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Abstract 
 

Let {0,1}∗ be the set of all finite strings of elements from  {0,1}, and  let P be the 
class of problems recognized by deterministic Turing machines, which run in polynomial 
time (a problem is simply a subset of  {0,1}∗). This article defines the class 	𝐏( and shows 
that 𝐏(  is isomorphic to the class  𝐏.  
Based on the notions of T-mitoticity and T-autoreducibility, K.Ambos-Spies introduced 
the notions of  P-m-mitoticity and P-m-autoreducibility. The notions of  P)	-m-mitoticity 
and P)-m-autoreducibility are introduced by analogy with the mentioned notions. 
The article proves that the index sets {𝑧	|	𝑊"		is P(-m-mitotic} and  {z	|	𝑊" is  P(-m-
autoreducible} are  Σ#-complete.  
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1. Introduction 
 

Information about the basic concepts of computability theory used in this article, in particular the 
Turing machine (TM), the numbering of computably enumerable sets {𝑊!}!∈# and the arithmetical 
hierarchy, can be found in Rogers [1], Soare [2]. 

The two definitions of polynomial time reducibility given by Karp [3] and Cook [4] are just 
time-bounded versions of many-one reducibility  (≤$)  and Turing reducibility (≤%).  

Among other works devoted to the research of time-bounded computations and used in this 
article, we note the works of Ladner [5], Ambos-Spies [6], Hopcroft, Ullman [7](1979), Sipser [8], 
Arora, Barak [9], Terwijn [10]. 
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Notation. We fix the alphabet  Λ = {0,1}. 
Given a set  Y, the set of all finite strings of elements from Y is denoted by Y∗. 
A Turing machine T (deterministic or nondeterministic) runs in polynomial time  if  there  is  

a  polynomial function 𝑞 such that for every input of length  𝑛,  any computation sequence of  T  
halts in 𝑞(𝑛) or fewer moves.   

It is an intuitively appealing notion that P is the class of problems that can be solved 
efficiently. 

In this article, we consider the class  P/  (see Definition 2). Proposition 1 (below Definition 3) 
shows that the classes P and  P/  are isomorphic (i.e., there is an isomorphic  mapping from P  to  P/  
and vice versa, there is an isomorphic  mapping from P/  to P; with respect to the relations in 
question) (see the definition of isomorphic  mapping in Definition 1). 

An oracle Turing machine runs in polynomial time if  there exists a  polynomial function 	𝑞 
such that for every input of length  𝑛  and any oracle set  𝑋, the machine halts within  𝑞(𝑛) steps  
(see Ladner [5], p.156).   

Note that the definitions of R. Ladner [11] and other authors are based on the concept of a 
multitape Turing machine. 

Based on the notions of T-mitoticity and T-autoreducibility, Ambos-Spies [6] introduced the 
notions of  P-m-mitoticity and P-m-autoreducibility. By analogy with the mentioned notions we 
introduce the notions of  P2-m-mitoticity and P2-m-autoreducibility (see Definitions 15,16) and also 
give the definitions of  index sets M(P-m)={𝑧	|	𝑊' is  P/-m-mitotic} and  A(P-m) = {	z	|𝑊' is   
P/-T-autoreducible}. 

This article studies the location of index sets {𝑧	|	𝑊' is  P/-m-mitotic} and  {z	|𝑊' is 	
	P/ -m-autoreducible} in the arithmetical hierarchy. 

 

2. Preliminaries  
Notation. Let 𝜔 be the set of all nonnegative integers. 

We will denote the Λ∗  elements by lowercase Greek letters 𝜎, 𝜏, … 
Let us denote that  𝜎^𝜏 denote the  concatenation  of string  𝜎  followed by  𝜏. 
Let < be the natural order on	Λ∗(𝜆 < 0 < 1 < 00 < 01 < ⋯), where  𝜆 represents the empty 

string. 
We will denote the subsets ofΛ∗ by uppercase Greek letters  Ξ, Θ,⋯ ,  as well as by the 

 Latin letter 𝑃	with subscripts	(𝑃!). 
If  𝜎 ∈ Λ∗	, then |𝜎| denote the length of  𝜎. 
If  Ξ ⊆ Λ∗, then 	

Ξ(𝜎) = D	1,			if	𝜎 ∈ Ξ		0,			if	𝜎 ∉ Ξ. 

If  𝐴 ⊆ ω,	 then 𝐴(𝑥) = 𝜒((𝑥)(where		𝜒(		is	a	characteristic	function	of	a	set		𝐴).	
Define the mappings ℎ), ℎ* as follows:    
Let ℎ)	be a 1-1 mapping from ω onto	Λ∗,	ℎ)(0) = 𝜆, ℎ)(𝑛 + 1) = (𝑛 + 2)-nd string according 

to the order of strings on Λ∗. 
Let ℎ*	be a 1-1 mapping from Λ∗onto ω.  
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ℎ*(𝜆) = 0; 
ℎ*(𝑛 +1 string according to the order of strings on  Λ∗)= n  (In fact, ℎ* = ℎ)+*). 

Definition 1.  (i) Let two sets 𝔐	 and  𝔐\  be given. Let there be defined any sort of relations 
between the elements of each of these sets.  

If it is possible to place the two sets into one-to-one correspondence so that the mapping 
preserves the relations; that is, if with every element 𝑎 of  𝔐  there can be associated an element 
𝑏 of  𝔐\ in a biunique manner so that the relations existing between any elements 𝑎, 𝑏,⋯ of  𝔐  
also exist  between the associated elements 𝑎_, 𝑏_,⋯ and vice versa, then  the two sets are called 
isomorphic (with respect to the relations in question), and we write  𝔐 ≅𝔐\. The mapping itself 
is called an  isomorphism (see Waerden [11], pp. 25-26). 

(ii) If in two sets 𝔐	 and 𝔑		 certain relations are defined (such as 𝑎 < 𝑏	 or 𝑎𝑏 = 𝑐) and if to 
each element 𝑎 of  𝔐  an image 𝑎_ = 𝜑𝑎 is assigned in such a manner that all relations between 
the elements of  𝔐  also hold for the images (so that, for example, 𝑎 < 𝑏	 implies 𝑎_ < 𝑏_ in the 
cases of the relation <), then 𝜑 is called a homomorphic mapping or  homomorphism from  𝔐	 to 
𝔑		(see Waerden [11], p. 28). 

Remark. It can be proved that the mapping ℎ*: Λ∗ 	→ ω is an isomorphism. 
It is known that there exist effective еnumerations of the sets  𝑃), 𝑃*, …	  and  oracle Turing 

machines 𝑴),𝑴*, …	 , where  𝑃!  denotes the set recognized by  the Turing machine (also denoted 
by 𝑃!), which runs in polynomial time, and 𝑴!  denotes the oracle Turing machine, which runs in 
polynomial time.  𝑴!(𝐴) denotes the set recognized by  𝑴!  with oracle A (see Ladner [5], p.157). 
Notation. For a given function 	𝑓,		𝑓↾	𝑥  denotes the restriction of 𝑓	to arguments y<𝑥, and  𝐴↾	𝑥 
denotes  𝜒(↾	𝑥.  
(Note that any string σ ∈ Λ∗can be considered as a partial function from ω		into Λ.) 

Let   ℎ)(𝐴) = {𝜏|(∃𝑥)	[ℎ)(𝑥) = 𝜏		&			𝑥 ∈ 𝐴]},ℎ*(Ξ) = {𝑥|(∃𝜏)[ℎ*(𝜏) = 𝑥		&		𝜏 ∈ Ξ]}. 
Let 𝜎 ∈ Λ∗	. By		𝜎,	we denote a string 𝛾	such that		ℎ)(𝛾) = ℎ)(𝜎) + 1.  
Let  ℎ2  be a computable function from ω	onto ω-. 
Let 𝑄. be the Turing program with code number 𝑒 (also called index 𝑒) in the standard listing 

(of programs), and let  𝜑. be the partial function computed by  𝑄. (see Soare [2], p.14). 
 We write 𝜑.,0(𝑥) = 𝑦		if  𝑥, 𝑦, 𝑒 < 𝑠	and 𝑦 is the output of  𝜑.(𝑥)  in < 𝑠  steps of the Turing 

program 𝑄.. If such a  𝑦 exists, we say 𝜑.,0(𝑥)  converges, which we write as  𝜑.,0(𝑥) ↓, and 
𝜑.,0(𝑥) ↑ otherwise. Similarly, we write 𝜑.(𝑥) ↓ if 𝜑.,0(𝑥) ↓ for some	 𝑠, and we write  
𝜑.(𝑥) ↓= 𝑦 if  𝜑.(𝑥) ↓= 𝑦  and 𝜑.(𝑥) = 𝑦  and similarly for  𝜑.,0(𝑥) ↓= 𝑦		(see Soare [2], pp.16-
17). 

𝑊. = dom	𝜑.. 
Based on the available numbering of computably enumerable (c.e.) sets {𝑊!}!∈#, the available 

numbering of computable operators {𝚽!}!∈#, and the available enumeration of polynomials 
{𝑞!}	!∈#, we define for an arbitrary 𝑖  (proceeding from the fact that  ℎ2(𝑖) = (𝑖), 𝑖*)) 

1)  the set	𝑃/! 		as follows: (∀𝑥)(∀𝑠 ≥ 𝑞!!(𝑥)) }𝑃2!,0(𝑥) = 𝑊!",1#!(3)
(𝑥)~, 

it is obvious that (∀𝑥)(∀𝑠 ≥ 𝑞!!(𝑥)) }𝑃2!,1#!(3)(𝑥) = 𝑃2!,0(𝑥) =567 	𝑃/!(𝑥)~; 
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2) the oracle Turing machine  𝑴/ ! 		as follows: 
(∀𝑥) �∀𝑠 ≥ 𝑞!!(𝑥)� (∀𝜎) }𝑴/ !,0(𝜎)(𝑥) = 𝚽!",1#!(3)

(𝜎)(𝑥)~, 

it is obvious that (∀𝑥) �∀𝑠 ≥ 𝑞!!(𝑥)� (∀𝜎) }𝑴/ !,1#!(3)(𝜎)(𝑥) =

𝑴/ !,0(𝜎)(𝑥) =567 𝑴/ !(𝜎)(𝑥)~. 

Definition 2.  𝐏/ = �𝑃2!�	𝑖 ∈ 𝜔}	(note, that  𝐏 = {𝑃! 	|	𝑖 ∈ 𝜔}). 

Based on the above and similar statements , which are also presented, for example, by 
Hopcroft, Ullman [7], Sipser [8], Arora, Barak [9],Terwijn [10], the following conclusion is 
presented in [9]: 

All low-level choices (number of tapes, alphabet size, etc..) in the definition of Turing 
machines are immaterial, as they will not change the definition of   P (see Arora, Barak [9], p. 30). 

Thus, since neither the number of tapes nor the way the inputs and outputs are presented 
(binary coding or natural numbers) significantly affect, we can assert that  

(∀𝑖)(∃𝑗)(∀𝑥)�𝑃2!(𝑥) = 𝑃8�ℎ)(𝑥)��	&	(∀𝑗)(∃𝑖)(∀𝜎)�𝑃8(𝜎) = 𝑃2!�ℎ*(𝜎)�� 
and    (∀𝑖)(∃𝑗)(∀𝑥)(∀𝐴)�𝑴/ !(𝐴)(𝑥) = 𝑴8(ℎ)(𝐴))(ℎ)(𝑥)))�		& 

(∀𝑗)(∃𝑖)(∀𝜎)(∀Ξ	)�𝑴8(Ξ	)(𝜎) = 𝑴/ !(ℎ*(Ξ))(ℎ*(𝜎))�. 

In [12], the existence of a homomorphic mapping from 𝐏/	to	𝐏  and, vice versa, the existence 
of a homomorphic mapping from 𝐏/ to P (with respect to the relations in question) were proved. 

Now we will prove that 𝐏 and  𝐏/ are isomorphic (with respect to the relations in question). 
Define the relations in   𝐏 and  𝐏/. 

Definition 3. (i) Let 𝑃! , 𝑃8 ∈ 𝐏 .	𝑃!  is to the  left  of 	𝑃8�𝑃! <9 𝑃8� if (∃	𝛾 ∈ Λ∗)(∀	𝜏 ≤ 𝛾)	
[𝑃!(𝜏) = 𝑃8(𝜏)	&	𝑃!(𝛾,) < 𝑃8(𝛾,)]	(i. e. 	𝑃!(𝛾,) = 0		&	𝑃8(𝛾,) = 1	); 

(ii) Let 𝑃2! , 𝑃28 ∈ 𝐏/.  𝑃2!  is to the  left  of 𝑃28�𝑃2! <9 𝑃28�  if  (∃	𝑥)(∀	𝑦 < 𝑥)	
�𝑃2!(𝑦) = 𝑃28(𝑦)	&. 𝑃2!(𝑥 + 1) < 𝑃28(𝑥 + 1)��i. e. , 𝑃2!(𝑥 + 1) = 0		&	𝑃/8(𝑥 + 1) = 1�. 

It is shown in [12] that there is a homomorphic  mapping from P  to  P/  and vice versa, there 
is a homomorphic  mapping from P/  to P (with respect to the relations in question).  

Proposition 1.  The classes 𝐏 and  𝐏/ are isomorphic. 
Let's define the mapping 	𝜚:	𝜔 → 𝜔.  
Let 𝑗)  be such that (∀𝜎)�𝑃)(𝜎) = 𝑃28"�ℎ*(𝜎)��. 
(As noted above, for 𝑃) there exists such  𝑃28") 
1) Define 𝜚(0) = 𝑗$. 

n+1)  Suppose that  (∀𝑘) ≤ 𝑛)(∀𝑘*)�𝜚(𝑘) ≠ 𝑘*)�.   
Let  𝑚)  be such that (∀𝜎)�𝑃7(𝜎) = 𝑃2$"�ℎ*(𝜎)��.  
If  𝑚) ∉ {𝜚(0), 𝜚(1),⋯𝜚(𝑛 − 1)}, then define  𝜚(𝑛) = 𝑚).  
If  𝑚) ∈ {𝜚(0), 𝜚(1),⋯𝜚(𝑛 − 1), then let  𝑚* be such that (∀𝜎)�𝑃7(𝜎) = 𝑃2$!�ℎ*(𝜎)��	&	  

𝑚* ∉ {𝜚(0), 𝜚(1),⋯𝜚(𝑛 − 1)}. Such m exists because according to the Padding Lemma (see 
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Soare [2], p.15, Rogers [1], p. 22), (∀𝑣))(∃𝑣 ≥ 𝑣)) [v  is the index of  c.e. set  (i.e. the domain of 
the p.c. function  𝜑:) such that (∀𝑥)(𝑊:(𝑥) = 𝑃2$(𝑥)) and for all  x  𝑊:(𝑥) is computed in the 
same time as  𝑃2$(𝑥)]. 

Then define 𝜚(𝑛) = 𝑚*.  (Thus the definition of mapping 	𝜚 is completed.) 
Let  𝑃!,𝑃8  are such that 𝑃!<𝑃8 	. 
Then (∃	𝛾 ∈ Λ∗)(∀	𝜏 ≤ 𝛾)[𝑃!(𝜏) = 𝑃8(𝜏)	&	𝑃!(𝜏) = 𝑃2;(!)�ℎ*(𝜏)�	&	𝑃!(𝛾,) = 0		&	𝑃8(𝛾,) =

1	].		Since		𝑃!(𝛾,) = 𝑃2;(!)�ℎ*(𝛾,)� = 0		and   𝑃8(𝛾,) = 𝑃2;(8)�ℎ*(𝛾′)� = 1  then  𝑃2;(!)�ℎ*(𝛾,)� <
𝑃2;(8)�ℎ*(𝛾′)�. 

As  (∀	𝜏 ≤ 𝛾)�𝑃2;(!)�ℎ*(𝜏)� = 𝑃2;(8)�ℎ*(𝜏)��	then  𝑃2;(!) < 𝑃2;(8) (according to Definition 3). 
So, if  𝑃! < 𝑃8, then 𝑃2;(!) < 𝑃2;(8).  

Thus, there is a mapping  𝐏→𝐏/	such that it preserves the order, i.e., there is an isomorphic mapping 
from 𝐏 to 𝐏/. 

Similarly, one can prove the existence of an isomorphic mapping from 𝐏/	to	𝐏. So, we can say 
that the classes 𝐏 and 𝐏/ are isomorphic (with respect to the relations in question). 
 
2.1. Premliminaries about P-T-mitoticity 
 
Definition 4. Define Θ ≤%

< Ξ, if  there exists an i  such that 𝐵 = 	𝑴!(𝐴) (see Ladner [5], Ambos-
Spies [6]). 
Definition 5. Define  𝐵 ≤%

<=		A  if  there is an i such  that 𝐵 = 	𝑴/ !(𝐴). 
Definition 6. A splitting of 𝐴  is a pair   𝐴*, 𝐴- of  c.e. sets such that  𝐴*⋂𝐴- = ∅. We sometimes 
will write A=𝐴*⨆𝐴-  if   𝐴*, 𝐴-  is a splitting of  𝐴 (see Downey, Stob [13], p. 4). 
Definition 7. A c.e. set𝐴 is T-mitotic if there is a splitting𝐴*, 𝐴- of  𝐴 such that 𝐴* ≡% 𝐴- ≡% 𝐴 
(see Downey, Stob [13], p. 83, Lachlan [14], pp. 9-10). 

Let us recall some information about T-autoreducibility. 
Definition 8. We say that a partial recursive functional 𝚿 is an autoreduction  if, for all 𝑋	and  𝑛, 
the computation of  𝚿(𝑋, 𝑛)  includes no question of the form “𝑛 ∈ 𝑋?”. A set  𝐴	 is T-
autoreducible if there exists an autoreduction 𝚿  such that 𝐴 = 𝚿(A) (see Trakhtenbrot [15], 
Ladner [16], p. 199). 

From the definition of   T-autoreducibility it follows: 
𝐴		is		𝑇-autoreducible ⟺ (∃𝑒)(∀𝑥)(𝜱.(𝐴⋃{𝑥})(𝑥)) = 𝐴(𝑥)) ⟺ 

(∃𝑒)(∀𝑥)(𝜱.(𝐴 − {𝑥})(𝑥)) = 𝐴(𝑥)). 
Ambos-Spies introduced the following notions: 

a)  A computable set  Ξ	 is  P-T-mitotic if  there is a set Θ ∈ 𝐏 such that  Ξ ≡%
< Ξ⋂Θ ≡%

< Ξ⋂Θ�. 
Otherwise,	Ξ is non-P-T-mitotic (see Ambos-Spies [6], p. 4). 

b)  A computable set  Ξ		 is  P-T-autoreducible if for some  𝑛 ∈ 𝜔 and  every 𝜎 ∈ Λ∗, Ξ	(𝜎) =
𝑴7(Ξ	 − {𝜎})(𝜎) (see Ambos-Spies [6], p.19). 

(Ambos-Spice prefers the expression “Ξ	(𝜎) = 𝑴7(Ξ	 − {𝜎})(𝜎)” instead of the equivalent 
expression “Ξ	(𝜎) = 𝑴7(Ξ	 ∪ {𝜎})(𝜎)”. For the sets of nonnegative numbers, the expression 
“𝐴(𝑥) = 𝑴7(𝐴⋃{𝑥})(𝑥)” is used in the definition of T-autoreducibility, for example, in  Downey, 
Slaman [17], p. 121.) 
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Ambos-Spies has proved that  
(i)  if  Ξ	 is P-T-mitotic, then  Ξ	 is P-T-autoreducible(see Ambos-Spies [6], p.19), 
(ii) there is a computable set Ξ, which is P-T-autoreducible, but not P-T-mitotic (see Ambos-

Spies [6], p. 21). 
We represent the definitions of  𝑃2-T-mitoticity and  𝑃2-T-autoreducibility according to Ambos-

Spiеs with slight modifications (see Ambos-Spies [6]).  
Definition 9. A computable set 𝐴	 is	𝑃2-T-autoreducible  if  for some  𝑛 ∈ 𝜔 and every 𝑥 ∈
𝜔, 𝐴(𝑥) = 𝑴/ 7(𝐴⋃{𝑥})(𝑥). 
Definition 10.  A computable set  𝐴	 is	𝑃2-T-mitotic if  there is a set  𝐵 ∈ 𝐏/ such that  
𝐴 ≡%

<= 𝐴⋂𝐵 ≡%
<= 𝐴⋂𝐵_ . Otherwise,	𝐴	 is non-𝑃2-T-mitotic. 

Let us give the definitions of index sets 𝑇�𝑃2�𝑀, 𝐴𝑇�𝑃2�. 
Definition 11.		𝑇�𝑃2�𝑀={𝑧	|	𝑊' is  𝑃2-T-mitotic},  
𝐴𝑇�𝑃2� = {z	|𝑊' is 𝑃2-T- autoreducible}={𝑧	|(∃𝑖)(∀𝑥)[𝑀!(𝑊'⋃{𝑥})(𝑥) = 𝑊'(𝑥)]	&		(𝑊'  is 
computable)}. 
 
2. 2. Premliminaries about P-m- mitoticity 
 
Definition 12. (Computing a function and running time) 
Let  𝑓: Λ∗ → Λ∗  and let  𝑇:𝜔 → 𝜔 be some functions, and let M  be a Turing machine  (𝑇𝑀). We 
say that M computes 𝑓 in 𝑇(𝑛)-time (we write 𝑇(𝑛)-time instead of   𝑇-time, for emphasis that  
𝑇 is applied to the input length), if for every   σ ∈ Λ∗,  if   M is initialized to the start 
configuration on input σ, then after at most T(|σ|) steps it halts with f(σ) written on its output 
tape.  

We say that  𝑀 computes 𝑓 if  it computes 𝑓 in T(n) time for some function 𝑓:𝜔 → 𝜔. (see 
Arora, Barak [9], p. 17) 

Definition 13.	{𝑓7: 𝑛𝜖𝜔}  is the effective enumeration of  PF (the class of deterministically 
polynomial time computable functions from  Λ∗ to  Λ∗). 
	Ξ is polynomial time many-one  (P-m) reducible to Θ (	Ξ ≤$

< Θ), if for some  n, (∀𝜎 ∈ Λ∗) 

�Ξ(𝜎) = Θ�𝑓7(𝜎)�� (see Ambos-Spies [6], p.2). 

By analogy, for arbitrary n  we will define the function 𝑓¡7:	𝜔 → 𝜔.   
Let {𝜑!}!?# be the enumeration of the partial computable (p.c.) functions of one variable and  
𝑇8  be the Turing machine which computes the p.c. function 𝜑8 (see Soare [2], p.12, Rogers [1], 
p. 12).  Remind, that ℎ2 is a computable function from 𝜔  onto 𝜔-. Then we define (proceeding 
from the fact that ℎ2(𝑖) = (𝑖), 𝑖*)) the function 𝑓¡! (for all  i) as follows: 

Definition 14. a) For arbitrary i  let 	𝑇!" be initialized to the start configuration on input  𝑥. Then 
define the function 𝑓¡!  as follows: 
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 𝑓¡!(𝑥) =

⎩
⎪
⎨

⎪
⎧ the total number of 1’s, appearing anywhere on the  	   																						
	tape, after u-th  step,            if	�∃𝑢 ≤ 𝑞!!�	� 𝑇!" stops at  𝑢-th step�;		
the total number of		1’s, appearing anywhere on the 																											
tape, just after	𝑞!!-th  step,      otherwise . 																																														

 

b) 𝐴 is  𝑃2-m-reducible to 𝐵	�𝐴 ≤$
<= 𝐵�, if (∃𝑖)(∀𝑥)(∀𝑠* ≥ 𝑞!!(𝑥))(∃𝑠- ≥ 𝑠*).  

Definition 15.  A computable set Ξ is 𝑃-m-mitotic if  Ξ is finite or cofinite if there is a set 
Θϵ𝑷		such that  Ξ ≡$

< Ξ ∩ Θ ≡$
< Ξ ∩ Θ�	(see Ambos-Spies [6], p. 4). 

Definition 16.  A computable set  Ξ		is   𝑃-m-autoreducible if  Ξ is finite, or cofinite, or if for 
some  𝑓𝜖𝑷𝑭, Ξ ≤$ Ξ  via 𝑓	and (∀𝜎 ∈ Λ∗) (𝑓(𝜎) ≠ 𝜎) (see Ambos-Spies [6], p.19). 
Definition 17. A computable set 𝐴 is 𝑃2-m-mitotic if  𝐴 is finite or cofinite if there is a set 
𝐵ϵ𝑷/		such that  𝐴 ≡$

<= 𝐴 ∩ 𝐵 ≡$
<= 𝐴 ∩ 𝐵_	(see Ambos-Spies [6], p. 4). 

Definition 18.  A computable set  𝐴		is   𝑃2-m-autoreducible if  𝐴  is finite, or cofinite, or if 
(∃𝑖)[𝐴 ≤$ 𝐴		via	 f¡i, and (∀𝑥) (𝑓¡!(𝑥) ≠ 𝑥)). 
Definition 19.  For any given class  ℰ of computably enumerable sets, let  𝐼𝑁𝐷ℰ = {𝑧|𝑊' ∈ ℰ} . 
If   𝐴 = 𝐼𝑁𝐷ℰ for some  ℰ, 𝐴  is called an index set (see Rogers [1],  p. 324). 

Let us give the definitions of index sets  𝑀(𝑃2-𝑚), 𝐴(𝑃2-𝑚). 
Definition 20.	𝑀�𝑃2-𝑚� = {𝑧	|	𝑊'	is		𝑃2-𝑚-mitotic}, 

𝐴(𝑃2-𝑚) = {z	|𝑊' is 𝑃2-𝑚- autoreducible}. 
 

 
 

3. Results 
 

To formulate the main results, we remind the following definitions: 
Definition 21. A set  𝐴	 is		Σ7-complete  (𝛱7-complete) if   𝐴 ∈ Σ7(𝛱7) and  𝐵 ≤* 𝐴	 for every 
𝐵 ∈ Σ7(𝛱7) (it makes no difference whether we use  “𝐵 ≤$ 𝐴”  or  “𝐵 ≤* 𝐴”  in the definition 
of  Σ7-complete and 𝛱7-complete) (see Soare [2], p. 64). 
Definition 22.  𝑅𝑒𝑐 = {𝑧|	𝑊'		is  computable (recursive)}, 	𝐹𝑖𝑛 = {𝑧|	𝑊'			is	finite}, 𝐶𝑜𝑓 =
{𝑧|𝑊�'			is	finite} (see Soare [2], p. 21). 

It is known that  Fin  is 	Σ--complete,  𝐶𝑜𝑓  and   𝑅𝑒𝑐 are  ΣB-complete (see Soare [2], pp. 
65-67, Rogers [1], pp. 327-328). 

One of the approaches to the problem of lower bounds (called a reducibility approach in [1]) 
is to take certain distinguished sets as standard “reference points” and to obtain bounds on the 
level (and degree) of any other given set by establishing reducibility relationships between it and 
one or more of the reference sets. In most cases, we shall use sets complete in  Σ7 or Π7 (𝑛 > 0) 
as reference sets, and we shall use m-reducibility. The reducibility approach is particularly useful 
for getting lower bounds on level (and degree). In conjunction with the Tarski-Kuratowski 
algorithm (and the strong hierarchy theorem), it sometimes enables us to identify not only the level 
but, indeed, the recursive-isomorphism type of a given set (see Rogers [1], p. 325).  
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Lemma 1. Let  ℰ  be the class of computably enumerable sets, such that  𝐼𝑁𝐷ℰ ⊇ 𝐶𝑜𝑓, 𝐼𝑁𝐷______ℰ ⊇
𝑅𝑒𝑐_____ and  𝐼𝑁𝐷ℰ ∈ 𝛴B. Then 𝐼𝑁𝐷ℰ 		𝑖𝑠	𝛴B-complete (note that  𝑅𝑒𝑐_____ = {𝑧	|𝑊' is non-computable}). 

Proof.  To prove Lemma 1, we use Rogers' proof of index set  Rec’s		ΣB-completeness (see Rogers 
[1], pp. 327-328).  To do this, the 	ΣB-complete reference set B is used (where  𝐵 = {𝑥	|(∃𝑦)	
[𝑦 ∈ 𝑊3	&		𝑊3	is	infinite]}) and it is proved that 𝐵 ≤$ 𝐶𝑜𝑓 (namely, such a general computable 
function  g is constructed that  [𝑧 ∈ 𝐵	 ⟺ g(z)∈𝑅𝑒𝑐]. Moreover, the construction is such that 
eventually [𝑧 ∈ 𝐵	 ⟹ g(z)∈𝐶𝑜𝑓] and [𝑧 ∉ 𝐵	 ⟹ g(z)∈𝑅𝑒𝑐_____]. 

Thus, if  the class ℰ satisfies the requirements of Lemma 1, the abovementioned  function g  
will  m-reduce B  to  𝐼𝑁𝐷ℰ (i.e., 𝑧 ∈ 𝐵	 ⟺ g(z)	∈𝐼𝑁𝐷ℰ). And since 𝐼𝑁𝐷ℰ ∈ 	ΣB,  then 𝐼𝑁𝐷ℰ 		is  
ΣB-complete. � 

In the article [12] it is proved that  𝐴𝑇�𝑃2� and  𝑇�𝑃2�𝑀 are 	ΣB-complete. 

Theorem 1.		𝐴�𝑃2-𝑚�	is 𝛴B-complete. 

Proof. Let's first prove that 𝐴�𝑃2-𝑚�	𝜖	𝛴B. 
𝑧 ∈ 𝐴�𝑃2-𝑚� ⟺ [𝑊'		is	computable]&		[[(∃𝑖)[𝑊' ≤$

<= 𝑊'	via		𝑓¡!		&	(𝑥) ≠ 𝑥] 		∨ (𝑊'is	finite) ∨
(𝑊'	is		cofinite)]		⟺	(∃𝑧*)(∀𝑛)(∀𝑢))	(∃𝑢* ≥ 𝑢))[(𝑛 ∈ 𝑊',C!	&		𝑛 ∉ 𝑊'!,C!) ∨  
(𝑛 ∉ 𝑊',C! 	&	𝑛 ∈ 𝑊'!,C!)	&	[[(∃𝑖)(∀𝑥)(∀𝑠*≥𝑞!!(𝑥))(∃𝑠-≥𝑠*) 

[𝑊',0$(𝑥) = 𝑊',0$ �𝑓¡!,0$(𝑥)�&		𝑓¡!,0$(𝑥) ≠ 𝑥]	⋁		(∃𝑡))(∀𝑡*)[𝑡* ≤ 𝑡) 	∨ 

	𝑊',D! = 𝑊',D" 	∨ 	 (∃𝑣)))(∀𝑣*)(∃𝑡-)[𝑣* ≤ 𝑣)) 	∨ 	𝑣* ∈ 𝑊',D$]]		⟺		
(∃𝑧*)(∃𝑖)(∃t0)(∃𝑣))	
(∀𝑛)(∀𝑢))(∀𝑥)(∀𝑠*≥𝑞!!(𝑥))(∀𝑡*)(∀𝑣*)	
(∃𝑢* ≥ 𝑢))(∃𝑠-≥𝑠*)(∃𝑡-)	
[[�𝑛 ∈ 𝑊',C!&		𝑛 ∉ 𝑊'!,C!� 	∨ �𝑛 ∉ 𝑊',C!&	𝑛 ∈ 𝑊'!,C!�	&			

[[	𝑊',0$(𝑥) = 𝑊',0$ �𝑓¡!,0$(𝑥)� 	&		𝑓¡!,0$(𝑥) ≠ 𝑥] ∨	

[𝑡* ≤ 𝑡) 	∨ 	𝑊',D! = 𝑊',D"] 	∨ [𝑣* ≤ 𝑣) 	∨ 	𝑣* ∈ 𝑊',D$]]].  
Thus,  𝑇�𝑃2�𝑀∈	ΣB. 

Since 𝐴�𝑃2-𝑚� ⊇ 𝐶𝑜𝑓, 𝐴�𝑃2-𝑚�__________ ⊇ 𝑅𝑒𝑐	______and	𝐴�𝑃2-𝑚�∈	ΣB it follows from Lemma 1 that  
𝐴�𝑃2-𝑚�  is 	ΣB-complete. � 

Theorem 2. 	𝑀�𝑃2-𝑚�	is 𝛴B-complete. 

Proof.  Let's first prove that 𝑀�𝑃2-𝑚�	𝜖 𝛴B. 

𝑧 ∈ 𝑀�𝑃2-𝑚� ⟺ [𝑊'		is computable]	&		[[(∃𝑖))[𝑊' ≡$
<= (𝑊'⋂𝑃2!") ≡$

<= (𝑊'⋂𝑃2_!")	]		
∨ (𝑊'		is	finite)		⋁	(𝑊'		is cofinite)]		⟺		
(∃𝑧*)(∀𝑛)(∀𝑢))	(∃𝑢* ≥ 𝑢))[(𝑛 ∈ 𝑊',C! 	&		𝑛 ∉ 𝑊'!,C!) ∨ 	(𝑛 ∉ 𝑊',C! 	&	𝑛 ∈ 𝑊'!,C!)	&	
[[(∃𝑖)(∃𝑗)(∀𝑥*)(∀𝑠*	≥	max(𝑞!!(𝑥*),𝑞8!(𝑥*)))(∃𝑠-≥𝑠*)	 

[𝑊',0$(𝑥*) = (𝑊',0$⋂𝑃2!,0$) �𝑓¡8,0$(𝑥*)�]		& 
(∃𝑘)(∀𝑥-)(∀𝑠B	≥	max(𝑞!!(𝑥-),𝑞F!(𝑥-)))(∃𝑠G≥𝑠B) 
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[(𝑊',0%⋂𝑃2!,0%)(𝑥-) = 𝑊',0% �𝑓¡F,0%(𝑥-)�]			& 
(∃𝑙)(∀𝑥B)(∀𝑠H	≥	max(𝑞!!(𝑥B),𝑞I!(𝑥B)))(∃𝑠J≥𝑠H)		 

[𝑊',0&(𝑥B) = (𝑊',0&⋂𝑃2
_
!,0&) �𝑓¡I,0&(𝑥B)�]			& 

(∃𝑚)(∀𝑥G)(∀𝑠K	≥	max(𝑞!!(𝑥G),𝑞$!(𝑥G)))(∃𝑠L≥𝑠K)		

	[(𝑊',0'⋂𝑃2
_
!,0')(𝑥G) = 𝑊',0' �𝑓¡$,0'(𝑥G)�] 		∨	

(∃𝑡))(∀𝑡*)[𝑡* ≤ 𝑡) 	∨ 𝑊',D! = 𝑊',D"] 	∨ 	(∃𝑣))(∀𝑣*)(∃𝑡-)[𝑣* ≤ 𝑣) 	∨ 	𝑣* ∈ 𝑊',D$]]		⟺	
(∃𝑧*)(∃𝑖)(∃𝑗)(∃𝑘)(∃𝑙)(∃𝑚)(∃t0)(∃𝑣))	
(∀𝑛)(∀𝑢))(∀𝑥*)(∀𝑠*	≥	max(𝑞!!(𝑥*),𝑞8!(𝑥*)))(∀𝑥-)(∀𝑠B≥	max(𝑞!!(𝑥-),𝑞F!(𝑥-)))	
(∀𝑥B)(∀𝑠H	≥	max(𝑞!!(𝑥B),𝑞I!(𝑥B)))(∀𝑥G)(∀𝑠K	≥	max(𝑞!!(𝑥G),𝑞$!(𝑥G)))(∀𝑡*)(∀𝑣*)	
(∃𝑢* ≥ 𝑢))(∃𝑠-≥𝑠*)(∃𝑠G≥𝑠B)(∃𝑠J≥𝑠H)(∃𝑠L≥𝑠K)(∃𝑡-)	
[�𝑛 ∈ 𝑊',C!&		𝑛 ∉ 𝑊'!,C!� 	∨ �𝑛 ∉ 𝑊',C!&	𝑛 ∈ 𝑊'!,C!�		& 
[	𝑊',0$(𝑥*) = (𝑊',0$⋂𝑃2!,0$)�𝑓¡8,0$(𝑥*)�]		&.		 
[(𝑊',0%⋂𝑃2!,0%)(𝑥-) = 𝑊',0% �𝑓¡F,0%(𝑥-)�]			&	

[𝑊',0&(𝑥B) = (𝑊',0&⋂𝑃2
_
!,0&) �𝑓¡I,0&(𝑥B)�]			&	

[(𝑊',0'⋂𝑃2
_
!,0')(𝑥G) = 𝑊',0' �𝑓¡$,0'(𝑥G)�] 	∨	

	[𝑡* ≤ 𝑡) 	∨ 	𝑊',D! = 𝑊',D"] 	∨ 	[𝑣* ≤ 𝑣) 	∨ 	𝑣* ∈ 𝑊',D$]]. 

Thus,  𝑀�𝑃2-𝑚�∈	ΣB. 

Since 𝑀�𝑃2-𝑚� ⊇ 𝐶𝑜𝑓, 𝑀�𝑃2-𝑚�___________ ⊇ 𝑅𝑒𝑐	______	and		𝑀�𝑃2-𝑚�∈	ΣB, it follows from Lemma 1 that  
𝑀�𝑃2-𝑚�	is  ΣB-complete.� 

 
 

4. Conclusion 
 
It is known that an effective enumeration of the sets of the class P (namely, 𝑃), 𝑃*	, ⋯ , 𝑃! , ⋯) exists 
and, thus,	𝐏 = {𝑃!|𝑖 ∈ 𝜔}. Based on the available numbering of computably enumerable sets 
{𝑊!}!∈#, a sequence of sets of non-negative numbers 𝑃2!  is constructed such that their effective 
enumeration exists and  𝐏( = 5𝑃)% 	7	𝑖 ∈ 𝜔} by definition. 

It is shown that the class 	𝐏/ 	 is isomorphic to the class P. Using traditional methods, it is shown 
that the index sets A(𝑃2 -m) and M(𝑃2-m) are ΣB-sets. Applying the method used by H.Rogers in 
proving the ΣB-completeness of the index set {z | 𝑊' is  computable}, it is proved that the index 
sets   A(𝑃2-m) ={z	|	𝑊' is P/-m-autoreducible} and  M(𝑃2-m)={𝑧|𝑊' is P/-m-mitotic} are  
ΣB-complete. 
 

 
 
 
 
 
 



A. Mokatsian and Kh. Barseghyan 

 
59 

References 
[1] H. Rogers, Theory of Recursive Functions and Effective Computability, McGraw-Hill, 1967. 
[2] R.I. Soare, Recursively Enumerable Sets and Degree: A study of computable functions and 

computably generated sets, Perspectives in Mathematical Logic, Springer-Verlag, 1987. 
[3] R.M. Karp, “Reducibility among combinatorial problems” , in Complexity of Computer 

Computations, R.E. Miller and J.M. Thatcher, Eds, Plenum, New York,  pp. 85-103, 1972 
[4] S. A. Cook, “The complexity of theorem proving procedures,” Proceedings of the Third 

Annual ACM Symposium on Theory of Computing, pp. 151-158, 1971.   
[5] R.E. Ladner, “On the Structure of Polynomial Time Reducibility,” Journal of the 

Association for Computing Machinery, vol. 22, no. 1, pp. 155-171, 1975. 
[6] K. Ambos-Spies, Part of the book series: Lecture Notes in Computer Science: P-mitotic sets, 

Logic and Machines: Decision Problems and Complexity Proceedings of the Symposium on 
Recursive Combinatorics, vol. 171, pp. 1-23, 1983.  

[7] J. E. Hopcroft, J. D. Ullman, Introduction to Automata theory, Languages and Computation, 
Addison-Wesley Publishing Company, 1979.  

[8] M. Sipser, Introduction to the Theory of Computation, PWS, Boston, MA, 1996.  
[9] S. Arora and B. Barak, Computational Complexity, A Modern Approach, Cambridge 

University Press, 2009. 

[10] S. A. Terwijn, Complexity Theory, Nijmegen, the Netherlands, 2010.  
[11] B.L. van der Waerden, Algebra, Springer, vol. 1, 2003 (vol. 1 is translated from the German 

Algebra I, seventh edition, Springer-Verlag Berlin, 1966). 
[12] A.H. Mokatsian, “Polynomial Time Turing Mitoticity and Arithmetical Hierarchy”, Pattern 

Recognition and Image Analysis, Pleiades Publishing , vol. 34, no. 1, pp. 9–19. 2024. 
[13] R.G. Downey and M. Stob, “Splitting Theorems In Recursion Theory,” Ann. Pure Appl. 

Logic, vol. 65, pp. 1-106, 1993. 
[14] A.H. Lachlan, “The priority method. I,” Zeitschrift für mathematische Logik und 

Grundlagen der Mathematik, vol. 13, pp. 1–10, 1967.  
[15] B. Trakhtenbrot, “On autoreducibility,” Dokl. Akad. Nauk SSSR, vol. 192, pp. 1224–1227, 

1970 (in Russian). 
[16] R.E. Ladner, “Mitotic recursively enumerable sets,” J. Symb. Log., vol. 38, pp. 199–211, 

1973. 
[17] R.G. Downey and T.A. Slaman, “Completely mitotic r.e. degrees,” Ann. Pure Appl. Logic, 

vol. 41, no.2, pp. 119–152, 1989. 
  



P-m-Mitotic Sets and Arithmetical  Hierarchy 
  

60 
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Ամփոփում 

Դիցուք {0,1}∗-ը  {0,1} բազմության տարրերից կազմված բոլոր վերջավոր շղթաների 
բազմություն է և P-ն այնպիսի  հիմնախնդիրների դաս է, որոնք ճանաչելի են 
դետերմինիստական  Թյուրինգյան մեքենաների միջոցով, որոնց աշխատանքի 
ժամանակը բազանդամորեն է կախված մուտքային տվյալների չափից (հիմնախնդիրը 
փաստորեն {0,1}∗ բազմության ենթաբազմություն է)։ 

Սույն հոդվածում սահմանված է  P/  դասը և ցույց է տրված, որ  P/-ն  իզոմորֆ է  P 
դասին։ 

Ելնելով  T-միթոտիկություն և T-ինքնահանգեցում հասկացություններից Կ.Ամբոս-
Սպիսը ներմուծել է  P-m-միթոտիկություն և  P-m-ինքնահանգեցում հասկացու-
թյունները։ 

Համանմանորեն ներմուծվել են P/-m-միթոտիկություն և 𝑃2-m-ինքնահանգեցում 
հասկացությունները։ 

Տվյալ հոդվածում ապացուցված է, որ  {𝑧	|	𝑊'-ն   P/-m-միթոտիկ է}  և  {z	|	𝑊'-ն   
P/-m-ինքնահանգեցվող է} ինդեքսային բազմությունները  ΣB-լրիվ են.  

Բանալի բառեր` Թվաբանական աստիճանակարգ, P-m-միթոտիկ բազմություն,  
P-m- ինքնահանգեցվող բազմություն, ինդեքսային բազմություն։ 
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Аннотация 

Пустъ {0,1}∗ является множеством всех конечных цепочек, составленных из элементов  
множества {0,1} и P является классом проблем,  распознаваемых детерминированными  
машинами Тьюринга, время работы которых полиномиально зависит от размера входных 
данных (проблема фактически является подмножеством множества {0,1}∗). 

В данной статье определен класс P/  и показано, что  P/  изоморфен классу P. 
Исходя из понятий T- митотичности и  T-автосводимости К. Амбос-Спис ввел понятия 

P-m- митотичности и P-m- автосводимости.	
По аналогии с упомянутыми понятиями введены понятия  P/-m-митотичности и P/-m- 

автосводимости. 
В данной статье доказано, что индексные множества, {𝑧	|	𝑊' −  P/-m-митотично} и  

{z	|	𝑊' − P/-m-автосводимо} являются  ΣB-полными.  
Ключевые слова` Арифметическая иерархия, P-m-митотическое множество, P-m- 

автосводимое множество, индексное множество. 
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