանվում է ընդհանրացված պարզագույն կարգընթաց բառային 
ֆունկցիայի հասկացությունը, ինչպես նաև հետազոտվում են այդպիսի 
ֆունկցիաների փոխառնչությունները սովորական ձևով սահմանված ([1], [2]) 
պարզագույն կարգընթաց բառային ֆունկցիաների հետֈ Ապացուցվում է, որ 
ցանկացած ընդհանրացված պարզագույն կարգընթաց բառային ֆունկցիա 
ամենուրեք որոշված է այն և միայն այն դեպքում, երբ այն սովորական իմաստով 
պարզագույն կարգընթաց բառային ֆունկցիա էֈ  

 

 

Об обобщенных примитивно рекурсивных словарных функциях 
 

М. Хачатрян 

 

Аннотация 

 

Определяется понятие обобщенной примитивно рекурсивной словарной 
функции и исследуются взаимоотношения таких функций с примитивно 
рекурсивными словарными функциями ([1], [2]) в обычном смысле этого понятия. 
Доказывается, что обобщенная примитивно рекурсивная словарная функция всюду 
определена тогда и только тогда, когда она является примитивно рекурсивной 
словарной функцией в обычном смысле этого понятия. 
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A Modified Fuzzy Vault Scheme for Increased Accuracy 
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Abstract 

 

In this paper a new “Fuzzy Vault” scheme is proposed, which improves 

the False Rejection Rate of the original scheme. When constructing the vault 

of the original scheme there was a need to trim the biometric data, which is an 

information loss and affects the performance of the system. This was resolved 

in the suggested version of this construction. The schemes were implemented 

for fingerprint data, and the comparisons are brought in the last section of this 

paper. 

                Keywords: Biometrics, Fuzzy Vault, Fingerprints. 

 
 
 

1. Introduction 
 

Conventional passwords are usually simple and, as a rule, easy to guess or to break. People 

remember only short passwords. What is more, they tend to choose passwords, which are easily 

cracked by dictionary attacks [1, 2, 3]. Thus, there was a suggestion to use some biometric 

properties of a user to provide an access to the personal data. The biometric characteristics of a 

person, such as DNA, palm vein, fingerprints, face and iris features can be used to generate 

passwords or lock secrets.  

Such schemes were introduced by A. Juels and M. Wattenberg [4], which was not order 

invariant, and this was the weakest point of the algorithm described in [4] as the data extracted 

from the biometric template is not in the same order each time. Thereafter A. Juels and M. Sudan 

presented a new scheme called “A Fuzzy Vault Scheme”[5], which already had a property of 

order invariance. The notion of fuzzy vault was first given by Juels and Sudan. For analysis of the 

concepts False Acceptance Rate (FAR) and False Rejection Rate (FRR) are used.  

FAR is the probability that a random vector is accepted as valid biometric data at the 

authentication phase.  

FRR is the probability that the observed genuine biometric data has too many errors and is 

rejected at the authentication phase.  

The scheme in [5] can be modified for decreasing the False Rejection Rate (FRR) while 

keeping the FAR of the system the same. 
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The rest of this paper is organized as follows. Section 2 gives a review of the fuzzy vault 

construction. Section 3 outlines the modified construction of Fuzzy Vault. In section 4 the 

experimental results of the two schemes are introduced. Section 5 gives the summary of the 

paper. 

 

2. Review of Fuzzy Vault 

The fuzzy commitment scheme is presented by Juels and Wattenberg [4], which as it was already 

mentioned is not order invariant. Order invariance is a very important property, because not 

always we can obtain biometric data of a user in the same order. Then Juels and Sudan presented 

their new Fuzzy Vault construction [5]. The brief description of the scheme is given below.  

Let F be a finite field of size n. The biometric template of the user can be written as follows: 𝑤𝑤 =  (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑠𝑠), 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 ∀𝑖𝑖 = 1, … , 𝑠𝑠: 𝑥𝑥𝑖𝑖 ∈ 𝐹𝐹 and let 𝑒𝑒 ∈ {𝑠𝑠 + 1, …𝑛𝑛}. 

 

A. Enrollment Phase  

1. Take the secret polynomial p(x) of degree k =  s − t − 1, 𝑡𝑡 ∈ {1, … , 𝑠𝑠} and evaluate it on the 

points of the biometric data. Let 𝑦𝑦𝑖𝑖 = 𝑝𝑝(𝑥𝑥𝑖𝑖), 𝑖𝑖 = 1,2 … , 𝑠𝑠. 

2. Add 𝑒𝑒 − 𝑠𝑠  distinct random points from the set 𝐹𝐹 − 𝑤𝑤. Let them be 𝑥𝑥𝑆𝑆+1, … , 𝑥𝑥𝑟𝑟. These points 

are called chaff points. 

3. Choose 𝑦𝑦𝑖𝑖 ∈F ,𝑖𝑖 = 𝑠𝑠 + 1 … 𝑒𝑒 such that 𝑦𝑦𝑖𝑖 ≠ 𝑝𝑝(𝑥𝑥𝑖𝑖). 

4. Store 𝑠𝑠𝑠𝑠(𝑤𝑤) = {(𝑥𝑥1,𝑦𝑦1), … , (𝑥𝑥𝑟𝑟 ,𝑦𝑦𝑟𝑟)} as a reference. The 𝑠𝑠𝑠𝑠(𝑤𝑤) is called a vault. 

 

B. Authentication Phase  

Let the new biometric  be 𝑤𝑤′ =  (𝑥𝑥′1, 𝑥𝑥′2, … , 𝑥𝑥′𝑠𝑠). If it has at least 𝑠𝑠 − 𝑡𝑡 common points with the 

original biometric using Lagrange interpolation or Reed Solomon codes the secret polynomial 

can be reconstructed. 

 

 

3. The Proposed Scheme 
 

Again 𝐹𝐹  is a finite field of size 𝑛𝑛. The biometric template for enrollment is 𝑤𝑤 =  (𝑥𝑥1, 𝑥𝑥2, … ,𝑥𝑥𝑠𝑠), however, in this scheme the condition 𝑥𝑥𝑖𝑖 ∈ 𝐹𝐹 is not mandatory. The secret polynomial is the 

p(v). The degree of p(v) is k =  s − t − 1, t < 𝑠𝑠, and the coefficients belong to 𝐹𝐹. The enrollment 

and authentication phases are the following. 

 

A. Enrollment Phase  

1. Take the secret polynomial p(v), generate s random values 𝑞𝑞 =  (𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑠𝑠),  where 𝑣𝑣𝑖𝑖 ∈ 𝐹𝐹 

and evaluate the p(v)on𝑞𝑞. Let 𝑦𝑦𝑖𝑖 = 𝑝𝑝(𝑣𝑣𝑖𝑖), 𝑖𝑖 = 1,2 … , 𝑠𝑠. 

2. Add 𝑒𝑒 − 𝑠𝑠  distinct random points from the set 𝐹𝐹 − 𝑞𝑞. Let them be 𝑣𝑣𝑆𝑆+1, … , 𝑣𝑣𝑟𝑟. Add 𝑒𝑒 − 𝑠𝑠  

distinct random points, which are not in the set of 𝑤𝑤, but are within the possible set of the points 

of the considered biometric data. Let them be 𝑥𝑥𝑆𝑆+1, … , 𝑥𝑥𝑟𝑟.  

3. Choose 𝑦𝑦𝑖𝑖 ∈F ,𝑖𝑖 = 𝑠𝑠 + 1 … 𝑒𝑒 such that 𝑦𝑦𝑖𝑖 ≠ 𝑝𝑝(𝑣𝑣𝑖𝑖). 

4. Store  {(𝑥𝑥1,𝑦𝑦1, 𝑣𝑣1), … , (𝑥𝑥𝑟𝑟 ,𝑦𝑦𝑟𝑟 , 𝑣𝑣𝑟𝑟)} as a reference in database. Let’s denote this 

vault by 𝑚𝑚𝑠𝑠(𝑤𝑤). 
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B. Authentication Phase  

Now suppose the new biometric measurement is 𝑤𝑤 ′ =  (𝑥𝑥 ′1, 𝑥𝑥 ′2, … , 𝑥𝑥 ′𝑠𝑠) and we want to recover 

the secret polynomial p(v). Thus, in case the 𝑤𝑤′coincides with at least 𝑠𝑠 − 𝑡𝑡 points with original 

biometrics, the corresponding triplets(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖 , 𝑣𝑣𝑖𝑖) can be chosen from the vault 𝑚𝑚𝑠𝑠(𝑤𝑤) and using 

the pairs (𝑦𝑦𝑖𝑖 , 𝑣𝑣𝑖𝑖) the secret can be recovered.  

 

The advantage of this scheme is that in this case there is no need to concatenate the biometric 

template, as it should be done with the most types of biometrics for the fuzzy vault [6, 7, 8]. In 

addition, the user is free to choose the Galois Field he wants to use in this system. As a result of 

these modifications there is no information loss in the enrollment stage, which leads to the 

increased accuracy of verification. 

 
 

4. Experimental Results for Fingerprints 
 

The experiments were conducted on GF(216). In the case of the original scheme the minutiae 

point descriptors are formed by concatenating some parts of x, y coordinates and some part of 

the minutiae angle θ. In order to form a 16 bit value, 5 bits were taken for x coordinate, 5 bits for 
y and 6 bits for θ angle.  

In the case of the new scheme, the coordinates are kept in the original form and the 16 bit 

values are random. In all experiments FVC 2000 DB2 pre-aligned database of fingerprints was 

used. The results of the experiments are illustrated in the Table1. 
 

Table 1 

 Juels-Sudan scheme The Proposed scheme 

FAR (%) 0.2% 0.2% 

FRR (%) 20.4% 13.8% 

secret size 128 bit 128 bit 

reference size 960 Byte 1700 Byte 𝑒𝑒 

(the size of vault) 

240 240 

 

 

5. Conclusion 
 

In this paper an improvement was suggested for increasing the performance of a well-known 

scheme for biometric key binding. It was shown that during the vault construction the 

concatenation of biometric data affects the accuracy of the system. To overcome this issue, in the 

new scheme the reference data were kept as triplets; first is the biometric data in its original 

form, the second is a random value and the third is the evaluation of the value. The scheme was 

implemented for fingerprints and the experiments have shown that it provides better FRR, while 

maintaining the FAR of the system the same.  
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Ձևափոխված թերորոշ բանալային պահոցով սխեմա 

ճշգրտության բարձրացման համար 

 
Հ. Խասիկյան 

 

Ամփոփում 

     Այս աշխատանքում առաջարկվում է «Fuzzy Vault» սխեմայի մոդիֆիկացված 

տարբերակ, որը բարելավում է օրիգինալ սխեմայի սխալ մերժման գործակիցը: 

Օրիգինալ սխեմայի կառուցման ժամանակ կարիք կար կարճացնել կենսաչափական 

տվյալները, ինչը ինֆորմացիայի կորուստ էր և ազդում էր համակարգի 

արդյունավետության վրա: Այս խնդիրը լուծվել է սխեմայի նոր առաջարկվող  
տարբերակում: Սխեմաները իրականացվել են մատնահետքային տվյալների հայտնի 

պահոցների վրա, իսկ համեմատությունները բերված են վերջին բաժնում: 
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Модифицированный вариант схемы "нечеткого хранилища" для 
увеличения точности 

 

О. Хасикян 
 

Аннотация 

В этой работе предлагается модифицированный вариант схемы "нечеткого хранилища", 
в котором улучшается коэффициент ложного отказа в доступе. При построении 
оригинальной схемы была необходимость в сокращении биометрических данных, что 
само по себе потеря информации и влияет на эффективность системы. Эта проблема 
разрешена в новом предложенном варианте схемы. Схемы были  реализованы для 
известных баз отпечатков пальцев, а сравнения приведены в последнем разделе. 
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Abstract 

 

The non-focused images quality arising algorithm based on 

Winer filtration is presented in the paper. Filtration is realized in 

spectral domain of image. 

              Keywords: Filter, Image, Spectrum, Wiener. 
 

 

 

 

1. Introduction 

During the image registration there often appear  distortions of different types depending on 

registering devices characteristics (permission), technical situation of location and  also 

peculiarities of the area being registered. On images obtained by optical devices there can be 

violations of focal distance; there can appear diffusions when moving objects are being 

registered, etc. 

          We consider the image as a function of two variables 𝑓𝑓(𝑥𝑥,𝑦𝑦) which is the projection of 

two or three dimensional fields of view, where (𝑥𝑥,𝑦𝑦) is a coordinate of any point of plane and 𝑓𝑓(𝑥𝑥, 𝑦𝑦) is the light intensity in the point (𝑥𝑥,𝑦𝑦).   

 We’ll consider a problem of optically [1] registered distorted images reconstructon in spectral 

area, because optical systems focus the falling light and that can be expressed by Fourie 

transform, so the image reconstruction problem reduces the solving of integral equations of 

second order. 

 

 

2. Image reconstruction 

Let 𝑔𝑔(𝑥𝑥,𝑦𝑦) be the given image and 𝑓𝑓(𝑥𝑥,𝑦𝑦) be the reconstructing image. Then the following 

equation [2] takes place: 

                                                   𝑔𝑔(𝑥𝑥,𝑦𝑦) = �𝑓𝑓(𝑢𝑢, 𝑣𝑣)ℎ(𝑥𝑥,𝑦𝑦,𝑢𝑢, 𝑣𝑣)𝑑𝑑𝑢𝑢𝑑𝑑𝑣𝑣,                                           (1) 

where the function ℎ(𝑥𝑥, 𝑦𝑦,𝑢𝑢, 𝑣𝑣) is called an image registering system’s impulse response (output 

value corresponding to unit impulse). 

To solve this equation we’ll give some assumptions. 
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Definition 1: The system is called space-invariant, if its impulse function response depends on 

the difference between the input(𝑥𝑥, 𝑦𝑦) and output(𝑥𝑥,𝑦𝑦) planes coordinates: 

 ℎ(𝑥𝑥, 𝑦𝑦,𝑢𝑢, 𝑣𝑣) = ℎ(𝑥𝑥 − 𝑢𝑢,𝑦𝑦 − 𝑣𝑣). 
 

For such system the equation (1) will be represented as 

 

                                                      𝑔𝑔(𝑥𝑥,𝑦𝑦) = �𝑓𝑓(𝑢𝑢, 𝑣𝑣)ℎ(𝑥𝑥 − 𝑢𝑢,𝑦𝑦 − 𝑣𝑣)𝑑𝑑𝑢𝑢𝑑𝑑𝑣𝑣,                               (2) 

 

which is usually called a convolution. Equation (2) can also be represented as 

 𝑔𝑔(𝑥𝑥,𝑦𝑦) = 𝑓𝑓(𝑥𝑥, 𝑦𝑦) ∗ ℎ(𝑥𝑥, 𝑦𝑦).                                                                      (3) 

 

Since 𝑓𝑓(𝑥𝑥,𝑦𝑦) is a function of image describing the range of vision, and 𝑔𝑔(𝑥𝑥,𝑦𝑦) is a function of 

registered image, we can see that ℎ(𝑥𝑥,𝑦𝑦) is a noise describing function. 

In general case linear filtration algorithms are realized by transforms of type (2) having the 

following discrete representation 

 𝑔𝑔𝑖𝑖,𝑗𝑗 = � � 𝑓𝑓𝑘𝑘,𝑙𝑙ℎ𝑘𝑘−𝑖𝑖+𝑟𝑟 2� ,𝑙𝑙−𝑗𝑗+𝑟𝑟 2� ,   𝑖𝑖 ∈ �𝑟𝑟 2� ,𝑀𝑀 + 𝑟𝑟
2� �, 𝑗𝑗 ∈ �𝑟𝑟 2� ,𝑁𝑁 + 𝑟𝑟

2� �.𝑗𝑗+𝑟𝑟/2
𝑙𝑙=𝑗𝑗−𝑟𝑟/2

𝑖𝑖+𝑟𝑟/2
𝑘𝑘=𝑖𝑖−𝑟𝑟/2     (4) 

 𝑀𝑀 is the number of image rows, 𝑁𝑁 is the number of image columns, the sum includes the points 

of rectangular with centre(𝑖𝑖, 𝑗𝑗) and 2𝑟𝑟 + 1 sides. Before calculation of transform  (4) all sides of  

image should be already widened by rectangular layers of width  𝑟𝑟/2. 

In spectral domain the linear filtration algorithm is also based on convolution theorem, so instead 

of calculating by formula (4) it can be realized by the following formula: 

 𝐺𝐺(𝑢𝑢, 𝑣𝑣) = 𝐹𝐹(𝑢𝑢, 𝑣𝑣)𝐻𝐻(𝑢𝑢, 𝑣𝑣),                                                                           (5) 

 

where 𝐺𝐺,𝐹𝐹,𝐻𝐻 are Fourier transforms of functions 𝑔𝑔, 𝑓𝑓,ℎ. Note, that complex multiplication is 

realized by all 𝑢𝑢, 𝑣𝑣 frequencies. 

Now we’ll represent the mathematical model of the system: 𝑓𝑓(𝑥𝑥, 𝑦𝑦) -input image function ( undistorted), ℎ(𝑥𝑥,𝑦𝑦) -  noise causing function, 𝑛𝑛(𝑥𝑥,𝑦𝑦) - total noise, 𝑔𝑔(𝑥𝑥, 𝑦𝑦) -  distorted image (fuzzified, unfocused).     

So we have the following representation of the process: 

 

                                                          𝑔𝑔(𝑥𝑥,𝑦𝑦) = 𝑓𝑓(𝑥𝑥,𝑦𝑦) ∗ ℎ(𝑥𝑥,𝑦𝑦) +  𝑛𝑛(𝑥𝑥, 𝑦𝑦).                                       (6) 

 

It is required to find the impulse characteristic function which will be for the system the best 

reconstruction function by mean square deviation 
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𝜎𝜎 = � 1𝑚𝑚𝑛𝑛 � ��𝑓𝑓𝑖𝑖,𝑗𝑗−𝑓𝑓𝑖𝑖,𝑗𝑗�2𝑛𝑛−1
𝑗𝑗=0

𝑚𝑚−1 

𝑖𝑖=0 → 𝑚𝑚𝑖𝑖𝑛𝑛. 

 

The problem solution for linear stationary processes was given by Wiener, the detailed proof is 

given in [3]. The best approximating filter’s spectral representation of function 𝑓𝑓(𝑥𝑥, 𝑦𝑦) is represented as [3] 𝐹𝐹�(𝑢𝑢, 𝑣𝑣) =
1𝐻𝐻(𝑢𝑢, 𝑣𝑣)

∙ |𝐻𝐻(𝑢𝑢, 𝑣𝑣)|2
|𝐻𝐻(𝑢𝑢, 𝑣𝑣)|2 +

𝑆𝑆𝑛𝑛(𝑢𝑢. 𝑣𝑣) 𝑆𝑆𝑓𝑓(𝑢𝑢. 𝑣𝑣)� 𝐺𝐺(𝑢𝑢, 𝑣𝑣),                                     (7) 

 

where 𝑆𝑆𝑛𝑛(𝑢𝑢. 𝑣𝑣) is the spectral density of additive noise and 𝑆𝑆𝑓𝑓(𝑢𝑢. 𝑣𝑣)- 𝑓𝑓(𝑥𝑥,𝑦𝑦) is the spectral 

density of the function. Generally these values are unknown. The ratio 𝑆𝑆𝑛𝑛(𝑢𝑢. 𝑣𝑣)/𝑆𝑆𝑓𝑓(𝑢𝑢. 𝑣𝑣) is the 

inverse value of signal-noise value. Its value in time domain is considered acceptable if it is in 

the  interval of 30-40 decibels. 

The noises induced by focal distance violations on the images registered by the optical devices 

mainly depend on the light dispersion  problem described   by the following two functions: 

 ℎ(𝑥𝑥, 𝑦𝑦) =
1

2𝜋𝜋𝜎𝜎2 𝑒𝑒−𝑥𝑥2+𝑦𝑦22𝜎𝜎2 , 

ℎ(𝑥𝑥,𝑦𝑦) = � 1𝜋𝜋𝑟𝑟2 ,   𝑖𝑖𝑓𝑓 𝑥𝑥2 + 𝑦𝑦2 < 𝑟𝑟2
0,      𝑖𝑖𝑓𝑓 𝑥𝑥2 + 𝑦𝑦2 ≥ 𝑟𝑟2.

 

 

If the image doesn’t include an additive noise then 𝑛𝑛(𝑥𝑥,𝑦𝑦) = 0 and the formula (7) is 

represented as 

 

                                                                𝐹𝐹�(𝑢𝑢, 𝑣𝑣) = 𝐺𝐺(𝑢𝑢, 𝑣𝑣)/𝐻𝐻(𝑢𝑢, 𝑣𝑣) ,                                                      (8) 

and is called an inverse filter. 

 

 

3. Inverse Filters 

Indeterminacy appears when  because of  some device errors  during image registering 

under some frequencies the value of  denominator 𝐻𝐻(𝑢𝑢, 𝑣𝑣) of equation (8) is equal to 0. In such 

cases  the value of  spectrum corresponding to this value of image  is set equal to zero. As a 

result, on the filtered image there appear obvious horizontal or vertical (sometimes curved) 

phenomena. 

To reduce such  occurrences we offer to realize the low- frequency interpolation in spectral 

domain: 

 

                                                    𝐹𝐹� (𝑢𝑢, 𝑣𝑣) = � � 𝑠𝑠𝑖𝑖,𝑗𝑗,                         

𝑢𝑢+𝑤𝑤
𝑗𝑗=𝑣𝑣−𝑤𝑤

𝑢𝑢+𝑤𝑤
𝑖𝑖=𝑢𝑢−𝑤𝑤                                         (9)  

where 
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𝑠𝑠𝑖𝑖,𝑗𝑗 = ⎩⎨
⎧𝐹𝐹(𝑖𝑖, 𝑗𝑗) sin(2𝜋𝜋𝑓𝑓𝑖𝑖)𝑖𝑖 sin(2𝜋𝜋𝑓𝑓𝑗𝑗)𝑗𝑗 ,    𝑖𝑖𝑓𝑓 𝑖𝑖 > 0, 𝑗𝑗 > 0,     

2𝜋𝜋𝑓𝑓𝐹𝐹(𝑖𝑖, 𝑗𝑗),                                   𝑖𝑖𝑓𝑓 𝑖𝑖 = 0 𝑜𝑜𝑟𝑟 𝑗𝑗 = 0,

 0,                                                     𝑖𝑖𝑓𝑓 𝑖𝑖 < 0 𝑜𝑜𝑟𝑟 𝑗𝑗 < 0.

 

 

In case of 𝑖𝑖 = 𝑤𝑤, 𝑗𝑗 = 𝑤𝑤 , 𝐹𝐹�(𝑢𝑢, 𝑣𝑣) = 2𝜋𝜋𝑓𝑓, 𝑓𝑓 ∈ (0;  0,5). 
There are many internet investigations and program realizations of this problem. 

I think, the system SmartDeblur-1.27-win is one of the best program realizations, but its 

mathematical apparatus is not presented in the work.  

The program realization of  the method(5)-(9) presented in this paper has been fulfilled. 

The result of the system work and comparison with system SmartDeblur-1.27-win [4] are given 

below. 

 

 
                         a                                                     b                                            c 

Fig. 1. 

 

a) input image including gauss noise with domain of dispersion 𝜎𝜎 = 3 and radius 𝑟𝑟 =

5, 𝑓𝑓 = 0.45; 

b) the result of  program realization of developed system; 

c) the result of SmartDeblur-1.27-win system work. 
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Չֆոկուսացված պատկերների որակի բարձրացում 
 

Ս. Ալավերդյան  

 

Ամփոփում 

Աշխատանքում ներկայացվում է  չֆոկուսացված պատկերների որակի 
բարձրացման նոր ալգորիթմ, որը հիմնված է Վիների ֆիլտրացիայի վրա: 
Ֆիլտրացիան իրականացվում է պատկերի սպեկտրալ տիրույթում: 

 

 

 

Улучшение качества расфокусированных изображений 
 

С. Алавердян 

 

Аннотация 

 

 В работе представляется новый алгоритм улучшения качества расфокусированных 
изображений, который основан на фильтре Винера. Фильтрация выполняется в 
спектральной области изображения. 
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Abstract 

 

From practical point of view the codes over 𝑍𝑍2𝑚𝑚 or 𝑍𝑍2𝑚𝑚+1 are interesting, 

because they can be used in 22𝑚𝑚 –QAM (Quadrature amplitude modulation) 

schemes. In this paper a construction of encoding and decoding procedures for 

double ±1 error correcting optimal(12,8) linear code over ring 𝑍𝑍5 is presented. 
    Keywords: Error correcting codes, Codes over the ring 𝑍𝑍5, Encoding and 

Decoding procedures. 

 

 

1. Introduction 
 

Codes over finite rings, particularly over integer residue rings and their applications in coding 

theory have been studied for a long time. Errors happening in the channel are basically 

asymmetrical; they also have a limited magnitude and this effect is particularly applicable to 

flash memories.There are many constructed codes capable to correct up to two errors of value 

±1 .The earliest paper discussing the codes over the ring  𝑍𝑍𝐴𝐴 of integers modulo 𝐴𝐴 are due to 

Blake [1], [2]. 

The optimality criteria for the  linear code over fixed ring 𝑍𝑍𝑚𝑚  was considered in 2 ways in 

[3]. First of all, recall that the code of the length n is optimal-1 if it has a minimum possible 

number of parity check symbols. Secondly, optimality-2 criteria for the code is that for a given 

number of parity check symbols it has a maximum possible length. Here, we propose to 

construct encoding and decoding algorithms for the optimal codes. The code presented in this 

paper satisfies the optimality criteria-1([3]). At this point we do not know any codes that satisfy 

the optimality criteria-2. There have been  encoding and decoding procedures for the (4, 2) code 

over ring 𝑍𝑍9 in [4].  Implementation of codes over large alphabets is much more difficult 

compared with small alphabets. In this paper a construction of encoding and decoding 

procedures of (12, 8) linear code over ring  𝑍𝑍5 correcting double ±1 errors is presented. 
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2. Presentation of the Code 

Let a linear (12, 4) code over ring Z5 be given by the following parity check matrix 𝐻𝐻: 

 

𝐻𝐻 = �1 1 1 1 1 0 1 2 3 4 1 1

0 1 2 3 4 2 2 2 2 2 1 1

3 2 4 4 2 3 2 4 4 2 1 1

1 1 1 1 1 3 2 4 4 2 0 4

�. 
 

A linear code over Z5 given by the parity check matrix 𝐻𝐻 can correct up to two errors of the type 

±1, because  𝐻𝐻 has a property according to which all the syndromes resulting from adding and 

subtracting operations between any  two columns of the matrix 𝐻𝐻 are different (±hi± hj and 

hi≠hj)(proof of this you can see in [3]).  

In this case the number of combinations for each code word that can be corrected is (1 +  12 ∗
2 +  (12 𝑐𝑐ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 2) ∗ 4)  = 289. 

For encoding every vector in  𝑍𝑍5 we should have the generator matrix 𝐺𝐺. For this we should 

construct a combinatorial equivalent matrix  𝐻𝐻′ from matrix  𝐻𝐻. 

 

 

𝐻𝐻′ = �1 0 0 0 3 1 0 3 4 3 4 0

0 1 0 0 2 2 4 4 0 2 4 3

0 0 1 0 0 0 2 4 2 1 3 1

0 0 0 1 1 3 2 0 4 4 3 3

�. 
 

 

In this matrix all 289 possible syndromes will be different, too. 

From [5] we know, that   

 

                                                                               𝐺𝐺𝐻𝐻′𝑇𝑇  = 0.                                                               (1) 

 

If H′ = [−PT|In−k], then G = [Ik|P] (the reverse statement is also  true), where Ik  is a 𝑘𝑘 ∗ 𝑘𝑘 

identity matrix and  P is a 𝑘𝑘 ∗ (𝑛𝑛 − 𝑘𝑘) matrix[5].     

Thus, we can construct the generator matrix 𝐺𝐺: 

 

 

𝐺𝐺 =

⎣⎢⎢
⎢⎢⎢
⎢⎡2 3 0 4 1 0 0 0 0 0 0 0

4 3 0 2 0 1 0 0 0 0 0 0

0 1 3 3 0 0 1 0 0 0 0 0

2 1 1 0 0 0 0 1 0 0 0 0

1 0 3 1 0 0 0 0 1 0 0 0

2 3 4 1 0 0 0 0 0 1 0 0

1 1 2 2 0 0 0 0 0 0 1 0

0 2 4 2 0 0 0 0 0 0 0 1⎦⎥⎥
⎥⎥⎥
⎥⎤
 . 
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3. Encoding and Decoding Procedures 

 

3.1 Encoding Procedure 

In our scheme the message was presented by 8-tuples in Z5.  Let  𝐺𝐺  be a generator matrix for 

(12,8) linear code. 𝑣𝑣 = (𝑎𝑎1, 𝑎𝑎2, 𝑎𝑎3, … ,𝑎𝑎8)  is an arbitrary 8-tuple, and consider the vector 𝑢𝑢 that 

is the linear combination of columns  𝐺𝐺 with  𝑎𝑎𝑖𝑖 is the 𝑖𝑖𝑡𝑡ℎ coefficient.   

  𝑢𝑢 = 𝑣𝑣𝐺𝐺 = (𝑐𝑐1, 𝑐𝑐2, 𝑐𝑐3, 𝑐𝑐4,𝑎𝑎1,𝑎𝑎2,𝑎𝑎3, … , 𝑎𝑎8), 

 

where  the first 4 components of the code vector are the check symbols, the next 8 components 

are information symbols and   

     

                              𝑐𝑐𝑗𝑗 = �∑ 𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖𝑗𝑗𝑘𝑘𝑖𝑖=1 �𝑚𝑚𝑜𝑜𝑚𝑚5.                                                     (2) 

  

Example. 

Let (3 4 0 0 2 1 1 4) be the message vector in 𝑍𝑍5.  From  (2) we can obtain check symbols. 

For example, the first check symbol is c1: 

 𝑐𝑐1  =   (3 ∗ 2) +  (4 ∗ 4) + (0 ∗ 0) +  (0 ∗ 2) +  (2 ∗ 1) + (1 ∗ 2) +  (1 ∗ 1) +  (4 ∗ 0)  =  

      =  6  +  16 +  0 +  0 +  2 +  2 +  1 +  0 =  27𝑚𝑚𝑜𝑜𝑚𝑚5 =  2 . 

 
Similarly, we can find other 3 check symbols: 

 𝑐𝑐2   =  3,   𝑐𝑐3 = 3,   𝑐𝑐4 = 3. 
 

After performing other multiple operations with matrix 𝐺𝐺 we obtain this encoded vector: 

(2 3 3 3 3 4 0 0 2 1 1 4).  

 

 

3.2  Decoding Procedure 
 

In this section we describe the decoding procedure: 

1. Receiver multiplies the vector with every column of matrix H′ and gets the syndrome 

 S = vH′. If S = (0,0,0,0) then there were not any errors in the received vector. 

2. If the calculated syndrome  S is a nonzero vector, then there are some errors. This 

(12,8) code can correct only up to two errors with magnitude ±1. We know that all 

possible syndromes of matrix H′ are different (±hi, ±hj and hi ≠ hj) (the number of 

them is 288 and syndrome (0,0,0,0)). After calculating the syndrome the receiver knows 

from which two columns of the matrix   H′ the syndrome was resulted, consequently, he 

can find the two corresponding components of the vector, where the error was occurred 

and the direction of the error (if  +hi, then upward direction or if   −hi downward 

direction).  On the other hand, if in the table of syndromes we do not have the resulted 

syndrome, then we cannot correct this kind of errors.  

3. After finding the error components the receiver adds or subtracts 1 from them                     

(he adds if downward, else subtracts) and obtains the sent code vector                     

(𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, 𝒄𝒄𝟑𝟑, 𝒄𝒄𝟒𝟒,𝒂𝒂𝟏𝟏,𝒂𝒂𝟐𝟐,𝒂𝒂𝟑𝟑, … ,𝒂𝒂𝟖𝟖). So (𝒂𝒂𝟏𝟏,𝒂𝒂𝟐𝟐,𝒂𝒂𝟑𝟑, … ,𝒂𝒂𝟖𝟖) is our message vector. 



Encoding and Decoding Procedures for Double ±1 Error Correcting Linear Code Over Ring 𝒁𝒁𝟓𝟓 60 

Example. 

 

(2 3 3 3 3 4 0 0 2 1 1 4) is an encoded vector from the previous example. Let  there 

occur 2 errors in the  channel, and the receiver get the vector (2 3 3 3 3 4 0 4 2 2 1 4). 

After performing multiple operations with rows of matrix 𝐻𝐻′ 𝑡𝑡ℎ𝑜𝑜 receiver obtains the 

syndrome (0 3 2 4). Next from the table of syndromes he finds the corresponding columns, 

now they are -8 and 10. Hence, the syndrome (0 3 2 4) was resulted from adding a negated 

column 8 of matrix 𝐻𝐻 to column  

 −3 +3−4 +2−4 +1

0 +4

  =

0−2−3

4

(𝑚𝑚𝑜𝑜𝑚𝑚5)  =  (0 3 2 4), 

 

(because in  𝑍𝑍5, 0 =  5, −1 =  4, −2 =  3 , −3 =  2, −4 =  1). 

Hence, the error positions of encoded vector are 8 and 10 (in 8𝑡𝑡ℎ downward direction and in 

10𝑡𝑡ℎ upward).      

So, he adds 1 to 8𝑡𝑡ℎ  component and subtracts 1 from 10𝑡𝑡ℎ  of vector 

(2 3 3 3 3 4 0 4 2 2 1 4) and obtains the sent encoded vector (2 3 3 3 3 4 0 0 2 1 1 4). 

Consequently, the message  vector 𝑖𝑖𝑜𝑜 (3 4 0 0 2 1 1 4). 

 
 

 

4. Conclusion 
 

In this paper a construction of encoding and decoding procedures of optimal-1 (12,8) linear code 

over ring  𝑍𝑍5 correcting double ±1 errors is presented. We propose that this approach can be 

extended for constructing similar procedures for the optimal codes over other rings 𝑍𝑍𝑛𝑛  and the 

research in this direction will follow. 
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Կոդավորման և ապակոդավորման ալգորիթմը Z5 օղակում ±1 

մեծությամբ կրկնակի սխալ ուղղող կոդերի համար  
 

Հ. Խաչատրյան 
 

Ամփոփում 

Պրակտիկ տեսանկյունից  մեծ հետաքրքրություն են առաջացնում  
 𝒁𝒁𝟐𝟐𝟐𝟐 կամ 𝒁𝒁𝟐𝟐𝟐𝟐+𝟏𝟏 օղակների վրա դիտարկված կոդերը, քանի որ նրանք ունեն լայն 
կիրառություն 𝟐𝟐𝟐𝟐𝟐𝟐 –QAM մոդուլյացիոն սխեմաներում: Այս հոդվածի շրջանակներում 
ներկայացված է կոդավորման և ապակոդավորման ալգորիթմը Z5 

օղակում ±1 մեծության մինչև  2 սխալ ուղղող  օպտիմալ  (12, 8)  գծային կոդի համար: 
 

 
 

Алгоритм кодирования и декодирования в кольце Z5 для кодов 
исправляющих двойные ошибки размера ±1 

 

Г. Хачатрян 
 

Аннотация 

С практической точки  зрения  большой интерес вызывают  коды  на  кольцах  𝑍𝑍2𝑚𝑚 и 𝑍𝑍2𝑚𝑚+1, так как они имеют широкое применение в  22𝑚𝑚 –К А М  модуляционных 
схемах. В данной статье представлен алгоритм кодирования и декодирования в кольце Z5  

для оптимального (12,8) линейного кода, исправляющего до двух ошибок  размера   ±1. 
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Abstract 

 
We study competition problems defined in the class where Space of 

Solutions is a Reproducible Game Tree (RGT). Personalized Planning and 

Integrated Testing algorithms were developed for searching optimal strategies 

in RGT problems.  Hereinafter we develop structures for plans and goals in 

PPIT, construct strategy searching algorithms by plans and demonstrate their 

adequacy for chess endgame examples. 

             Keywords: Strategy, Plan, Competition, Chess, Goal. 

 

 

1. Introduction 

 

1.1. In [2] the variety of problems was identified  as a class where Space of possible Solutions 

can be specified by Reproducible combinatorial Game Trees (RGT) and unified algorithms and 

software were developed, RGT Solver, for elaborating  optimal strategies for any input specified 

problem of the class. 

The RGT is a spacious class of problems with only a few following requirements to belong to: 

- there are  (a) interacting  actors ( players, competitors, etc.) performing (b) identified 

types of actions in the (c) specified moments of time and (d) specified types of situations 

- there are identified benefits for each of the actors  

- the situations the actors act in and transformed after the actions can be specified by 

certain rules, regularities. 

Many security and competition problems belong to RGT class.  Specifically, these are network 

Intrusion Protection (IP), Management in oligopoly competitions and Chess-like combinatorial 

problems, many other security problems such as Computer Terrorism Countermeasures, Disaster 

Forecast and Prevention, Information Security. 

1.2. Unified RGT specification of problems makes possible to design a unified Solver for the 

problems of the class.  

Solver of the RGT problems is a package [7] aimed to acquire strategic expert knowledge to 

become comparable with a human in solving hard combinatorial competing and combating 

problems. In fact, the following three tasks of expert knowledge acquisition can be identified in 

the process: 
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- construction of the package of  programs sufficient to acquire the meanings of the units 

of  vocabulary (UV) of problems  

- construction of procedures for  regular acquisition of the meanings of UV by the 

package 

-  provision of means measuring the effectiveness of solutions of RGT problems. 

The limitations in designing effective package were formulated as follows: 

-  be able to store typical categories of communalized knowledge as well as the 

personalized one and depend on them in strategy formation  

-  be able to test approximate knowledge-based hypothesis on strategies in questioned 

situation by reliable means, for example, using game tree search techniques.  

The second task of acquisition of complex expert knowledge was planned to solve in the 

following two stages: 

- proving the sufficiency, i.e. proving that Solver, in principle, can acquire the meanings  

of expert knowledge of an intensive RGT problem, e.g.,  for the kernel RGT chess game 

- ensuring regularity, i.e. to develop procedures for regular acquisition of RGT problems 

and meanings of UV of those problems. 

1.3. Regular improvement of  Solver by expert knowledge is studied for chess, where the 

problems of knowledge representation and consistent inclusion into the programs stay central 

since the pioneering work by Shannon in 1950.   

Players indicate and communicate chess knowledge by units of vocabulary and are able to form 

corresponding contents. Whether it is possible to form equal contents by computers remains 

questionionable.   

The approaches to regular inclusion of chess knowledge into strategy formation process are 

described in [5]. Then try to bring common handbook knowledge to cut the search in the game 

tree. The frontiers of those approaches can be revealed by understanding the role and proportion 

of the personalized chess expertise compared with the common, communicable one. 

1.4. Studies of knowledge-based strategies in the Institute for Informatics and Automation 

Problems of the National Academy of Sciences of the Republic of Armenia have been started in 

1961 and noticeable results were published in  the Laboratories of “Mathematical  Logic” 

and “Cognitive Algorithms and Models” led by I. Zaslavski [1] and E. Pogossian [2, 3, 6].  

Designed and developed PPIT (Personalized planning and integrated testing) [2, 6] algorithms 

indicate the optimal strategy by effective usage of expert knowledge. The algorithms had been 

tested for a variety of problems, for chess, Reti and Nodarishvili etudes [6], for intrusion 

protection problems [3]. In the PPIT algorithms predefined set of knowledge was used which 

was strongly specific to the solving problem and did not provide a generic and regular way to 

define knowledge and reveal strategies from them. This approach reduced the abilities of 

algorithm execution, since it required writing a new program to solve each certain situation and 

each of them was useful only for the given situations, so the program developed for Reti etude 

could be used only to solve this etude. 
In the RGT Solver strategy searching algorithms were not yet suggested to provide general 

solution while plans used in PPIT algorithms are only generic descriptions of strategies. 

In the following we describe planning-based strategy searching algorithms within the frame of 

Solver package. 

In the first section we consider structuring of plans and goals. We need these structures for 

strategy generation algorithms. In the second one the algorithm that searches for a strategy to 

accomplish the plan and in the last section an example demonstrating adequacy of structures and 

strategy searching algorithm are described. 
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2. Contributing to Personalized Planning and Integrated Testing (PPIT) 

Algorithms 

 

2.1. State of the Art 

2.1.1. The Basics of PPIT 
 

For the strategy construction we use PPIT algorithm, which creates strategies using plans. Plans 

are certain general descriptions of strategies. For some positions in chess plans might be 

occupying the center or the corners of the board. Each plan represents a hierarchy of goals. 

Those are the goals which a player tries to achieve in current situation while playing by the plan. 

The essences of the plans are to select the goals which get the maximal profit. 

The PPIT program was designed as a composition of the following basic units: 

Reducing Hopeless Plans (RHP)  

Choosing Plans with Max Utility (CPMU)  

Generating Moves by a Plan (GMP)  

Given a questioned position P1 and a store of plans, RHP recommends to CPMU a list L1 of 

plans promising by some not necessary proved reasons to be analyzed in P1. The core of the unit 

is knowledge in classification of chess positions allowing identifying the niche in the store of 

knowledge the most relevant for analysis the position. If the store of knowledge is rich and P1 is 

identified properly it can provide a ready-to-use portion of knowledge to direct further game 

playing process by GMP unit. Otherwise, RHP, realizing a reduced version of CPMU, identifies 

L1 and passes the control to CPMU. 

CPMU recommends to GMP to continue to play by current plan if L1 coincides with list L0 of 

plans formed in the previous position P0 and changes in P1 are not essential enough to influence 

the utility of current plan. 

 If changes in P1 are essential, CPMU analyzes L1 completely to find a plan with max utility and 

to address it to GMP as a new current plan. Otherwise, CPMU forms a new complementary 

list L1/ L1*L0 from the plans of L1 have not been analyzed, yet, in L0, finds a plan with the best 

utility in that list and comparing it with the utility of the current plan recommends one of them 

with a higher utility.  

To calculate utilities of the attribute, goal and plan type units of chess knowledge, we represent 

them as operators over the corresponding arguments as follows: 

 for basic attributes the arguments are characteristics of the states of squares in the 

questioned positions, including data on captures of pieces, threats, occupations, etc.;  

 for composed attributes, including concepts and goals, the arguments are subsets of values 

of basic attributes relevant to the analyzed positions; 

 for plans the arguments are utilities of the goals associated with the realization of those 

plans. 

Utilities of arguments of basic attributes are calculated by the trajectory-zones based technique 

(TZT) [4, 6] originally suggested to estimate utilities of captures only of the opponent pieces. For 

example, to choose capture with max utility TZT chains the moves to each piece of the opponent 

(trajectories) without accounting possible handicaps for real capturing then using all available 

knowledge “plays the zones” of the game tree induced by the trajectories followed by estimation 

of their values to choose the best.   

The utility of units of knowledge the operators assemble from the utilities of the corresponding 

arguments in some predetermined ordering. Thus, each operator can provide by a request the 

arguments which are analyzed at the moment. 
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For example, realizing the current plan the shell can determine the goal in the agenda which in 

turn determines basic attributes to be considered followed by indication of the arguments of 

those attributes. 

Utility estimation operators rely on the principle of integration of all diversity of units of 

knowledge the shell possesses at the moment. In fact, the operators represent a kind of expert 

knowledge with a variety of mechanisms and leverages to make them better. Along with 

dynamically changed parametric values of pieces they can include rules, positions with known 

values and strategies to realize them, other combinatorial structures.  To estimate expected 

utilities the operators take into account the cost of resources necessary to get them. 

 

2.1.2. What has been done 
 

In the initial C++ realization the units of knowledge are realized as OO classes with specialized 

interfaces for each type of knowledge and one common for the shell itself. 

 
                                             

 

 

 

 

 

 

 

 

 

 

Fig 1. Reti and Nodareishvili etudes. 

 

The Solver is experimented in solving Reti and Nodareishvili etudes (Fig 1.) required by 

Botvinnik[4, 5] intensive expert knowledge-based analysis not available to conventional chess 

programs. 

Experiments with these etudes proved that the shells, in principle, can acquire the contents of 

units of vocabulary used by chess players and allow tuning them properly to solve expert 

knowledge intensive chess problems. 

The initial implementation of the PPIT algorithm used knowledge units that were hardcoded as 

C++ language classes. The approach didn’t allow adding expert knowledge in a regular way – 

there wasn’t any regular method for formalization and representation of the expert knowledge.  

To achieve a regularity of expert knowledge acquisition for RGT problems a graphical language 

similar to the UML, using which experts have possibility to formalize and insert meanings of the 

communicable knowledge into the Solver. 

The constituents of the Interface have been designed for specifying both game attributes and 

rules. It was designed to acquire an expert knowledge in a form of patterns (abstracts). Abstracts 

are used to define classes as well as operations, thereby providing a considerable uniformity of 

the structure of the language [7, 10]. 

 

2.1.3. What We are Going to Do 
 

We are developing algorithms and structures of strategy construction in the Solver package by 

putting the stress on GMP module of PPIT algorithms first. So for the current state of 

development we suppose that we already have plans defined in the Solver and we just need to 

execute the defined plan. Plans are being defined by experts. 

In PPIT Plan is defined as a set of Goals. We will describe their definitions below. 
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As mentioned above the third module of PPIT GMP chooses the best move from a plan. We 

meet the following issues 

1. Goals’ and Plans’ structures need to be generic and need to allow definition of the goals 

independent of the problems they relate to.  

2. An algorithm needs to be developed to search for strategies using defined plans and 

goals. The algorithm needs to be generic and allow constructing strategies for any of 

defined plans. 

 

 

2.2. Structuring Goals and Plans 

 
As we used to do before in our research, now we’re going to apply all the defined and developed 

to the chess as a classical example of RGT game. 

The goal in general needs to have the following structure.  

A. It needs a preCondition situation, for which this goal is applicable, because there are 

situations where a goal is not achievable, e.g., if the situation contains only two kings and 

a pawn, a goal like “make check with the queen” can’t be applied. This basically defines 

the pattern of situations where goal is meaningful. Note that for some goals the 

preCondition can be any situation, so this is not obligatory to define some pattern in 

preCondition. 

B. It needs to have a postCondition situation. This is the situation which appears when the 

goal is achieved, e.g., if the goal is “make check with the queen”, after it is achieved the 

opponent king is under check of queen in the given situation, this describes the 

postCondition situation. This defines the pattern of achieved by the goal situations. 

Similar to preCondition, postCondition also can be any situation. 

C. For some goals the depth of game tree needs to be more than one move, e.g., if the goal is 

“make perpetual check”, we need to construct a tree and make several moves to see if this 

goal can be achieved. 

D. Goals need to have some evaluation. There are goals like “put mate” or “avoid stalemate” 

where there are only two evaluation states, which indicate whether the goal is achieved or 

not, but there are some goals which do not show “an achieved” or “not” result, they show 

how good the goal is achieved, e.g., a goal “keep king closer to the opponent king” goal 

does need some criterion to define that the lesser distance between kings is, the better is 

the goal evaluation. For that purpose we define evaluator, which is a set of prioritized 

criteria that are being defined to evaluate the goal. For the above example only one 

criterion exists and it is the distance between two kings.  
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Fig 2. The structure of goals, their inputs and outputs. 

 

From the described above we reveal that the goal consists of preCondition and postCondition, 

which are situations (in the Solver we define these situations as composite abstracts), depth of 

three, which is a number that defines how deep the tree can be constructed for checking if the 

postCondition is achieved (by default it is 1) and the evaluator which evaluates how good the 

goal is achieved. 

Also one important point we need to define the concept of absolute goal (which is just a flag on 

the goal), like mate in chess and indicates that the game is over. 

The plan structure is basically defined in previous works of our team and nothing more is 

required. It consists of prioritized goals. 

 

 

2.3.  Searching Strategies by Plans 
 

Now when we have the structures of goals and plans, we can define how the algorithm should 

work to find the best move from the given plan. 

As described above the goal and the plan are completely generic in their structures regardless of 

the problem they solve in RGT class and can be defined by a user, not only injected initially for a 

certain problem. 

The algorithm we have developed to execute the plans and to choose the best action by the 

defined plan is the following. 

As said above plan is a set of prioritized goals, we need to run over the goals and find the move 

which best satisfies the highest priority goal. 

The algorithm initially requires input situation (IS). For IS Solver does matching and finds the 

list of active abstracts [8], where there are also actions active in that situation (the actions that are 

possible to perform in IS), let’s call the list of active in IS actions <A>. Let’s assume we have 

Plan Pl which has G1 to Gn goals in it (G1 has the highest priority and Gn has the lowest 

priority). For the given P1 plan, the algorithm will take goals from the highest to the lowest 

priority and do the following procedure. 

preCondition 

postCondition 

 

Depth of tree 

Evaluator 

 

 

 

 

 

 

Criterion1 

CriterionN 

List of actions the best relatively to criteria 

An input situation The list of permitted actions  
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1. Passing list of actions <Ai-1> (for G1 <A> is passed instead of <Ai-1>). If the list is empty 

then nothing can be done for this goal, just returning, else if the list has only one action, 

then the list is returned and the procedure is stopped, as nothing to do if only one action 

can be done, no need of further processing, we just do the action. 

2. preCondition of the goal is checked against IS. If IS satisfies the pattern defined in the 

preCondition all actions in the action set <Ai-1> are applied to the IS situation and 

postCondition of current Gi is checked to be achieved. The goal is being evaluated by the 

criterion defined in the evaluator if there are any and the actions which satisfy the goal 

best are being returned in the list <Ai> (this list will be used in the next goal processing). 

An important point here is that if the goal is absolute and the list of actions achieving this 

goal is not empty, then the procedure is stopped after this step and the list of actions is 

returned. 

3. If the returned list <Ai> is empty, <Ai-1> list is being used instead, otherwise if the 

returned list has only one item in it, the list is just returned and the procedure is stopped. 

4. New Actions list is passed to the next goal and the procedure is being done for it from the 

beginning (1 to 4). 

5. When the procedure is done for all goals or stopped somewhere while performing 1-4 

steps, it returns the list of actions, which indicate the best actions to achieve the plan in 

the current situation. Any of those actions brings to the best move selection and thus 

brings to the best strategy for the given P1 plan. 

Any action from the returned list of actions is being selected (we just select the first one) and 

applied to the IS. New situation is achieved after opponent’s action, so we already have a 

changed situation, a new input situation. The plan execution starts again for the new situation 

and a new best move is selected for the plan. The algorithm is stopped when the highest priority 

goal is achieved or is not achievable at all (e.g., we have already put mate or no mate can be 

achieved), which means that either the strategy for the given plan already worked or cannot be 

achieved anymore.  

 

Fig 3. The schema of searching the best moves. 

 

The plan 

Goal[i] 

The initial 

situation 

The list of permitted 

actions 

<Ai> 

Matching the situation 

to abstracs 

<Ai> list processing 
<Ai> returned 

best moves list 

Plans 
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3. Testing Adequacy of PPIT for Chess Endgames 

 

3.1. Planning Chess Endgames 

3.1.1. Planning “rook against king” endgame 

 

Previously the strategy description language was defined in [9], where exact algorithms were 

used to define each plan and its realization. For the demonstration of the language adequacy 

“rook against king” chess endgame was described. For the demonstration of our algorithms we 

will also consider chess endgames, like “rook against king” or “two rooks against king”. 

To simplify the definitions we just assume our color is predefined and is white. We will try to 

define only the mate on one direction to make it simpler, the same is done in [9]. Let’s take 

vertical direction only for our future definitions. Similarly we will be able to define putting mate 

on horizontal direction. Which one to choose vertical or horizontal is a job for another module in 

PPIT algorithms expected to be developed in the scope of Solver during the future steps of our 

research. Currently it will just construct strategy with the given certain plan. 

A plan for the “rook against king” endgame will have the below goals 

1. Put mate 

2. Avoid stalemate (note that this is quite important because some situations can appear 

with stalemate and we need to avoid it) 

3. Escape rook from attack 

4. Push king to the edge (without putting rook under attack) 

5. Make a waiting move when preOpposition appears 

6. Bring white king closer to the black king 

The definition of each goal is described in details. 

1. Putting mate - preCondition is any situation, and postCondition is a situation where 

there’s mate, the depth is 1, this is absolute goal. There is no evaluator defined for this 

goal. 

2. Avoid stalemate - preCondition is again any situation and the postCondition is a situation 

where no stalemate appears. The depth is 1 and no evaluator again. 

3. Escape rook from attack - the preCondition is “rook under kings attack” abstract, so the 

goal is applicable only for situations where the rook is under the opponent king’s attack. 

The postCondition is a situation where rook is not under attack and the vertical 

coordinate of the rook is not changed. It has a depth value 1 and the evaluator will have 

one criterion defined which calculates the distance of the rook and opponent king by 

vertical direction. 

4. Push king to the edge- preCondition can be any situation and postCondition is “rook is 

not under attack” situation and depth is 2. The evaluator has two criteria. First is: moves 

of opponent king are closer to the edge are better (this basically means the horizontal 

distance of opponent king from the edge is calculated and for each action the value of 

criterion is calculated as the highest value of king’s distance from the edge). The second 

criterion for this goal evaluator is the number of actions opponent king can do, and the 

better action is the action which allows fewer number of actions by opponent king. 

5. Make a waiting move when preOpposition appears - preCondition is preOpposition 

situation. PreOppositionByVertical abstract in the Solver can be defined as below. 

This is a virtual abstract which has two attributes – black and white kings. It must have 4 

specifications 
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                                A. Whiteking.cordX = BlackKing.cordX + 2 

                                      whiteking.cordY = blackking.cordY + 1 

                               B. Whiteking.cordX = BlackKing.cordX + 2 

                                    whiteking.cordY = blackking.cordY – 1 

                              C. Whiteking.cordX = BlackKing.cordX - 2 

                                   whiteking.cordY = blackking.cordY + 1 

                               D. Whiteking.cordX = BlackKing.cordX - 2 

                                    whiteking.cordY = blackking.cordY – 1 

which is complete enough to define the precondition of preOpposition. 

The postCondition is a situation where the king position is not changed and the  rook vertical 

coordinate is not changed. Depth of goal is 1. The evaluator again has one criterion, which 

shows the distance of the rook from the opponent king. 

6. Bring white king closer to the black king, but avoid opposition – preCondition and is any 

situation and postCondition is a situation where no opposition appears, depth is 1. The 

evaluator has one criterion, which defines the distance of the king from the opponent king 

to be minimal. We can calculate this by the following formula 

“(king.cordX-opponentKing.cordX)2 + (king.cordY-opponentKing.cordY)2”. 

 

 

3.1.2. Planning “two rooks against king” Endgame 

 

A winning plan for chess endgame “two rooks against king” will be 

1. Put mate 

2. Avoid stalemate 

3. Escape rook from attack 

4. Push king to the edge, where postCondition will be two rooks on the board and the 

criterion of evaluator will be only opponent king’s distance from edge is minimal. 

5. Escape rook which vertical coordinate is different from opponent king’s coordinate by 1 

(rook.y = king.y + 1 or rook.y = king.y - 1). 

 

 

3.2. Searching for Winning Strategy of “rook against king” 
 

Chapter 3.1 describes how chess endgames can be brought into Solver and this chapter describes 

the execution of the plans by the designed algorithm for “rook against king” example. For other 

plans its work is similar. Let’s see how the algorithm works for a situation. 

 

 
 

Fig 4. K., R. vs. B.K., An initial position. 
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1. Algorithm tries to find moves which bring to mate, and returns the empty list. 

2. Since the returned list of the 1st goal is empty it takes the initial list of moves and returns 

the whole list of possible moves since all of them brings to situations where there is no 

stalemate, so the whole list of moves is passed to the 3rd step 

3. “Escape rook from attack” goal is not applicable for this situation, so it just does nothing 

4. “Push king to the edge” for all the moves that does not put rook under attack it calculates 

the first criterion value. Let’s see what values it assigns to three of moves. 

a. 1. Rc2… this puts check to the black king, for all king moves it calculates the 

distance from the vertical edge. King moves can be Kd4, Kd3, Kb4… for Kd4 

and Kd3 it assigns will assign the highest value of 4 (the distance from edge is 4). 

Kb4 will have value 2, so the value assigned to move Rc2 is 4. 

b. 1. Rd2… king can do moves Kc3, Kc5, Kb4… for Kb4 again value as mentioned 

above is 2, for Kc3 and Kc5 is 3, so the value for Rd2 move is 3. 

c. 1. Rg3… in this case also black king can move to d4 position, so the value will be 

4. 

Similarly all moves other than Rd2 will have 4 value, the minimum value is 3, and 

only Rd2 has that, so after processing the 4th goal the algorithm will return move Rd2 

Since only Rd2 move is returned the algorithm is not processed anymore and this move is 

applied. 

Let’s assume black does Kc3 move (attacking rook). 

 

           
 

Fig 5. The left: the position after Rd2. The right: the position after Kc3. 

 

After Kc3 move algorithm works again 

1. For mate goal again empty list is returned 

2. For stalemate all moves list is returned 

3. “Escape rook from attack” goal’s preCondition is matched to the situation and rook 

moves are considered to achieve the goal where rook is not under black king’s attack 

since postCondition is “rook not under attack”. The criterion to evaluate the move is 

vertical distance of rook and black king, so Rd8 move is chosen since it has the highest 

vertical distance from black king. Since the list has only one move in it, the procedure is 

stopped here and Rd8 move is returned 

Rd8 is applied to the situation. Let’s assume black makes Kc4 move. 
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Fig 6. The left: the position after Rd8. The right: the position after Kc4. 

 

Algorithm works again and now with the following result. 

1. For goal mate again empty list is returned 

2. For stalemate all moves list is returned 

3. No rook under attack so this is just omitted 

4. “Push king to the edge” for all the moves where rook is not under attack it checks the 

evaluator, which have two criteria, the 1st is kings distance from the edge is minimum. So 

for moves Rd1, Rd2, Rd6, Rd7,Ke7, Ke5, Kf7, Kf6, Kf5 the distance of king from the 

edge will be calculated as it was done for the 1st move, and the value will be 3, which is 

selected as the minimum value. Then the second criterion (which is the number of moves 

opponent king can make) is checked for the moves which are best for criterion 1. Number 

of moves of black king is always 5 for all the mentioned moves. So the whole list is 

returned from this goal processing procedure. 

5. The situation is not a preOpposition, so preCondition is not matched, this goal is just 

omitted. 

6. “Bringing king closer” preCondition is any situations, and postCondition is a situation 

where no opposition appears. The list of moves is [Rd1, Rd2, Rd6, Rd7, Ke7, Ke5, Kf7, 

Kf6, Kf5], which does not bring to opposition, so all of them satisfy postCondition. The 

evaluator criterion is that distance between two kings needs to be minimum. For the 

moves by rook distance value will be 8 ((5 -3)2 + (6-4)2). For king moving by f vertical 

the value will be rising, e.g., after Kf6 criterion returns 13 ((6 -3)2 + (6-4)2). The best 

move will be Ke5, which will have evaluation value 5 ((5 -3)2 + (5-4)2). Ke5 will be 

returned. 

Since only Ke5 is returned this is applied to the situation. To make the example shorter let’s 

consider Kd5 move for black. 

 

                          
 

Fig 7. The left: the position after Ke5. The right: the position after Kc5. 
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After Kc5 move similar to the 1st move for “push king to the edge goal” Rc8 move will be 

selected. Again we will assign black king moves which finish the game sooner, we will consider 

the move Kb4. So after the following moves 

1. Rd2 Kc3 2. Rd8 Kc4 3. Ke5 Kc5 4. Rc8 Kb4 5. Kd5 Kb5 6. Rb8 Ka4 7. Kc5 Ka3 8. 

Kc4 Ka2 9. Kc3 Ka1 10. Kc2 Ka2. 

After the 10th move (Ka2 by black) the algorithm will work and find that mate is achievable and 

Ra8 move will be returned. This move will be applied and the plan is achieved. 

 

 
 

Fig 8. The position of putting mate. 

 

4. Conclusion 

 
1. Structures of plans and goals are defined for the Solver of RGT class allowing user to 

describe generic plans and goals for any problem of this class in a regular manner. Goals 

are defined as a composition of preCondition, postCondition situations, depth of game 

tree to achieve the goal and evaluator to evaluate the utility achieved in a situation while 

accomplishing the goal. Plans are sets of prioritized goals.  

2. An algorithm of searching strategy by a plan was constructed and developed based on 

PPIT algorithms previously developed by our team for certain problems and with injected 

knowledge usage. The algorithm works only with defined plans and goals, regardless of 

the problem it solves. Previously the constructed PPIT consists of three modules RHP, 

CPMU, GMP.  

a. In the following we developed algorithms for GMP module 

b. Future development of other modules within the scope of Solver to complete PPIT 

algorithm are in progress now, which is related to constructing algorithms to 

choosing the best plan from the given list of plans. This corresponds to CPMU 

module. 

For the current state we assume that expert knowledge for plans is being defined by a 

user but in the development process we aim to achieve creating algorithms for Solver to 

generate plans by itself relying on the knowledge set it already has for the game. 

3. Demonstration of the structures and the algorithms were carried out for chess endgames, 

their adequacy is shown. More experiments are in progress now for different chess 

situations, particularly Reti etude planning is in progress now. 
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Նպատակների և պլանների կառուցում անձնավորված 

պլանավորման և պլանների ինտեգրացված  

թեստավորման համար 

 
Ս. Գրիգորյան 

 

Ամփոփում 

Մենք ուսումնասիրում ենք մրցակցային խնդիրները՝ սահմանված որպես դաս, 
որտեղ լուծումների բազմությունը վերարտադրելի ծառ է (RGT)։ Մշակված են 
Անձնավորված պլանավորման և ինտեգրացված թեստավորման ալգորիթմներ RGT 
խնդիրներում լավագույն ռազմավարության փնտրման համար։ Աշխատանքում 
զարգացվում են նպատակների և պլանների կառուցվածքներ, կառուցվում է 
ռազմավարության փնտրման ալգորիթմ ըստ պլանի և ցուցադրվում է նրանց 
հիմնավորությունը։ 

 

 

 

 

 

Структурирование целей и планов для персонализированного 

планирования и интегрированного тестирования 

 

С. Григорян 
 

Аннотация 

Разработаны алгоритмы и программы представления планов и целей при решении 
задач класса RGT. Представлено описание поиска стратегий на основе планов для 
пакета Solver. Обоснованность алгоритмов показана на примерe шахматных эндшпилей. 
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